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1 Entropy and KL divergence

Assume that the sample space is Q, a (typically large) finite space. For any
distribution p: Q - [0; 1] the entropy is defined as

X
H{P) = —  p(x)logp(x) (1)

X2

In the above, and throughout this chapter, we adopt the convention 0log = 0.

The function H (p) is non-negative and concave on the space of all distribu-
tions over Q. The minimum H = 0 is attained for deterministic distributions
and the maximum Hp.x = log|Q| is attained for the uniform distribution
over Q.

The entropy measures the uncertainty in a given distribution. Closely related
to the entropy is the Kullbach-Leibler divergence between two distribu-

tions: « )
p(x

D = x) log ——= 2

(plla) . p(x) log o) (2)

The KL-divergence is asymmetric in p; g It is non-negative, convex in (p; 0

and attains the minimum D (p||q) =0 iCA= q.

The entropy and KL divergence can also be defined for continuous sample
spaces, by replacing the summation with an integral. The only property
that changes is that the entropy of a continuous distribution is not always
non-negative. All the other properties mentioned here remain the same.
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2 The Maximum Entropy Principle

Assume that we have a set of N observations D = {x®;:::x(\)} [Qlfrom an
unknown distribution p. The observation define the empirical distribution

p

- 1 X
p(x)= N0 (X) 3)
i=1
where ( 0
_ 1 x=xU
x0 () =0 Gtherwise (4)

From now on we assume that the data is represented by the empirical distri-
bution p .

We also have a set of features f;(x) of the data; they are functions f; : Q -
(—o0; 0); 1 =1;:::K.

The Maximum Entropy Principle states that the “best” model of the
data is the distribution g representing the solution to the following problem

mglx H(q sit: Eglfi] = Ep[fi] forall i =1;:::K: (5)

This optimization problem has a concanve objective to be maximized (which
is equivalent to minimizing the convex objective —H (q)), linear constraints
and an overall convex space for the “variable” . Thus, it is a convex opti-
mization problem and we know that if a solution exists, then it is unique.

Let us now apply the usual convex optimization machinery to find a general
form for the solution. The Lagrangean is

X X
L@ ) = —H@— (Bl -Ep[fiD— o a—1) (6)

i X2
In the above, ; are the Lagrange multipliers associated to the each of the
constraints i = 1;:::K, and ¢ represents the normalization constraint on
g. Note that if Q is finite, g is a vector indexed by x. We take the partial
derivative of L w.r.t each vector element q(x). For this, a very useful identity

will be the following:

d%ylogy = logy +1 @



Therefore,

B6 = 90 +1=" 60— o ®)
By equating the above with 0 we obtain
X
loga() = = fi()+ o—1 ©)
or b (10)
qx) [—a "k (11)
or (12)
g = e (13)

The normalization constant Z , also known as the partition function
is defined as x P
z = e (14)
X2

This is the general form of the solution of the Maximum Entropy problem.
Note that although the formulation was non-parametric, i.e we were optimiz-
ing over all possible distributions over Q, the resulting solution depends on
K parameters, one for each constraint.

2.1 Examples

1. Without any constraints, the solution reduces to g [1] i.e. the
uniform distribution.

2. Let x = (X1;:::Xq) a d-dimensional vector of binary variables x; [
{0;1}. Letf; =x; forj =1;:::d. Then,

P Y Y
q(x) Celr ' = (e))ys = [ (15)
i i
In other words, if the features depend only on one variable, in the maxi-
mum entropy distribution the variables are independent. In particular,

in our case we recover the (multivariate) binomial distribution.



3. Let us solve the above case again, explicitly, for x = (y;z) [{D;1}2.
Define q by its four parameters th1; Gho; Ob1; Go- We have three con-
straints iz + o = Y, Gh1 + Qo1 = Z, Gua + Cho + Go1 + oo = 1, where
y; z are respectively the sample means of y;z. Hence, the solution q
depends on one free parameter only; let that be ¢u;. We can write g in

the following way:
_ #
. Gu YT
Z—tu l-y—z+aqu
and the objective is
H(th) = —ualogchy — (Y — tha) l0g(y — 1) — (Z — tha) 109(Z — ch1)
—(l=y—Z+aqu)log(l—y—2z+aqu) (16)
Taking the derivative we get
d (Y — th1)(Z — th1)
—H = lo = =0 17
dops Y@ —y—z+aq) 4

The above is solved for qu; = yz which amounts to independence be-
tween y and z.

