Spectral Representation Theorem: I

e |Fourier transform|? of {g; } decomposes energy across
f’s (Parseval)

e goal: decompose variance of { X;} across frequencies
(assume F{X;} =0, At=1)

o var {X;} = E{ =Y, X?} = expected power
e can we use “{g;}” theory to represent {X;}?
e Cramér (1942) used infinite-order harmonic processes

e start with finite-order harmonic process:
L
Xy =Y Dycos (2 fit + @), t=0,+1,42,...
=1

— D;’s and f;’s real-valued constants

— ¢ terms independent rv’s, uniformly distributed
over |—m, 7]

— f; ordered such that f; < fi4
— 0 < f; < 1/2 for all [ (simplifies treatment)



Spectral Representation Theorem: 1I

e rewrite cosine terms as complex exponentials:

Dy, .. . o
Dy cos 2 fit + ¢y) = ?l (ewzeZ??szt 4+ e—@gble—z%rflt>

e can reexpress model using complex exponentials:

. | D /2, 1=1,...,L;
X, = Y et 0= Dy=0, [=0
=k Cr, l=—L,... —1

where fy=0and f_; = —f
e (,...,C pairwise uncorrelated (why?)

e Exer. [4.1]: cov{C_;, C1} = 0 = C}’s uncorrelated!
L |
e yields var {X;} = > var {Cje”?™1}
=1L

— var {Olez’%rflt} _ ‘eiZWflt‘Zvar {CZ} — var {OZ}
—var {C}} = E{|C)|*} — |E{C}}]?

— B{|C)*} = B{|Die"1/2|*} = D} /4

- B{C} = B{Ge"} = {1} =0

L
o yields var { X;} = Y D?/4
g



Spectral Representation Theorem: 1II

e can define variance spectrum:

S(W(f)E{DzQ/‘h if f=fiforl=-L,...,L;
0, otherwise.
e define complex-valued “jump” process on [0, 1/2]:

Z(f) = 0, if f=0;
o Zézocj, for fl<f§fl_|_1,l:0,...,l/.
note: fr.1 =1/2

e implies, for example:

0, it0< f<fi;

|, it f1 < f < fo

2D=Vav e ih<f<fs
01+CQ+03, if f3 < f < f4; etc.

e for small df > 0, define increment process:

Z(f+df)— Z(f), f0< f& f+df <1/2:
dzZ(f) =10, if £ =1/2;
dZ*(—f), if —1/2 < f < 0.

e note: dZ(f)) = Z(fi +df) — Z(f)) = C}
while dZ(f) = 0if f # f; for some [

o B{dZ(f)} =0 & var {dZ(f)} = SV)(f) for all f
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Spectral Representation Theorem: IV

o {Z(f)} called process with orthogonal increments:

cov{dZ(f)),dZ(f)} = {E{\sz‘ =SV(f), f=Ff=Hh

0, otherwise.

e let g(-) be a continuous function defined on [—1/2,1/2],
& let H(+) be piecewise constant with jumps by, by, . .., by
at locations —1/2 < a1 < as < -+ <ay < 1/2

o 1/2 N
e by definition /_1/2 g(f)dH(f) = kz_jlg(ak)bk
1/2

L .
o thus: X; = 3 Cje?™it = 12

[=—L

6i27rft dZ(f)

e RHS is spectral representation for harmonic process

e by letting L — oo, holds for all real-valued discrete
parameter stationary processes { X;}

e properties of {Z(f)} in general case:
— E{dZ(f)} =0 forall |f] <1/2
—var {dZ(f)} = E{|dZ(f)P’} = dS'(f),

where SU)(.) is integrated spectrum

— cov {dZ(f"),dZ(f)} = 0for f' # |



Basic Consequences of Theorem

e integrated spectrum determines acvs:

Sr — E{XtXt—H'} = E{X:XH_T}

_ 1/2 —i27rf’t * 1/2 12 f(t+47
= B[, e dz () [, e az )

_ /1/2 1/2 z27rf it z27rfTE{dZ*( )dZ(f)}

1/2 1/2
1/2 z27rfT dS f)

_ S ezwaTE{‘dZ ‘2} /

1/2
1/2€

o if SU)(.) differentiable, then dSY)(f) = S(f)df
(note: need not be differentiable)

e S(-) called spectral density function (sdf):

1/2
~1/2

6i27rf7' S(f) df

S, =

e if S(-) square integrable, can appeal to F'T theory:

S(f)z § 876—i27rf7

T=—00
e sdf sometimes defined as above (not true in general)

e when true, have {s,} «— S()



Extension to Other Stationary
Processes

e rcal-valued cont. parameter stat. process { X (¢)}:
X(t)y= [ dz(f)

— only limits of integration change

_ S(’T) _ /_O; 6i27rf7 dS(I)(f) _ /_O; S(f)eiQﬂ'fT df

if SU)(.) is differentiable

- S(f) = /_OZO s(T)e” T dr
if S(-) square integrable

e complex-valued stationary processes {Z;} & {Z(t)}:
dZ(f) = dZ*(—f) need not hold (only change!)



