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ABSTRACT

Ensembles used for probabilistic weather forecasting often exhibit a spread-error correlation, but they
tend to be underdispersive. This paper proposes a statistical method for postprocessing ensembles based on
Bayesian model averaging (BMA), which is a standard method for combining predictive distributions from
different sources. The BMA predictive probability density function (PDF) of any quantity of interest is a
weighted average of PDFs centered on the individual bias-corrected forecasts, where the weights are equal
to posterior probabilities of the models generating the forecasts and reflect the models’ relative contribu-
tions to predictive skill over the training period. The BMA weights can be used to assess the usefulness of
ensemble members, and this can be used as a basis for selecting ensemble members; this can be useful given
the cost of running large ensembles. The BMA PDF can be represented as an unweighted ensemble of any
desired size, by simulating from the BMA predictive distribution.

The BMA predictive variance can be decomposed into two components, one corresponding to the
between-forecast variability, and the second to the within-forecast variability. Predictive PDFs or intervals
based solely on the ensemble spread incorporate the first component but not the second. Thus BMA
provides a theoretical explanation of the tendency of ensembles to exhibit a spread-error correlation but yet
be underdispersive.

The method was applied to 48-h forecasts of surface temperature in the Pacific Northwest in January–
June 2000 using the University of Washington fifth-generation Pennsylvania State University–NCAR Me-
soscale Model (MM5) ensemble. The predictive PDFs were much better calibrated than the raw ensemble,
and the BMA forecasts were sharp in that 90% BMA prediction intervals were 66% shorter on average than
those produced by sample climatology. As a by-product, BMA yields a deterministic point forecast, and this
had root-mean-square errors 7% lower than the best of the ensemble members and 8% lower than the
ensemble mean. Similar results were obtained for forecasts of sea level pressure. Simulation experiments
show that BMA performs reasonably well when the underlying ensemble is calibrated, or even overdis-
persed.

1. Introduction

The dominant approach to probabilistic weather
forecasting has been the use of ensembles in which a
model is run several times with different initial condi-
tions or model physics. This was proposed by Leith
(1974) as a way of implementing the general framework
presented by Epstein (1969). Ensembles based on glob-
al models have been found useful for medium-range
probabilistic forecasting (Toth and Kalnay 1993; Mol-
teni et al. 1996; Houtekamer and Derome 1995; Hamill
et al. 2000). Typically the ensemble mean outperforms
all or most of the individual ensemble members, and in
some studies a spread-error correlation has been ob-
served, in which the spread in the ensemble forecasts is
correlated with the magnitude of the forecast error.

Often, however, the ensemble is underdispersive and
thus not calibrated. Both spread-error correlations and
underdispersion have been observed in the National
Centers for Environmental Prediction (NCEP) opera-
tional global ensemble (Toth et al. 2001; Eckel and
Walters 1998), the Canadian Ensemble Prediction Sys-
tem (Pellerin et al. 2003), and the European Centre for
Medium-Range Weather Forecasts (ECMWF) en-
semble (Buizza 1997; Buizza et al. 1999; Hersbach et al.
2000; Scherrer et al. 2004); for an overview see Buizza
et al. (2005).

Here we focus on short-range mesoscale forecasting.
Several authors have studied the use of a synoptic en-
semble, the 15-member NCEP Eta–Regional Spectral
Model (RSM) ensemble, for short-range forecasting
(Hamill and Colucci 1997; Hamill and Colucci 1998;
Stensrud et al. 1999). As was the case for medium-range
forecasting, the ensemble mean was more skillful for
short-range forecasting than the individual ensemble
members, but the spread–skill relationship was weak.
The first short-range mesoscale ensemble forecasting
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experiment was the Storm and Mesoscale Ensemble
Experiment (SAMEX; Hou et al. 2001). This found
that the ensemble mean was more skillful than the in-
dividual forecasts, and that there was a significant
spread-error correlation, with a correlation on the or-
der of 0.4. However, the ensemble was not well cali-
brated; see Figs. 8 and 9 of Hou et al. (2001).

