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Reading: For mathematical background, Appendix A of Boyd & Vanden-
berghe (BV). The notes follow mostly Bertsekas (B) Chapter .1 For the
line minimization methods, look at B (ch 1) or at \Numerical recipes” (NR)
chapter 10.

1 Overview

Problem Find miny f (x) for x 2 R" or x 2 D the domain of f. We will
assume also thaf is a twice di erentiable function with continuous second
derivatives.

Notation The gradient of f is the column vector

@f "
rf(x) = —(x 1
(x) @x( ) B 1)
and theHessian off is the square symmetric matrix of second partial deriva-
tives of f )
@f
r2f(x) = X 2
(x) @xxj()i;j=1 2)

A local minimum for f is point x for which

f(x) f(x) wheneverjjx X jj <

A global minimum for f is point x for which

f(x) f(x) forallxinthe domain off
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We sayx is a strict local/global minimum when the above inequalities
are strict for x 6 x .

A stationary point for f is a point x for which r f(x ) = 0. A (non-

singular) local minimum  for f is a point x for whichr f(x ) = 0 and
r2f(x) O(r2(x)> 0). Inwhat follows, we will deal only with non-
singular local minima. A non-singular local minimum isstrict andisolated .
A minimum is called isolated if it is the only local minimum inan -ball
around itself.

In the analysis of algorithms and practically, it is important to know if f has

a nite global minimum ; this is equivalent with f being bounded below by
a constant. Otherwise, the global minimum of is 1  and the optimization

algorithms will not converge on this problem (or will convege to other local
minima).

Unconstrained optimization methods for nding a local minmum are of the
form:
Xk+l — Xk + kdk (3)

whered* 2 R" represents an(unnormalized) direction and k> 0is a
scalar called thestep size.

Direction choice

gradient basedd = D*r f (x*) with DX 2 R" "

{ steepest descenb* = |
{ stochastic gradient (more about it later)
{ Newton-RaphsonD* = r 2f (x¥) !
{ conjugate gradient { implicity multistep rescaling of the aes \equiv-
alent" to DX = r 2f (xk) 1
{ quasi-Newton { implicit multistep approximation of DX = r 2f (x*) *
non-gradient based

{ coordinate descend* = one of the basis vectors irR"



Step size choice

line minimization X =min f(xk+ d¥)
Armijo rule = search but not minimization
constant step size K = s

diminishing step size ! 0; |, k=1

2 How to evaluate an optimization method?

Does it converge to a minimum?
How fast?
Practical issues: Is it easy to implement or tune? Availableoftware?

As we shall see, all the methods described here converge toiaimum, but
some of the require the functiorf to have additional \good" properties.

For the second question, the answer is usually given in terna$ rates of
convergence , because of the general assumption that we'll use an iterati
algorithm to nd the minimum.

Let &= xk x ore =1f(xK) f(x)denote the \error" at step k. Then,
an algorithm has a rate of convergence of order p if

i€ (jie“jj)P forsome < < 1 (4)

In the above, p > 0 but not necessarily an integer. However, the most
common cases ar@ = 1 (linear ) and p = 2 (quadratic). Arate of p< 1
is possible but is considered too slow in practice. Supesiar scales are
desirable { and often achievable.

Note that the use of the term \linear" here is inconsistent wth its use in e.g
complexity theory. If an optimization algorithm is linear, that means that
the error decreasegxponentiallywith k, asjje<jj Kii €%j.

In optimization problems, there are various ways of expregsg the computa-
tional complexity of an algorithm:

number of ops (oating point operations) per iteration, usually as a
function of n the dimension of the problem
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number of functionor gradient evaluations per iteration

number of iterations this latter quantity is given implicitly, by the rate
of convergence.

memory requirements

With the increased complexity and variation of computer syyems, the
above mentioned number of operations is becoming obsoletélgo-
rithms are increasingly judged by other, system-related @llities, like:
type of memory access (do they access memory in blocks or ranty),
cache misses, etc. These criteria are beyond the scope of tbourse,
but what you need to remember is that the texbook propertiesroan
algorithm alone do not always predict its performance on theystem
you are going to run it. You may need to experiment with paranters
and with algorithms to determine which algorithm is better sited for
your data and system.

