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Introduction.

Questions:

A. What operations preserve
Glivenko-Cantelli classes of functions F7

B. Can we simplify the consistency theorems
of Schick and Yu (2000) for “mixed case”
interval censoring?

C. Can we extend the consistency theorems
of Schick and Yu (2000) to more
complicated settings?
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Glivenko-Cantelli theorems.

Theorem 1. (Giné and Zinn, 1984).
Suppose that F is L1(P) —bounded and
NLSM(P). Then the following are equivalent:
A. F is a strong Glivenko-Cantelli class for P:

<sup P (f) — P(f)l) —a.s. 0 (1)
feF

B. F has an envelope function F € L1(P) and
the classes Fpy = {f1lip<p: f € F} satisfy

1

gE* |Og N(é, fﬂ/[, Lr(Pn)) — O (2)

for every € > 0 and for some (all) r € (0, o0]
-1
where ||fll,(py = (PIfI)" M



3. Preservation of
Glivenko-Cantelli

Classes

For classes Fq,...,F; of functions f; : X - R
and a function ¢ : R¥ — R, let o(Fy,...,Fp)
be the class of functions

z— o(f1(z),..., fr(x))
where f; € F; fori=1,... k.

Theorem 2. (van der Vaart and Wellner).
Suppose that Fq,...,F; are
P—Glivenko-Cantelli classes of functions and
that ¢ : R¥ — R is continuous. Then
H=p(F1,...,F) is P—Glivenko-Cantelli
provided that it has an integrable envelope.

Lemma. Suppose that ¢p: K —+ R is

continuous and K C RF is compact. Then for
every € > 0 there exists a § > 0 such that for
all n and for all aq,...,an,b1,... ,bn € K C R*

1 n
= > la; —bill < 8
ni=1

implies
1 n
= > le(a;) — @(by)] < e.
=1
Here || -|| can be any norm on RF; in particular

llz|lr = (3% |2;|") /T for r € [1,00) or
llz|loo = Maxy <<k |z;| for
z=(x1,...,x) € Rk

Proof of Theorem 2 (sketch): Let H an
envelope function for H = ¢(F). Using the
lemma with || -|| the L1— norm || - ||1, we find
that

k P

N(e,Hpr, L1(Pn)) < I N Filir<my L1(Pn)) -
=

J

Corollary 1. (Dudley, 1998). Suppose that
F is a strong Glivenko-Cantelli class for P
with PF < oo, J is a possibly unbounded
interval including the ranges of all f € F, ¢ is
continuous and monotone on J, and for some
finite constants ¢, d, |¢(y)| < cly| + d for all

y € J. Then ¢(F) is also a strong
Glivenko-Cantelli class for P.

Corollary 2. (Dudley, 1998). Suppose that
F is a strong Glivenko-Cantelli class for P
with PF < oo, and g is a fixed bounded
function ( ||g|lc < 00). Then the class of
functions

g-F={g9-f: feF}
is a strong Glivenko-Cantelli class for P.

Corollary 3. (Giné and Zinn, 1984).
Suppose that F is a uniformly bounded strong
Glivenko-Cantelli class for P, and g € L{(P) is
a fixed function. Then the class of functions

g-F={g9-f: feF}
is a strong Glivenko-Cantelli class for P.

Theorem 3. (van der Vaart and Wellner).
Suppose that F is a class of functions on
(X, A, P), and {X;} is a partition of X:
UL X=X, 4;NnA&; =0 forizj. Suppose
that F; = {lej . feF}is
P—Glivenko-Cantelli for each 7, and F has an
integrable envelope function F. Then F is
itself P—Glivenko-Cantelli.

Theorem 4. (Dudley). Suppose that F is a
strong Glivenko- Cantelli class of functions for
P on (X, A). Then the symmetric convex hull
class

k k
G={9= > cifi: f[i€F,¢;ERD |e;] <1}
i=1 1

is a strong Glivenko-Cantelli class for P, and
so is the class G of functions which are both
the pointwise limit and the Lq(P) limit of
sequences in G.



Remark 1.

Similar theorems for preservation of uniform
Glivenko-Cantelli classes related to the
theorem of Dudley, Ging, and Zinn (1991)
characterizing such classes.

Remark 2.
What operations preserve Donsker classes?

Answer: Lipschitz functions ¢ : RE — R; see
e.g. Van der Vaart and Wellner (1996),
section 2.10, pages 190 - 203.

Case 2: Y~F, T=(T1,T75) ~G, Y
independent of T.
We observe

X =TT Yy<n) Y <y<m) Lm<y)) = (L, 4).
Note that

(A[T) ~ Multz(1, (F(T1), F(12) — F(T1),1 - F(12))) .