4. Assume the same 2-dimensional binary variable sample space, but now
with the feature f (y;z) = 1 iyl = z. Let the expectation of f from
the data be f = ™2, Then

X — X
L@ o = Gzl0gq, = (Go+ami—F)— ol q.—1J18)

yiz yz
@L
— = lo +1—- - =0 19
@& 9 Gho 0 (19)
@L
— = lo +1— — =0 20
@q g Ch1 0 (20)
From the last two equations, we find that ¢u; = (oo and therefore = f=2.
Thus, the solution q is 4
7
1t f
2 2

Again, the solution makes g as uniform as possible under the given
constraints. Note that because the feature depends on both y;z the
two variables are dependent in the resulting distribution.
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5. Exercise Take the same sample space as above, with the unique fea-
ture f(y;z) = 1 i = z = 1. What is the corresponding MaxEnt
distribution?

6. Assume now that Q = (—oo; o0) and thus we have a continuous Max-
imum Entropy problem. Let the features be f1(x) = x; fo(x) = x2.
Then the maximum entropy distribution is

qx) e (21)

which represents a Gaussian that fits the first two moments of the
observed data.

7. Exercise Markov random fields and decomposable graphical models
(aka junction trees) over discrete domains are maximum entropy dis-
tributions. Can you identify the features that they are matching?

3  Minimum Relative Entropy

The Minimum Relative Entropy (MRE) problem generalizes the Maximum
Entropy (ME) problem to the case when we also have a prior distribution
. We want to find the model that matches the su Lcieht statistics E;, [f]
of the data and is close to the prior.

mqin D(dllw) s:iti Egffi] = Ep [fi] fori =1;:::K (22)
The Lagrangean of this problem is
X q(x) X X X
L(a; ) = ax)log——=— (. fi()ax)—Ep [fiD+ o( a(x)—1)
X2 Cb(X) i x2 x2
(23)
And the solution is 5
q(x) (e « "™ (24)
or
= Llge (25)
q = 7 G
with X P
zZ = p(x)e 1 (26)

X2



Note that the ME problem is a special case of the MRE problem with ¢ 11
the uniform distribution. Indeed, it is easy to see that

1 —

X X
D (g||uniform) = glogqg— glog Q] = —H(q) — log |Q| (27)

X2 X2

3.1 The relationship with exponential family models

From (25) we have that

logg(x) = Tf(x)—logZ + logcp(x) (28)

A family of probability distributions that can be put in this form is called
and exponential family model. Exponential family models comprise (mul-
tivariate) normal distributions, Markov random fields (with positive distri-
butions), binomial and multinomial models, etc. They have many convenient
properties, some of which are evident from the definition above. For exam-
ple, exponential family models are essentially the only parametric models
that have a finite number of su Lcieht statistics®; they have conjugate pri-
ors; from the diLerential geometry p.o.v, exponential families repreent flat
manifolds, i.e a [nelfunction spaces spanned by the vectors f;.

We also know that Maximum Likelihood (ML) estimation for exponential
models consists in fitting the su [cieht statistics of the data. Therefore,
finding the optimal parameters for MRE/ME models can be seen as a ML
estmation. The next section discusses this in detail.

4 The ME-ML duality

The ME/MRE problem is a convex optimization problem. Here we examine
its dual and show that it represents a Maximum Likelihood problem.

The dual objective of problem (22) is given by L( ) = sup,h(g; ). We
can obtain L explicitly by substituting the solution (25) into h.
LC) = h(@ ;) (29)

1Distributions that are piecewise uniform may also have finite su [cieht statistics. In
their case, the su Lcieht statistics are intervals in which the data lie.
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P

X e i ifi X X
=" qlgX -7 (" fiqg —E, [ (30)
X yA G i x2
% X X X X X
= q ifi— q logzZz — i fiq + iEp [f(B1)
§<2 i x2 i X2 i
= .Ep [fi]) —log Z (32)
Hence, the dual of the MRE problem is
max TE, [f])—logZ (33)

Since all the constraints in the primal problem were equality constraints, the
dual has no constraints on

We now show that the dual problem represent maximixing a likelihood. The
log-likelihood of the parameter set given a dataset D is

X .
I() = log g(x') (34)
xizg(
= N px)logq (x) (35)
' X
= N pllogg+  ifi—logZ ] (36)
= N(? iEp [fi] —logZ ) + constant (37)
= NL(I ) + constant (38)

Therefore, solving the MRE problem is equivalent to maximizing the likeli-
hood of the exponential model given by (25).

It is also easy to show that maximizing the likelihood for any model family
{q} is equivalent to miniminzing the KL divergence from p to {q}.