There are two regimes for each algorithm:

the transitory, or approach regime, wherx¥ is far away fromx
the asymptotic regime, nearx { most classic results are about this
regime

3 Line minimization algorithms

3.1 Line minimization by the Golden Section Rule

(See also NR)

1. Bracket the minimum. Find an interval [Q s] that contains the desired

. This can be done by iteratively doublings until f (x<+ sd) > f (x¥).

A more general de nition of a bracketed minimum (not assumig that
the function is decreasing ak in the direction of d is to nd a triplet
of points on the linea = xX; b; cwith b betweena and ¢ and f (b) <
f (a);f (c). NR gives a method of nding such a triplet by starting with
an initial value for b and iteratively expanding the candidate triplet.



2. Find the minimum in [O; s]; this is the Golden Section method proper

R the golden number is the positive root of the equation

R_1R
LA L 5
1 R ()

The reason is given by the gure below: we want to place point in the

segmentAB so that
AC _ BC (6)
AB  AC

Golden Section Algorithm

1. Start with a bracketing triplet x° < x? < x ! so thatf (x?) <f (x%);f (x°)
andx? x%= R(x! x9).
2. Choosex® so as to divide the longest 0%°x?, x1x? in two parts having
ratio R
3.1 F(x3) <f (x?)
then x*  x%;x2  x2 (this eliminates an interval representing a
fraction 1 R of the initial interval)
elsex?  x3 (this eliminates an interval representing the fraction
R R=1 R of the initial interval)

4. Stop ifx! x°<tol a desired tolerance, else repeat the previous step

Note that after each step, the interval containing the mininum shrinks by
R =0:681:::. The valueR is optimally chosen so that the reduction in step
3 of the algorithm is the same in either case. If the initial kacketing triplet
is not in the golden ratioR, it can be shown that the subsequent ratios will
converge towardsR.



How small shall we make the tolerancéol be? Near the (unidimensional)
minimum b, f (x) f () +(x ©)2=2f °¥b) with the second term being much
smaller than the rst. Hence, when this term becomes a factayf smaller,
it will be negligible when added to the rst, and we may just aswell stop
the iteration. This happens when

S

. . pb-,. 2f(b
X B < o W (7)

The last P is often of order 1, therefore the above formula implies thahe
tolerance should be set to be of orde'? jb with  being the -machB1e of

the current implementation. For standard double precisiomumbers,
3:10 &.

If the line minimization is performed without rst bracketi ng the minimum,
i.e we look for the best X 2 [0; s] for some arbitrarily chosens, the method
is calledtruncated minimization

3.2 The Parabolic Interpolation method

If the function f is smooth then a method that assumes that will converge
faster than the worst-case-safe Golden ratio rule. This is¢ parabolic inter-
polation method that assumes that the function is approximily a parabola
in the interval considered.

Parabolic Approximation Algorithm

1. Start with a bracketing triplet x° < x 2 < x ! so thatf (x2) <f (x1);f (x9).
2. Fit a parabola through the three points and letx3; f (x3) be its mini-
mum. (We assumd (x°) < f (x'), otherwise this method is not useful.)
3. 1fx32 (x%x?)
thenx? x3 x! x?
elsex®  x2

4. Stop ifx* x°<tol a desired tolerance, else repeat the previous step

In NR you can nd the Brent algorithm  which combines the golden section
and the parabolic interpolation algorithms. It attempts to use parabolic

6



interpolation, but detects when this method fails to approah the minimum
and switches to golden section.