Problem: Estimate the distribution function
F ofY.

Solution: Groeneboom and Wellner (1992),
Groeneboom (1996).

Picture 2.

4. Interval Censoring.

Case 1: Y ~ F, T~ (G, Y independent of T.
We observe X = (T, 1[Y<T]) =(T,A).

(A|T) ~ Bernoulli(F(T)) .

Problem: Estimate the distribution function
F of Y.

Solution: Groeneboom (1989), Groeneboom
and Wellner (1992).

Picture 1.

“Mixed Case” Interval Censoring: Y ~ F
independent of (T, K), with

Tk =Tk1,---Tkk), Tk,o= —0o0,

Tk k41 = 0.

We observe X = (T, Ak, K) where
AKjEl(TK,jflaTK,j](Y)’ j: 1,... ,K+l
so that

(Ax|Tk, K) ~ Multg41(1, AFk)

where (AF)K’] = F(TK,j) — F(TK’]’,]_).
Problem: Estimate the distribution function
F of Y.

Solution: Schick and Yu (2000).

Picture 3.



Theorem 5. (Schick and Yu). If
E(K) < oo, then the nonparametric MLE ﬁn
of F satisfies

where, for B € By,

k

uw(B) = Z P(K =k) Z P(Tk,j € BIK =k).
k=1 j=1

Note that p is a finite measure if E(K) < co.

Theorem 6. (van der Vaart and Wellner).

H(pg ,PR,) ~as. 0
and
1 _ 2,
5 {/ |Fn - F0|du} <H (p}?vnapFo) —a.5. 0
where

l k

k=1 j=1
Note that u is always a finite measure.

Step 2. The class of functions

F2 ={pr/pr,: F € F} is a Glivenko-Cantelli
class.

Proof: 1/pp, € L1(Pp) and the functions pp
are uniformly bounded, so this follows from
Corollary 3 and Step 1.

Step 3. The class of functions

J ={J(pr/pr,): FEF}isa
Glivenko-Cantelli class.

Proof: This follows from Theorem 3 with
@ = J and step 2.

Proof of Theorem 6: By van de Geer
(1993), (1996),

H?(pg ,pry) < (Pn— Po)(J(pp /PE,))
< |Pn — Polls
where
-1 1 >
J(t)z{ 851’ )/(t+1), :28,

and

J ={J(pr/pr,) : F €F}.

Thus if we can show that 7 is a
Glivenko-Cantelli class of functions,
consistency in the Hellinger metric follows.

Step 1. The class of functions

Fi1={pr: F € F} is a Glivenko-Cantelli class.
Proof: This follows from Theorem 3 (with
Xj={x = (d,ty,k) : k =j}), and Theorem 4
(with F the VC class of indicators of sets
(—o0,t] and G the class of functions of
bounded variation).

Step 4.

H?(ps ,pry) < drv(pg  pry) < V2H(pg ,pry)
where
H?(p PRy
00 k+1 R R
= 3 P(K=K) Y [{[Fnlu) = Falyej—))?
k=1 j=1
— [Folyk,;) — Folyrj—1)1*/?}2dG,(y)
and
dry(pg »PF,)
oo k+1 N N
= 3 P =K) Y [IFulyr) — Fulypjo1)]
k=1 j=1
— [Fo(yg,;) — Fo(y,j—1)1ldGr(y)
> [ |Fo— Foldfi.



A General Model:

e Let Y take values in (V,B), Y ~ Q.

e Suppose that Cx = (Ck1,.--,Ck k)
where {C’ij}]Kzl form a partition of ),
and (Ck, K) is independent of Y.

e Suppose we observe

X = (éKaQK)K)
where Ak ; = 1CK]_(Y), so that
(AkICk, K) ~ Multy(1,Qk)
where Qx = (Q(Ck,1,---,Q(Ck K))-

Picture 4.

5. Problems

. How to characterize @n?
. How to compute Q,? Fast algorithms?

. Global rates of convergence? That is, how
fast does H(p@”,on) converge to zero?

. Local rates of convergence? For fixed
sets C' how fast does Qn(C) — Qo(C)
converge to zero?

Theorem 7. (van der Vaart and Welliner).
If all CK’j € C, a VC collection of subsets of
X, then the nonparametric maximum
likelihood estimator Q,, of Qg satisfies

H(pg, ,PQy) —*a.s. 0
and
[124(0) = Qo()ldn(e) —a.s. 0

where, for B € 3, a o—field of subsets of the
space of sets where the C} ; takes values,

k

uw(B) = Z P(K =k) Z P(ijj € BIK =k).
k=1 Jj=1
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