- X . p
D@ Ila) = p log — (39)
x2x q
= — plogg—H(P) (40)
2
—{z—1}
[(a)=N

We can summarize the previous sections in the following way: for a fixed set
of features f and a fixed data set we define

Q = {QlqCak'} (41)
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Figure 1. The duality between MRE and ML.: the m-projection corresponds
to ML estimation, the e-projection corresponds to MRE estimation.

P = {plEplf] = Ep[f ]} (42)

i.e the family of exponential models with su [cieht statistics f and the family
of distributions that fit the su [cieht statistics of the data. Let Q be closure
of Q under the Euclidean norm. Then (see Della Pietra & al) the MRE
distribution q is the unique distribution in P n Q and is also the unique
distribution satisfying

q = argminyD(qf|p) = argmingD (P |[9) (43)
The first optimization in the above represents the original MRE problem,
the second is the dual ML problem. Minimizing a KL divergence to a set
can be thought of as “projecting” a distribution on the respective set. Note
that in our case the two projections diler since they are reversed forms of
the KL divergence. Thus, one obtains the same solution either by the e-
projection of the prior ¢ on the data manifold P or by the m-projection
of the empirical distribution § on the model manifold Q.

The similarity to the EM algorithm is not incidental - see for example Neal
and Hinton “A new view of the EM algorithm” for a view of the Expectation
Maximization algorithm that emphasizes the alternating minimization of KL
divergences.

A Pytagorean theorem is yet another equivalent way of characterizing q .
For any q CQ and any p [P,

D(plla) = D(pllg )+D(q [l (44)
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Proof Let py;p [P a;p CQ; o = e " Then

X o)) X
D (pallc) = D(pallek) = D(pellew) + D(pelle) =~ pulog £+ polofae
)58 X2
= (pr—p2) 'f (46)
X2

TEnlf1-EplfD)  (47)
Ifnowp, =0 =q ; p. =p; & = qwe obtain
0-D@ lld =D (lla )+D(plldd = ( = ) (Eaqp[{J=Egff ) = 0 (48)

Ep [f] Ep [f]

5 Estimating the parameters

For some ME models, there is a direct relationship between the parameters
and the su Lcieht statistics; For e.g normal distributions, multinomial dis-
tributions, decomposable models the parameter fitting is done analytically
with a simple formula. For other exponential models, we have to resort to
iterative methods.

Gradient ascent. One method to find the parameters of the MRE distri-
bution is to find the uniqgue maximum of h( ) using equation ??. Here we
have the problem of computing the normalization constant Z which involves
a summation over the whole sample space. Sometimes Z and its partial
derivatitives can be computed analytically; we shall see some examples in
section ??. In the other cases, one has to approximate these derivatives.
The most direct method to do it is to recall that @Z = Eq[fi] and apply a
Markov-chain Monte Carlo method to compute the expectatlons

Both Gibbs and Metropolis sampling from a ME distribution are straight-
forward since
ax) _ G(x) e 1) (D) (49)
000 B0D
For gu uniform, binary features, and x; x°di Lefring in only one feature f;, the
above ratio becomes equal to e i. Note also that one needs only one sample
from q to estimate all the derivatives.




Improved lterative Scaling is a method introduced by Della Pietra and
al. which is generally faster than the gradient method.

The

Improved Iterative Scaling (11S) Algorithm

Given p, o and the features f = (fq;:::fx ). Assume ¢ is absolutely
continuous w.r.t p (i.e the prior gives non-zero probability to the data).
Denote X
fa(x) = fi(x) (50)

. Initializeq « qp; < O

For each i, let ; be the unique solution of

Eqfie’™] = Ep [fi] (51)

P
Setq ~ ge ifi or, equivalently, set ~ +

If g has not converged yet, go to step 2

estimation in step 2 of the algorithm can be done by bisection noting

that the function is monotonic in

6

Learning the features

Della Pietra et al. present a method for learning features from data. The
method is a greedy algorithm, that consists of two steps: first, from a set
of candidate features C one feature is selected to be added to the model;
second, the optimal parameters of the augmented model are fit to the data.

1.

Field Induction Algorithm

Input: P, o, a rule for constructing candidate features or a set of
possible features

Setq « p
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2. Feature selection

(a) Construct the current set of candidate features C

(b) For g CCQlcompute the gain G(g) = max D(p||q)—D (p||ge’ =Z )
and ~ that maximizes the gain

(c) Add g = argmax.G(g) to the current set of features

3. Parameter fitting Refit the model parameters by 1S, starting from
the previous parameter set and .

4. Return to step 2

The algorithm is guaranteed to improve the likelihood of the data at each
iteration, and to give the best model for the given features, but it incorporates
no model selection method. So the stopping criterion and model validation
are left to the standard methods.