3.3 The Armijo Rule

Intuition  Assume that we found a bracketing interval [0s] for k. We start
with ¥ = s and decrease it exponentially until we nd that the functionf
has decreased \enough". What is \enough"? In an in nitesimbinterval near
x* along the direction of descent, the function will decreas@karly, hence

f(x¥) f(xk+ d¥ (r f(xTd) (8)

For a nite interval, we will ask for a decrease inf that is at least < 1
smaller than the above. Note that for a su ciently small such a decrease
can always be attained.

Armijo Line Search
1. Startwith k=s; < 1, < 1
2. F(x) f(xk+ Kdy>  K(r f(x¥)Td)
then STOP
else K k and repeat

In practice, 0:5and << 1e.g01; 0:01 or even O3 = 1 if no bracketing
is done.

4 Multidimensional minimization. The choice
of direction

4.1 The steepest descent method

The steepest descent method follows the direction of the gtiant. It can be
shown [B] that gradient descent with line minimization has dinear rate of
convergence. For other line search methods, including ctenst step size, the
rate of convergence is no larger.



The convergence coe cient of equation (4) can get very close to 1 (very slow
convergence) if the Hessian is ill conditioned. Ldé¥l; m denote respectively
the largest and the smallest eigenvalue of >f (x ). By continuity, we can
assume that the Hessian arouna is approximately the same. IfM >>

m then the function will have a \long, narrow valley" with an almost at
\bottom" around x , oriented along the smallest eigenvector. The gradient
will be almost perpendicular to the valley, and the algoritin, even with the
optimal line minimization, will advance very slowly. See &b section 4.5 for
a more precise evaluation of this e ect.

Hence, all the following methods (except for stochastic gileent) can be seen
as \applying some coordinate transformation™ that will turn the elongated
ellipses into circles, so that steepest descent in this newardinate frame
can move rapidly towards the optimum. Equivalently, havingsuch a trans-
formation (which is represented by the Hessian matrix), onean apply the
\inverse transformation" to the descent direction, which § precisely what the
Newton-Raphson method does.

4.2 The Newton-Raphson method

Assume that our function is quadratic, i.e

f(x)= %XTAX +b'x+cwith A O (9)

Then,
rf(x) = Ax+b (20)
r2f(x) = A (11)

and the minimum can be computed analytically as the solutioof Ax+ b= 0,
namelyx = A b Equivalently, for any x

X x= Al AlAx= AXAx+b=r X Urfx (12

Hence, iff is quadratic, from any pointx we can move in one step equal to
r 2f(x) r f(x)tothe minimum. Therefore, the Newton-Raphson method

takesDk = r 2f (x) ! as if the function was quadratic. Usually one also does
a line search method, i.e X 6 1 in practice.
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Newton-Raphson is practically and theoretically very fasbnce we are in the
vicinity of the optimum (section 4.5 gives one result). Howeer, its behavior
far away from the optimum must be monitored carefully. Notedr example
that this is not a descent method, in the sense that it's not garanteed that

f (xk*1) < f (x) unless some form of line minimization is used. Also, the
method is attracted by local maxima just as much as by local mima, so
attention must be paid any time the Hessian is not positive deite. See [B]
for modern methods that deals with these problem (trust regn method and
variations of quasi-Newton methods).

Another drawback is the need to compute and store the Hessig®(n?)
storage andO(n? 2) operations). Computation makes Newton-Raphson
prohibitive in high dimesions.

A quick x called diagonal scaling , where only the diagonal terms of the
Hessian are computed.
@f

@%
This method is obviously linear in storage and number of opations but it
tends to underestimate the ratioM=m. Diagonal scaling amounts to rescaling
each variable separately, and it is e ective in those caseshen the variables
have very di erent ranges because of \imbalanced" measuremt units (e.g
in one direction the unit is miles, in the other one it is millmeters).

DX = diag (13)

It is useful to make also the general observation that the Nean method is
\scale free", i.e it is una ected by linear coordinate changs.