Grimit and Mass (2002) described the University of
Washington mesoscale short-range ensemble system
for the Pacific Northwest (hereafter referred to as the
UW ensemble). This is a five-member multianalysis en-
semble consisting of different runs of the fifth-
generation Pennsylvania State University–National
Center for Atmospheric Research Mesoscale Model
(MM5), in which initial conditions are taken from dif-
ferent operational centers. The UW ensemble was run
at 36- and 12-km grid spacing, while the NCEP Short-
Range Ensemble Forecasting (SREF) has been run at
48 km. Like other authors, Grimit and Mass (2002)
found the ensemble mean to be more skillful than the
individual forecasts, and they reported a stronger
spread-error correlation than other studies, ranging up
to 0.6. Figure 1 is a scatterplot showing the spread-error
relationships for surface temperature and sea level
pressure for the UW ensemble for the same period as
that on which Grimit and Mass’ (2002) report was
based, namely January–June 2000. The spread-error

correlation for daily average absolute errors, averaging
spatially across the Pacific Northwest, was 0.18 for tem-
perature and 0.42 for sea level pressure; both correla-
tions were positive and the latter was highly statistically
significant. However, the verification rank histograms
(Anderson 1996; Talagrand et al. 1997; Hamill 2001) for
the same data, shown in Fig. 2, show the ensemble to be
underdispersive and hence uncalibrated. In this case,
the ensemble range based on five members would con-
tain 4/6, or 66.7%, of the observed values if the en-
semble were calibrated, that is, if the ensemble fore-
casts were a sample from the true predictive probability
density function (PDF), whereas in fact it contained
only 29% of them for temperature and 54% of them for
sea level pressure.

This behavior—an ensemble that yields a positive
spread-error correlation and hence useful predictions
of forecast skill, and yet is uncalibrated—is not unique
to the UW ensemble, as we have noted, and may seem
contradictory at first sight. On reflection, though, it is
not so surprising. There are several sources of uncer-
tainty in numerical weather forecasts, including uncer-
tainty about initial conditions, lateral boundary condi-
tions, and model physics, as well as discretization and
integration methods. Most ensembles capture only
some of these uncertainties, and then probably only
partially. Thus it seems inevitable that ensembles based

FIG. 1. Spread–skill relationship for daily average absolute errors in the 48-h forecast of (a)
surface temperature and (b) sea level pressure in the UW ensemble, Jan–Jun 2000. The vertical
axis shows the daily average of the absolute errors of the ensemble mean forecast, and the
horizontal axis shows the daily average of the difference between the highest and lowest forecasts
in the ensemble. The solid line is the least squares regression line. The correlation is 0.18 for
temperature and 0.42 for sea level pressure.
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purely on perturbing initial and lateral boundary con-
ditions, model physics, and integration methods will be
underdispersive to some extent. Because they do cap-
ture some of the important sources of uncertainty, how-
ever, it is reasonable to expect a positive spread-error
correlation, even when the ensemble is uncalibrated.
To obtain a calibrated forecast PDF, therefore, it seems
necessary to carry out some form of statistical postpro-
cessing, as suggested by Hamill and Colucci (1997,
1998).

Our goal in this article is to propose an approach for
obtaining calibrated and sharp predictive PDFs of fu-
ture weather quantities or events from the output of
ensembles that may not be themselves calibrated. By
calibrated we mean simply that intervals or events that
we declare to have probability P contain the truth, or
happen, a proportion P of the time on average in the
long run. Sharpness is a function of the widths of pre-
diction intervals. For example, a 90% prediction inter-
val verifying at a given time and place is defined by a
lower bound and an upper bound, such that the prob-
ability that the verifying observation lies between the
two bounds is declared to be 90%. By sharp we mean
that prediction intervals are narrower on average than
those obtained from climatology. Clearly, the sharper
the better. We adopt the principle that the goal of
probabilistic forecasting is to maximize sharpness sub-
ject to calibration (Gneiting et al. 2003).