Basic Properties of Spectrum

o E{|dZ(f)|*} = dS"(f) = S(f)df = S(f) >0
o dZ(f) = dZ*(—f) = S(f) = S(—f): ic., “2 sided”

(1)
o5t =2 s s - s

e implies SU)(—1/2) =0

o if fi < fo, then SU(f) < SU(f,) (nondecreasing)
1/2 1/2

o so=[,,dSV(f) =SV, =5"0/2)

(D(1/2) = var { X;}
. SU)(-) bounded because var { X;} < oo always
e 0 < SU(f) < 59 =var {X;}

1/2
¢ V&I’{Xt} = S0 = ~1/2 S(f) df
e Wold’s theorem: necessary and sufficient condition
for {s;} to be acvs for some stat. process {X;} is
existence of nondecreasing function S)(-) such that

(D(=1/2) =0, SU(1/2) = var {X;} and

1/2 ei27rf7 dS(])(f)

57 = JZ1y2



Example: Spectrum for White Noise

e let {¢} be white noise with variance o

e acvs given by 5o = 02 & s, = 0 for 7 # 0
o consider SU(f) = o?(f +3)

— nondecreasing function of f, as required
— S (~1/2) = 0, as required
— SU(1/2) = 02, as required

e differentiable with derivative S(f) = o?

e note that
1/2 w2 fr 1/2 w27 fT
(1 e®Tds(f) = [, e*TS(f) df

1/2 o, T=0

42 12n fr _
7 Lo {0, A0,
St

e Wold’s theorem = SU)(-) integrated spectrum
e S(-) is sdf for {e}

e sdf is constant (analogous to white light)
({X¢} with nonconstant sdf = “colored” noise)



Example: Harmonic Process

2

D? .
e acvsgiven by s, = Y 7l cos(2m fiT) = T gi2m it
l

=1 —r1 4
(here Dy = fo=0;D_; =Dy, f1 = —f1)
e let SU)(+) be step function, jumps at = f; of size D7 /4

— nondecreasing function of f, as required
— S (—1/2) = 0, as required
D? L D?

— 5D(1/2) = L =2 o = 50,88 required
I—L =1
e note that
. L D? .
1/2 el27TfT dS(I)(f) .S Dl 6127rfl7' =3,

-1/2 1=_1, 4
e Wold’s theorem = SU)(.) integrated spectrum
e SU)(.) not differentiable = no true sdf, but:

— can define “sdf” using Dirac 0 functions:
L D?
S(f)= 5 “Lo( - 1)
I=—L
— integration yields step function:

D
[, S df = 5

2
—L = SU(f)
th<f 4



Classification of Spectra

e sdf S(-) resembles pdf ezcept:
sdf integrates to process variance (# 1 in general)

o SU(.) resembles probability distribution function

e Lebesgue decomposition theorem (adapted to SU)(-)):
can always write SU)(-) as a sum of up to three
canonical integrated spectra Sfj)(-), él)(-) & S§”(-),
each of which is nondecreasing and satisfies

s (—1/2)=0

1. S{I)(-) is absolutely continuous, so

dS(I)
ldf(f) = S(f), an sdf
2. Sé”(-) is a step function with jump of size p; > 0
at fl,l=1,2,...

3. Sé”(-) is a continuous singular function:
— derivative is zero almost everywhere
— continuous
— strictly increasing

— bizarre!: can ignore in practical applications
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Four Classes of Spectra

1. purely continuous: SU(f) = Sfl)(f)

e {X,} has sdf S(-) equivalent to S(-)

e Riemann-Lebesgue: s, — 0 as |7| — oo

e examples: white noise, AR(p) & MA(q) processes
2. purely discrete: SU(f) = é”(f )

e {X,} has line spectrum equivalent to SU)(.)

e acvs doesn’t converge to zero as |T| — oo

e {X;} is a harmonic process
3. discrete: SU(f) =a(f+13) + Sél)(f) with o2 > 0

o Sfl)(-) & sdf for white noise
e acvs doesn’t converge to zero as |T| — oo

e {X;} is a harmonic process 4+ white noise
4. mixed: SD(f) = S\V(F) + S ()

I .
o S\ )() & sdf for colored noise
e acvs doesn’t converge to zero as |7| — 00

e {X;} is a harmonic process + colored noise

e cxamples: Figures 142-3
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Sampling and Aliasing

e suppose { X (f)} has sdf s(-) «— Sx(-)
o define X; = X (ty + t At)
e acvs for {X;} given by

Sr = COV {XtaXt+T}
= cov{X(to +tAt), X(tg+ [t + 7] At)} = s(T At)

e sdf for { X} given by p. 98:
Sx(f) = £ Swolf+h/d0, 11 5=

Sx, () is aliased version of Sx)(-)
e cxample: Figure 145
— At = 1/2 preferable to At = 1/47
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