Computing the direction  Let H = r 2f (x¥); g = r f (x¥). Computing the

descent directiond = H g by inverting the Hessian is neither the most
e cient, nor the most exact method in terms of numerical err@. Here are
two alternatives:

1. Solve the systemHd = g. The matrix H being symmetric, O, it
can be factored into a productH = LL T, with L lower triangular. This is
called the Cholesky factorization and takes % operations. Solving an

. . . n2
upper/lower triangular linear system is =

2. Minimize the quadratic function %dTHd + g'd, whose gradient equals
Hd + g. Of course, the minimization should be done by a method other
than Newton-Raphson! A possibility is to use steepest deste starting
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from d = 9. Note that after every step, the current approximationd of
the solution is a descent direction. The number of ops per @ration for this
n2

method is 7.

4.3 The Conjugate gradient method
Conjugate Gradient Algorithm

xk*1 = xk+ Kkdk where * is chosen by line minimization
1.d=r f(x0
2. fork=1;:::n 1,d<=r f(x)+ kd© ! with
k _ TEO)Tripd) r f(xh)

- FFxK )Tr f(xK 9 (14)

3. restart from step 1 ifk = n

Intuition If H = r ?2f(x ) = | and f quadratic, then the level curves of
around x would be circles. After line minimization along any direcbn of
descent, the next direction of descent will b€ on the previous one, and in
n steps the min is attained.

Let
z= HPx x) (15)

where the notationA'™ represents thematrix square root of the symmet-

ric positive de nite matrix A, i.e the matrix B such thatB'B = A. B is real

whenever the eigenvalues ok are non-negative;B is not necessarily sym-
metric, and it is not unique as multiplying B to the right with an orthogonal

matrix produces another square root oA.

The usual Taylor approximation off around the minimimum gives

i f(x)+(x x)TH(X x)+::: (16)
= f(x)+2z'z+::: (17)

= f(x)+jjzjji*+ (18)
(19)
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In the new variable z, the level curves are (approximately) circles. Leff .«
be orthogonal consecutive directions of descent in tlzespace. We have then

¢t = (20)
H 1=2(Zk Zk 1) — kH 1=2d|-( (21)
xK o oxklo= _{1;2_0”} (22)

dk

The directions d* in the above satisfyd“Hd! = 0 for all k 6 j (this is the
de nition of conjugate directions). Equivalently, H*?d* 2 Hd, which
means that these directions become orthogonal if we appliite coordinate
transformation H 2. But this transformation is exactly the transformation
we need to turn the level curves of into circles. Hence, we can view the
directions d© as the correct orthogonal direction of descent in a transfiored
coordinate system. Note that exact line minimization is esstial for the
conjugate gradient method. It is also essential to restarthe method after
n steps. In practice one can also restart after less thansteps, especially if
loss of conjugacy is suspected (because of e.g inexact linaimization).

The smart thing about the method is that these directions arecomputed
recursively, without explicilty estimating, storing or inverting the H matrix,
a big saving in high dimensions.

Rates of convergence Practical experience and exact results for quadratic
functions suggest that the conjugate gradients method is garlinear. The
superlinear convergence is preserved even if the methodastarted after less
than n steps. [B]

4.4 Quasi-Newton (variable metric) methods

Idea Let
pk — Xk+1 Xk (23)
qk = r f(xk+1) r f(xk) (24)
Then
qk r Zf (Xk+1)pk (25)
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Therefore, givenn linearly independent pairs p*; g¢) one can approximate
the (inverse) Hessian by

NGO IR Tl G (26)

Most quasi-Newton methods use this idea to recursively cdnsct an approx-
imation to r 2f 1,

Quasi-Newton Direction Update

1. Start with any D® 0
2. Fork =1;2;::: update

. KAKT Dk k kTDk
D' = DX+ gkqu qqugqu + K kykykT (27)

B pk D k qk
k — qkT D k qk (29)

The parameter X 2 [0;1]; for * = 1 one obtains the BFGS (Broyden-
Fletcher-Goldfarb-Shanno) method, which is considered ¢éhbest general pur-
pose quasi-Newton method.