To achieve this, we propose a statistical approach to
postprocessing ensemble forecasts, based on Bayesian
model averaging (BMA). This is a standard approach
to inference in the presence of multiple competing sta-
tistical models and has been widely applied in the social
and health sciences; here we extend it to forecasts from
dynamical models. In BMA, the overall forecast PDF is
a weighted average of forecast PDFs based on each of
the individual forecasts; the weights are the estimated
posterior model probabilities and reflect the models’
forecast skill in the training period, relative to the other
models. The weights can also provide a basis for select-

ing ensemble members: when they are small there is
little to be lost by removing the corresponding en-
semble member. This can be useful given the compu-
tational cost of running ensembles.

The BMA deterministic forecast is just a weighted
average of linear functions of the (possibly bias-
corrected) forecasts from the ensemble. The BMA
forecast PDF can be written as an analytic expression,
and it can also be represented as an equally weighted
ensemble of any desired size, by simulating potential
observations from the forecast PDF. The BMA forecast
variance decomposes into two components, corre-
sponding to between-model and within-model variance.
The ensemble spread captures only the first compo-
nent. This decomposition provides a theoretical expla-
nation and quantification of the behavior observed in
several ensembles, in which a positive spread-error cor-
relation coexists with a lack of calibration.

In section 2 we describe BMA, show how the BMA
model can be estimated, and give examples of BMA in
action. In section 3 we give BMA results for the UW
ensemble, in section 4 we give some results for simu-
lated ensembles, and in section 5 we make some con-
cluding remarks. While our experiments are with the
UW ensemble—that is, a mesoscale, single-model, mul-
tianalysis ensemble system—the idea applies to other
situations, including synoptic, perturbed observations,
singular vector, and bred and multimodel ensembles,
with small changes, as indicated below.

2. Bayesian model averaging

a. Basic ideas

Standard statistical analysis—such as, for example,
regression analysis—typically proceeds conditionally
on one assumed statistical model. Often this model has
been selected from among several possible competing
models for the data, and the data analyst is not sure that
it is the best one. Other plausible models could give

FIG. 2. Verification rank histograms for the UW ensemble 48-h forecasts of (a) surface
temperature and (b) sea level pressure, Jan–Jun 2000.
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different answers to the scientific question at hand. This
is a source of uncertainty in drawing conclusions, and
the typical approach, that of conditioning on a single
model deemed to be “best,” ignores this source of un-
certainty, thus underestimating uncertainty.

Bayesian model averaging (Leamer 1978; Kass and
Raftery 1995; Hoeting et al. 1999) overcomes this prob-
lem by conditioning, not on a single “best” model, but
on the entire ensemble of statistical models first con-
sidered. In the case of a quantity y to be forecast on
the basis of training data yT using K statistical models
M1, . . . , MK, the law of total probability tells us that the
forecast PDF, p(y), is given by

p�y� � �
k�1

K

p�y |Mk�p�Mk |yT�, �1�

where p(y |Mk) is the forecast PDF based on model Mk

alone, and p(Mk |yT ) is the posterior probability of
model Mk being correct given the training data, and
reflects how well model Mk fits the training data. The
posterior model probabilities add up to one, so that
�K

k�1 p(Mk |yT) � 1, and they can thus be viewed as
weights. The BMA PDF is a weighted average of the
conditional PDFs given each of the individual models,
weighted by their posterior model probabilities. BMA
possesses a range of theoretical optimality properties
and has shown good performance in a variety of simu-
lated and real data situations (Raftery and Zheng
2003).