Below we discuss the feature selection in more detail.

6.1 Greedy feature selection

In the following we assume that all features take values in {0;1}. Assume
that (ﬂ,is the current ME distribution and g [Q is a new feature. Let
Z = 4 g€%; G=oqe’=Zand G(;9) = D(P |/ — D(p [|§ the gain
of adding g with parameter to the model. Then, it is easy to show the
following three equalities:

G(;g) = E pldl—logEqed] (52)
@@G(;g) = Ep 0] - Edd] (53)
%G(;g) = —Varg = 0 (54)

This shows that G( ;g ) has a uniqgue maximum w.r.t

Lemma We now show that the maximum is at

pl@=DA—-a@=1)
(I1-p@=D)@=1)

11

~ = log (55)



We have that (
~_ L ifg=1
9= 4 ifg=o0

Z
Therefore, Eqlg] = e q(g=1)=Zand 1 —E4g] = q(g=0)=2=(1—q(g =
1))=Z. Remembering from (53) that E4[g] = E; [g] at the optimal , we
obtain

(56)

Epldl = edq@g=1)=Z (57)
1-Eplgl = (1—q@=1)=Z (58)

By taking the ratio of the two, we obtain 55.

Lemma Denote by p;q the probabilities f (g = 1); g(g = 1) respectively.
Then, the gain G(g) is equal to D (By|[Bg) where By; B are respectively the
Bernoulli distributions with p; g as probabilities of success

Proof
D(B,lIBy) = pmgq+a=—mmg——§ (59)
pl—q . 1-gq
= plog = —— —| =
PI0g =) 19 7=, (60)
By 52,
~ — 9(1_9) —_ g
G(7g) = plog a@=p log Eqle” ] (61)
_ p(1—q) _ _
= plog j— ) ~logle alg=1) + q(g# 0] (62
pl-9  pl—g
= —1 = —
P9 gi—p) ' qu—p T ¢

pl—-g9  1-—q
ai-p ' P1-p

Thus, one adds the feature g along which the discrepancy of p and q is
maximized.

= plog (64)

12



7 Maximum Entropy Discrimination

7.1 The ideea

Here we apply the ME framework to classification problems. We have a
dataset D = {(X1;Y1); (X2;¥2);:::(Xn;Yn)} Of N labeled examples and a
family of classifiers F = {f (:; )} parametrized by . The values of the labels
are in {x1} and the label of x given by f (:; ) issignf (x;; ).

Standard classification chooses an f [H that has low classification error and
perhaps obeys other regularization conditions. In the Maximum Entropy
approach to classification, we find a distribution q over F, such that the
expected value f of all classifiers f [CH under q classifies the training set
well. Naturally, more than one such g exists and we choose the one which
has maximum entropy.

mqin —H(q) styEqfX)]=1fori=1;:::N (65)

A direct generalization of ME classification is to introduce a prior ¢ over
F and then to choose the q that is nearest to the prior. This is the MRE
discrimination problem.

mqin D) styiEgf (xi)]=1 fori =1;:::N (66)

7.2 The MRE solution

The problems 65, 66 are convex problems with linear constraints; by applying
the usual transformations we obtain the Lagrangean, the general exponential
form of the solution and the dual. Note that unlike the unsupervised ME
problem, the current problem has inequality constraints, so that the Lagrange
multipliers will have to be = 0. Another dilerknce is that the sums are now
replaced with integrals, as the function families we typically consider are
continuous.

h@ ) = D@lm)—  (Edf )] —1)

@h _ _ X
o0 - log (f ) — log op(f ) | iyif (Xi)
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1 P
q(f) = ——a()e i ¥

#

Z = ( )epi ivif (xii ) g
L) = h@ ()

— 1 . iyif(xi;)x 7 . _ _ _X
= ®()e [i yif (xi; ) —logg( ) —logZ Id

X
= i —logZ

Hence, the solution has again an exponential form, with one factor for each
training example. The dual problem is

maxL( ) st: =0 fori=1;:::N (73)

7.3 Computing the solution

The optimal ’s can be found by gradient ascent on the dual objective L. As
previously seen, these are equal to the primal constraints.

z P
@ogZ 1 Vi (e
@?_ = 7 ®()e ! YTy (xi; ) = yiEqlf (xi; )] (74)
@L
@ - 1= YyiEqlf (xi;2)] (75)
In practice, we start with ; = 0 for all i and update the Lagrange multipliers
by
@L

i < max[0; ;+ (76)

@;
where is a step size. This iteration will converge to the unique solution
of 66 if one exists. Note that during the iteration, L increases, while the
primal objective increases too. This is because our method is eseentially an
exterior point method: we start from the unconstrained optimum and adjust
the parameters until all the constraints are satisfied.