Proposition 1 If f is quadratic as in (9) and we run the quasi-Newton
method with line minimization for n steps, then

(1) the vectorsd®; d*;:::d" ! are A-conjugate

2y b"=A"1

Advantages and disadvantages The main disadvantage of the quasi-
Newton methods is their large computational complexity copared to the
conjugate directions methodsif? versusn and versusn® for Newton-Raphson).
The advantage is that the method is robust to inexact line mimization, and
that it does not need restarts. In addition, near the optimumthe directions
guasi-Newton generates are conjugate and so it is equivaléa conjugate
gradients and Newton-Raphson and thus converges very fast.
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4.5 Convergence and rates for gradient based methods

We say that a direction (sequence) igradient related , if for any sequence
(x¥), such thatxk I x with x non-stationary, the corresponding sequence
of directions (@), is bounded and satis es

limsupr f (x*)"d“ < 0 (30)
k11l

This condition ensures that the search directions do not beme, in the limit,
orthogonal to the gradient, nor 0, unless we approach a statary point.

Proposition 2 A direction d* = Dkr f (x¥) is gradient related if for every
eigenvalue of D¥ we have

0O<m M

for some constantan; M.

The rst question is: do the methods described here converge stationary
points (or minima) of f ? We shall see that the answer is yes, given that the
direction choice is gradient related (always so for steepetescent) modulo
some stronger or weaker assumptions. The \safest" methodaséuming the
least) require line minimization, while having a constanttep size requires
the strongest assumptions.

Proposition 3 Convergence of line search  Let x*! = xk+ kd* be a
sequence generated by a gradient method witti‘g gradient related and X
generated by the line minimization rule, truncated line mimization or the
Armijo rule. Then every limit point of fx*g is a stationary point.

Proposition 4 Convergence of constant step methods Let xk*1 = xk+
kdk be a sequence generated by a gradient method Withg gradient related.
Assume that for some constant > 0 we have

jir f(x) r f(y)jj Ljjx vyj forallx;y 2 R" (i.e. r f is Lipschitz) (31)

and that for all k we haved® 6 0 and for some xed > 0

jr f(x)7Td,
Lijdi?

Then every limit point of f xkg is a stationary point.

K @2 ) ¥ where ¥ = (32)
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Proposition 5 Convergence for diminishing step size Let xk*1 = xk+
“d“ be a seglence generated by a gradient method Withg gradient related
and *! 0; |, ¥= 1. Assume that for some constant > 0 we have

jir f(x) r f(y)jj Ljjx vyj forallx;y 2 R" (i.e. r f is Lipschitz) (33)
and that there existc;; ¢, > 0 so that for all k we have
cajidi® jir fOXMZ 0 cr ()T (34)

Then eitherf (xX)! 1 or f (x¥) converges to a nite value and f (x¥) !
0. (Consequently, every limit point off x¢g is a stationary point for f ).

These results guarantee that the valuez® for the above methods converge
to a unique stationary point under fairly mild conditions, gven below.

Proposition 6 Capture theorem Let f be continuously di erentiable, let
fxXg be a sequence generated by a gradient method so that all st Ipoints
are stationary points off . Assume there exiss; c > 0 so that

s gidGi dir £ PO (XN (35)
Then, for any isolated stationary pointx which is a local minimum, there is

an open setS so that, if x 2 S for somek, then xk 2 S for all k > k and
X1 ox .

Now we shall see some results about convergence rates. Hireconclusions
are that steepest descent is linear (at best), while NewtoRaphson and the
methods that attempt to approximate the Hessian are typicdy superlinear.