We now extend BMA from statistical models to dy-
namical models. The basic idea is that for any given
forecast ensemble there is a “best” model, or member,
but we do not know what it is, and our uncertainty
about the best member is quantified by BMA. Once
again, we denote by y the quantity to be forecast. Each
deterministic forecast can be bias corrected using any
one of many possible bias-correction methods, yielding
a bias-corrected forecast fk. The forecast fk is then as-
sociated with a conditional PDF, gk(y |fk), which can be
interpreted as the conditional PDF of y conditional on
fk, given that fk is the best forecast in the ensemble. The
BMA predictive model is then

p�y | f1, . . . , fK� � �
k�1

K

wkgk�y | fk�, �2�

where wk is the posterior probability of forecast k being
the best one and is based on forecast k’s performance in
the training period. The wk’s are probabilities and so
they are nonnegative and add up to 1, that is, �K

k�1 wk

� 1. We describe how to estimate wk in the next sub-
section.

When forecasting temperature and sea level pres-
sure, it often seems reasonable to approximate the con-
ditional PDF by a normal distribution centered at a
linear function of the forecast, ak � bk fk, so that

gk(y | fk) is a normal PDF with mean ak � bkfk and
standard deviation �. We denote this situation by

y | fk � N�ak � bkfk, �2�, �3�

and we describe how to estimate � in the next subsec-
tion. In this case, the BMA predictive mean is just the
conditional expectation of y given the forecasts, namely

E �y | f1, . . . , fK	 � �
k�1

K

wk�ak � bkfk�. �4�

This can be viewed as a deterministic forecast in its own
right and can be compared with the individual forecasts
in the ensemble, or with the ensemble mean.

b. Estimation by maximum likelihood, the EM
algorithm, and minimum CRPS estimation

For convenience, we restrict attention to the situa-
tion where the conditional PDFs are approximated by
normal distributions. This seems to be reasonable for
some variables, such as temperature and sea level pres-
sure, but not for others, such as wind speed and pre-
cipitation; other distributions would be needed for the
latter. The basic ideas carry across directly to other
distributions also. We now consider how to estimate the
model parameters, ak, bk, wk, k � 1, . . . , K, and �2, on
the basis of a training dataset consisting of ensemble
forecasts and verifying observations, where the fore-
casts have been interpolated to the observation sites.
We denote space and time by subscripts s and t, so that
fkst denotes the kth forecast in the ensemble for place s
and time t, and yst denotes the corresponding verifica-
tion. Here we will take the forecast lead time to be
fixed; in practice we will estimate different models for
each forecast lead time.

We first estimate ak and bk by simple linear regres-
sion of yst on fkst for the training data. If the forecasts
have not yet been bias corrected, estimation of ak and
bk can be viewed as a very simple bias-correction pro-
cess, and it can also be considered as a very simple form
of model output statistics (Glahn and Lowry 1972;
Carter et al. 1989). Note that we retain the ak and bk in
(3) even if the forecasts have been bias corrected.

We estimate wk, k � 1, . . . , K, and � by maximum
likelihood (Fisher 1922) from the training data. The
likelihood function is defined as the probability of the
training data given the parameters to be estimated,
viewed as a function of the parameters. The maximum
likelihood estimator is the value of the parameter vec-
tor that maximizes the likelihood function, that is, the
value of the parameter vector under which the ob-
served data were most likely to have been observed.
The maximum likelihood estimator has many optimal-
ity properties (Casella and Berger 2001).

It is convenient to maximize the logarithm of the
likelihood function (or log-likelihood function) rather
than the likelihood function itself, for reasons of both
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algebraic simplicity and numerical stability; the same
parameter value that maximizes one also maximizes the
other. Assuming independence of forecast errors in
space and time, the log-likelihood function for model
(2) is

��w1, . . . , wk, �2� � �
s,t

log��
k�1

K

wkgk�yst | fkst��, �5�

where the summation is over values of s and t that index
observations in the training set. The independence as-
sumption is unlikely to hold, but estimates are unlikely
to be very sensitive to this assumption, because we are
estimating the conditional distribution for a scalar ob-
servation given forecasts, rather than for several obser-
vations simultaneously. This cannot be maximized ana-
lytically, and it is complex to maximize numerically us-
ing direct nonlinear maximization methods such as
Newton–Raphson and its variants. Instead, we maxi-
mize it using the expectation-maximization (EM) algo-
rithm (Dempster et al. 1977; McLachlan and Krishnan
1997).