As it is usual with constrained optimization, only the ; parameters that
correspond to tight constraints are non-zero. The corresponding x; examples
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represent support vectors for this problem. Thus the solution is often
sparse.

The ME classifier is given by
z

fO)= qO)fk )d (77)

Note that f may not belong to the original family F.

8 ME discrimination extensions

8.1 Using generative models

One important use of the ME classification framework is to combine dis-
criminative classification, i.e classification via optimization of the decision
boundaries, with generative models i.e probabilistic models of how the
data were generated. The former have the advantage that they optimize the
“right” criterion, the latter are much better at incorporating domain features.

Assume that we have a family of probabilisitic models describing the data
in each class; let them be P (x| +); P(x] ) respectively. The models may
belong to dilerkent families (i.e gaussian for the “+” class and uniform on a
rectangle for the “-” class), and the parameters may belong to diLerent
spaces. A Likelihood ratio classifier in with these model families is

f(x; +; ;b = oggg: +;+b

(78)

We construct a MRE distribution over this classifier family that has the form

Pxil +)

P
o +; ) Ca(.; pe @ MEOFETD

If the prior o factors into gp( +)p( )p(b) then the MRE distribution also
factors into independent distributions for the 3 parameters.

+b) 1] (7 9)

P . P _ P P
q( +; b C@( +)e i Vv ogP(Xil dgy( Ye 1+ Vil9PXil gy (peP @ Vie
(80)
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There are several model classes for which computing the partition function
and the required expectations can be done in closed form. For example, if
P(:] ) isan exponential family model and g is the corresponding conjugate
prior. In particular, graphical models with fixed structure and exponential
family distributions are also tractable; in the special case of tree graphical
models, one can construct more interesting graphical models that can be
integrated over structures and parameters (see Jaakkola et al.).

8.2 Inseparable data (soft margins)

If the data are not separable by any model in F, then the constraints of ??
cannot be satisfied for any g and the parameters tend to infinity. Now we
extend the MRE framework to deal with this case. We will fix a variable
margin ; for each example (x;;y;) and we will estimate a joint MRE distri-
bution over the classfier parameters and the margins . Note once again
that, if the prior @ is factored w.r.t ; thenthe and will be independent
under the final solution.

The soft margin MRE problem is
mqin D(dllp) st:Eglyif(xi)— i1 =0 fori=1;:::N (81)

where q; @ are now distributions over ; 4;::: n. Ifp(; ) = 0 )Qi (i)
then the MRE solution is

P W
q [ ip( )e + Wit ®( )e ' (82)
i=1
If we denote the corresponding normalization constants by Z ;Z . (keeping
in mind that they are functions of ), then the dual objective can be written
as X
L() = —logZ — logZ (83)
i
The form of the MRE distribution for  suggests an exponential prior

() = ce P (84)
For this gy the MRE distribution is
q( ) = (c— )¢ X Y (85)
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In the above needs to be < c for a proper g to exist. Hence, introducing a
soft margin in this way is equivalent to puttig and upper bound on , very
much like in the case of SVM’s.

Note also that Eq [ ;] = 1 — 1=c Therefore, if E4[f (x;)] = 1 — 1=c then

i = 0. Since Z, = 1=(c— ;) each term —logZ , in the dual objective
introduces a penalty log(c— ;). If ; approaches c from below, this penalty
tends to —oo, e [edtively stopping ; from growing too much.

8.3 Relationship to SVM’s

The following theorem, from Jaakkola et al, shows that there is a strong
relationship between SVM’s and MRE.

Theorem Assume f (x; ;b) = Tx—band g(;b; )= o( )Cb(b)Qi (i)
where gp( ) = N(0;1), qo(b) approaches a non-informative prior, and q( ;)
is given by equation 84. Then, the Lagra]gge multipliers are obtained by
maximizing L( ) subjectto0< <-cand i¥i = 0 where

X 1 X T
LC) = (i+log(c— )]— 5 i §YiYiXi X] (86)
[ ij =1
Note the similarity between this objective and the SVM with slack variables.
The only dilerence is the addional term log(c — ;). Moreover, for the case

of separable data and ¢ - oo the same classifiers are obtained.
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