Proposition 7 [B] Assume that ¥ is chosen by the Iineld’ninimization rHIe
andthatx® ! x withr f(x )=0;r 2f(x ) 0. LetQk= " Dkr 2f(xk) ' Dk
and letmk; M* be the smallest, respectively largest eigenvalue@f (assum-
ing that D¥;r 2f (x)  0). Then,

2
o T TR e R (36)
and ) ) 2
. f(x**1) f(x) . MK m
| [ — 7
TPTFC Tx) P ME e e (37)
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One can show that the above bound is tight for steepest desten

Proposition 8 (B) The Newton-Raphson algorithm converges superlinearly
AssumexX! x :;rf(x)=0;r 2% (x) Oand

jjd< + 1 2f (x*) I f (x4)jj

im ) (x%) (x9)ij

. . =0 38
ki1 i £(x9)jj (39)

and * is chosen by the Armijo rule, withs=1; < 1=2. Then,

i XX

kit jixk X ] =0 (39)

5 Noisy gradient and no gradient methods

These are the \cheap and slow" methods which can however beetid too.

One should not confuse \theoretically slow" with \slow in pactice” and on

some problems the latter is true of the simpler methods. Onleér occasions,
these methods perform well because they make fewer assumpsi about the
smoothness of the surfack(x).

5.1 Stochastic gradient methods

This class of methods typically includes steepest descenethods with di-
minishing step size. It is assumed that the gradient is comped with some
error. A typical situation is tting models to data, especidly in on-line pro-
cedures. In that case, the error in the gradient is assumed tave 0 mean
and nite variance.

The following example will illustrate this procedure. LetDy be an i.i.d
sample of sizen from an unknown distribution. Denote byf ( ) =In P(Dyj )
the negagye log-likelihood to be minimized. Because the sple is i.i.d.,

f()= =, Inp(x'j ). Sincef is a sum, so will be the gradient:
XV @%‘j)
rf = = 40
() ) (40)



If N is large, something desirable from the statistical point ofiew, then the
computation of the gradient is very costly (linear inN). A practical option
is to take

; X @I(’é)ij )
dc = = 41
o PO “

whereSk D y is a small subset of the data. Typical choices f@ are:

partion Dy into M subsets of siz&8=M and cycle (pick a random one)
at each iteration

x the size N°<< N of Sk and sample a random subset of siZ¢°
setN°= 1 and cycle through the data or pick a random observation at
each iteration

Note that this method can naturally be adapted to on-line leming; i.e situ-
ations where data come one by one, and are not stored but usednediately
to update the parameters, then discarded.

It has been proved under various technical conditions thattcschgstic gra-
dient methods converge to the true value of the parameters if , * =
1; (9?2 < 1 (the latter implies ¥ ! 0) and the noise variance is
bounded. Essentially, for convergence theX's should decrease Iik%. Note
however that typically in practice the decrease needs to lvery slow , almost
constant e.g;+— with b;clarge numbers.

The convergence is slow (typically sublinear). The increasn the number
of steps to convergence is (hopefully!) balanced by the sdee in gradient

evaluation, which can be of orders of magnitude. In partical, the choice of
NCis independent fromN for very largeN. The computation inﬁreases like
N ¢ while the inverse variance of the gradient error decreaskie N °which

indicates that a trade-o point for N° exists.

It is also not necessary to keepN® xed throughout the algorithm. In the
early stages of learning, when approaching the optimum at ¢t speed is
important, one can use a smalN °, while in later steps, i.e once the asymptotic
regime is attained, one may nd it advantageous to increass  or even to
use the exact gradient.

Stochastic gradient and analog techniques are widely usedmachine learn-
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ing: training of neural networks, reinforcement learningthe TD- and Q-
learning procedures are stochastic gradient methods), gaip of boosting.

5.2 Numerical evaluation of the gradient

Sometimes, if the gradient is expensive to compute (and(x) is presum-
ably not), the gradient can be evaluated by nite di erences The forward
di erence is

@f, f(xk+ hu) £ (x5
@((X ) h (42)
and the symmetric di erence is
o@f, f(xK+ hu) f(x* huy)
@((X ) N (43)

The symmetric di erence involves twice as much computatias) but it is
signi cantly more stable numerically (the rates of convergs are respectively
O(h) for the forward method andO(h?) for the symmetric method).