The EM algorithm is a method for finding the maxi-
mum likelihood estimator when the problem can be
recast in terms of unobserved quantities such that, if we
knew what they were, the estimation problem would be
straightforward. The BMA model (2) is a finite mixture
model (McLachlan and Peel 2000). Here we introduce
the unobserved quantities zkst, where zkst � 1 if en-
semble member k is the best forecast for verification
site s and time t, and zkst � 0 otherwise. For each (s, t),
only one of {z1st, . . . , zKst} is equal to 1; the others are
all zero.

The EM algorithm is iterative and alternates between
two steps, the E (or expectation) step and the M (or
maximization) step. It starts with an initial guess, 
(0),
for the parameter vector 
. In the E step, the zkst are
estimated given the current guess for the parameters;
the estimates of the zkst are not necessarily integers,
even though the true values are 0 or 1. In the M step, 

is estimated given the current values of the zkst.

For the normal BMA model given by (2) and (3), the
E step is

ẑkst
�j� �

wkg�yst | fkst, �� j�1��

�
i�1

K

wig�yst | fist, �� j�1��

, �6�

where the superscript j refers to the jth iteration of the
EM algorithm, and g(yst | fkst, �( j�1)) is a normal density
with mean ak � bkfkst and standard deviation �( j�1)

evaluated at yst. The M step then consists of estimating
the wk and � using as weights the current estimates of
zkst, namely ẑ( j)

kst. Thus

wk
� j� �

1
n �

s,t
ẑkst

� j� ,

�2� j� �
1
n �

s,t
�
k�1

K

ẑkst
� j� �yst � fkst�

2,

where n is the number of observations in the training
set [i.e., the number of distinct values of (s, t)].

The E and M steps are then iterated to convergence,
which we defined as changes no greater than some
small tolerances in any of the log likelihood, the pa-
rameter values, or the ẑ( j)

kst in one iteration. The log
likelihood is guaranteed to increase at each EM itera-
tion (Wu 1983), which implies that in general it con-
verges to a local maximum of the likelihood. Conver-
gence to a global maximum cannot be guaranteed, so
the solution reached by the algorithm can be sensitive
to the starting values. Starting values based on past
experience usually give good solutions.

We finally refine our estimate of � so that it opti-
mizes the continuous ranked probability score (CRPS)
for the training data. The CRPS is the integral of the
Brier scores at all possible threshold values for the con-
tinuous predictand (Hersbach 2000). As such, it is an
appropriate score when interest focuses on prediction
intervals. We do this by searching numerically over a
range of values of �, centered at the maximum likeli-
hood estimate, keeping the other parameters fixed.

In our implementation, the training set consists of a
sliding window of forecasts and observations for the
previous m days. We discuss the choice of m later.

c. The BMA predictive variance decomposition and
the spread-error correlation

The BMA predictive variance of yst given the en-
semble of forecasts can be written as

Var�yst | f1st, . . . , fKst� � �
k�1

K

wk��ak � bkfkst�

� �
i�1

K

wi�ai � bifist��2

� �2

�7�

(Raftery 1993). The right-hand side has two terms, the
first of which summarizes between-forecast spread, and
the second (equal to �2) measures the expected uncer-
tainty conditional on one of the forecasts being best.
We can summarize this verbally as

Predictive Variance � Between-Forecast Variance

� Within-Forecast Variance.

�8�

The first term represents the ensemble spread. Thus
one would expect to see a spread-error correlation,
since the predictive variance includes the spread as a
component. But it also implies that using the ensemble
spread alone may underestimate uncertainty, because it
ignores the second term on the right-hand side of (7) or
(8).
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