It is important to remember that h need not be extremely small (remember
the machine limit!), but that it is good to choose the besth for each coordi-
nate separately. This is because di erent coordinate axesay have di erent
measurement units, and rates of variation of f and it may be impossible
to nd one h which is acceptable for all.

5.3 Coordinate descent

Here, the direction of descend® is always one of the coordinate axes.
Hencexk** = xX+ ,uj. Note that line search is necessary, and that the
minimum can be on either side ok* so | can take negative values.

Theoretical and empirical results suggest that coordinatdescent has similar
convergence properties as the steepest descent methodI{near in the best
case).

While in a general case coordinate descent is suboptimal,etle are several
situations when it is worth considering
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1.

2.

5.4

When line minimization can be done analytically. This carsave one
the often expensive gradient computation.

When the coordinate axes a ect the function value apprormately inde-
pendently, or (in statistics) when the coordinate axes arencorrelated.
Then minimizing along each axis separately is (nearly) optial.

. When there exists a natural grouping of the variables. Tlmeone can op-

timize one group of variables while keeping the other consta Again,
we hope that the groups are \independent”, or that optimizig one
group at a time can be done analytically, or it's much easierhan
computing the gradient w.r.t all variables simultaneously This idea is
the basis of manyalternate minimization methods, including the well
known EM algorithm.

The simplex method

This is a method that does not evaluate derivatives. (Not to & confused
with the Simplex algorithmof linear programming!) A set ofn 1 points is
maintained, and iterative replacement of the worst of themiens to move the
simplex so that it encloses the optimum, and to simultaneolysshrink it so

that the optimum is bracketed with small tolerance.

H

kW

Simplex method

Initialize Xi;:::Xn+1 poiNts in general position (i.e that enclose a non-

zero volume)

DenoteXmax ; f max; fmin respectivelyargmaxf (x;); max; f (x;); min; f (x;),
|

and X the mean off X1:n+1 9 NXmax -

. Reection Compute Xjef =X+ (X Xmax) and frer = f (Xef ).

If fref > max, Xnew = argmin(f ((Xrer + X)=2); f (Xmax + %)=2) and go
to5

If fmin <T ref f max» Xnew = Xref and gotoS

If fmin  frer try to expand

Xexp = Xref +(Xref  R), Xnew = argmin(f res ; f (Xexp))-

replaceXmax With Xnew, then recomputef min ; Xmax ; f max
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The algorithm is not guaranteed to converge in all cases, bitcan be shown
that it works for convex f . The above is not the most e cient implementa-
tion, it's the one that's easier to read. Consult also NR forhis algorithm.

6 Stopping criteria

Proposition 9 If the smallest eigenvalue aof 2f (x) m > O0andjjr f (x)jj
for x 2 S a neighborhood ok , then
2

ix xio— f0 fx) (44)

So, knowing when to stop involves assumptions (or informatn) about (1) the
gradient, (2) the Hessian (its eigenvalues), (3) the continty of the Hessian.
In practice, a good rule of thumb is

1. check thatr 2f 0 and, if feasible, that the third derivatives are not
too high
2. if you care about the valuef (x ), stop when the relative decrease

k+1 . . .
1 f()zxk)) <tol with tol  macnine OF USe the above rule ifn avail-

able
3. if you care aboutx then either use the above rule (if some estimate
of m is available) or bound the relative changejjx***  xXjj  tol) or

use the simple rule

jir 2 (x%) r £(xMj tol (45)
The above I.h.s represents the distance to if the function was quadratic.
Alternatively, assuming that the direction of search incqoorates a

\good" variable scaling, (i.e NOT in steepest descent) onean stop

when
Ji d"jj tol (46)

If the Hessian is too expensive to compute, then you can savené by es-
timating it only every L iterations, assuming that its values don't change
much at one iteration. (This holds for the Newton steps as welnot only for
the stopping test).
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