




XI = E(x,1x • x , t , F)-g 0­

= E{E(x.lx, X. t , F, y~)\X. x , t, F)

l-gO- 1-g0­

=E(Y,*lx, x, t , F). (5.4.4\-g 0­

Lemma. If x,=E(Y:-lx. x. t, F) (i=I, "', w) then
1--g0­

E(y~lx ,x ' x. t, F) =x" (5.4. 5)
1 -m - g 0­

and
 

i (x. t, F)=x (x ,x. t , F). (5.4. b)o-g- o-m-g-

Proof. since all mean positions and X may be determined 
o
 

recursively by the series of equations relating each node to its immediate
 

neighbours (4. 4), it is sufficient to consider only the equations relating 

v: to its immediate neighbours. The equations relating framework, 
splitting points to their neighbours are necessarily unchanged. 

Now given z and z of Fig, 5.4 and time intervals as shown, , 2 

Xi =x =9 =E(y'!z z t F)=(t"'z+t"'l.),(t"'+t*)
1, mil' 2' -' 2 1 1 2' 1 2 

t 

But 

E(y~ Iy •z ,Z .t , F)=«l /t"')+(l/t.)+(l/t*lf 1 «z/t-)+(z /t.)+(Y /t*))
Im12- 123 21lni3 

=9 =i =x ify =9ml. mm 
1i2 

=E(yt!zl' Z2'~' F). /I 

Thus we have that 

(i) Missing coordinates should be estimated by the mean posi­

tions of their ancestors on the framework of the tree, 

(ii) Given!. and F, estimates of all node positions (including 

x ) are unchanged by the introduction of the missing coordinates at their
-0 
mean POSitions, and introducing them in this way is 'consistent' with node 

positions already inferred. 

H~:ver, the ML estimates of the parameters (i, F and x0 

(= ~o~, .!, F))), are not unchanged by this insertion of the missing data; 

the ML solution does not usually have 'verttcaj' arcs In any part of the 

116 

,tree. The question of change of ML tree form under the inclusion of 

additional populatlons, discussed in 5.1 with reference to the adequacy 

I: of the method of constructing an initial tree, is closely related to the 

"problem here. The true ML tree inferred (rom the data is not precisely 

,the same as the 'revised' trec inferred from the data and additional hypo­
" thetical data constructed on the basis of that ML tree: but such data do 

"not usually cause extensive changes in the tree inferred. 

The approach here may be compared with Fisher's 'predictlve 

:1keljhood' (Fisher (1956, p. 126», which would suggest that the complete 

:probability distribution 

(5.4. 7)f(~m' ~gl,~o' !.' F) 

,!hould be regarded as a likelihood for (!. ,x, t, F) and maximised_m -0 ­

,Jointly with respect to these variables. This approach leads to aingularf­

lUes if applied to the set of all internal nodes, but in this case is feasible. 

ecause of Normality, the tree inferred by maximising (5. 4. 7) ts an 

ullibrium limit of a eertce of repeatedly 'revised' trees. 

ANClLLARITY AND THE NUI8ANCE pARAMETER x-0 

As yet we have considered only the complete likelihood 

!.' F), and the MRL 

L"'(t, F) = max. [L(X , t, Fl]. (5.5.1) _ -0 ­
x
-0
 

"We have discussed the disadvantages of eliminating any parameter other
 

'than by considering the MRL (1. 3), and have also seen that x should
-0 

"sometimes be considered, (or example in the miSsing data problem or in 

any situation where the node positions are of Inter-eat. However, in some 

situations it may be that we are interested only In inferring the evolution­

ary h1Btory (t, F), and x may be truly a nuisance parameter, although _ -0 

without x the estimated tree cannot be lully epectncd. The method of 
-0 

Felsenstein (l973) suggests a possible procedure for the elimination of 

~o' [The notation and ter-minology of s'etaenstetn (1968, 1973) are here 

slightly modified to corrcspond with those 01 Chapters 3 and 4. ] 
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inference. The acceptance of (5.5. 8) requires further justification, WhiCh 

may be based on the concept of M-ancillarity Introduced by naendorrr., 

Nielsen (1971). 

The ~t are independent (1 c-= 1, "" n), and for any given ~n 

and (t, F) there 1s a value of x (that is. x "= u ) such that 
-	 -0 -o-n 

f!l~n II ~o. !.. F) > C!l~~ I~o' !.' F) for all ~~ ~ ~n. (5. 5. 10) 

Further the domains of variation of x and (t. F) ar-e independent But 
--0 ­

these are precisely the conditions for M-anclllarity which is based On the 

concept of untversaltty, as opposed to the more classical concepts of B_ 

and S-ancillartty which are based on a factorisation of the likelihood 

function. 

The statement of M-ancillarlty is that: if, whatever happens (u )
-n 

and whatever the values of the parameters of interest ~, F), there is a 

value of the nuisance parameter (x ) that makes what has happened the 
. -0 

most probable event. then what has happened is uninformative about the 

parameters of interest in the absence of further information regardIng 

the nuisance parameter. 

There is a fur-ther problcm in that the ~1 are functions of the 

parameters !.. Following Kalbfleisch and Sprott (1970) we have 

f~{~ I~o' !.' F)~ = fM(~ I~o' !.' F)dg, 

= (fM(~1' •.• , ~n-11~0' !.. F)d~l' •. d~n_l) 

(fu{~nl~l' •.•• ~n-l' ~o·.!.' F)~n) 

= (fM(~l' •..• ~n-ll~. F)d~~y .• dEn_I) 

(f!:I(.':!n I~o' !.. F)~n)· 

The second term te not independent of t!. F), but provided the concept of 

M-anc1llarity Is accepted we see from (5.5.10) that It may be deemed to 

be uninformative abcet (t , F) in the absence of knowledge of x • and 
- -0 

inferences regarding (!.. F) may be based on the first term alone. [To 

do so must however affect our inferences regarding (!., F), since the 

second term does contain information jointly on (x , t , F). ] To further 
--0 ­

dude that Inferences may be based on thc density function (5. 5. 7) it 

not sufHctent that the determinant of the Jacoblan (I J I) of the trans­

.rmation, and hence du ..• du • be independent oI t; the subspace
-1 -n	 ­

ilume	 element ~1'" d~n_l must be so also. 

From Kalbfleisch and Sprott (1970) we have that 

o-t 1 n
 
n du ~ IK'KI'P n dx.ltJIP,
 

i=1	 -t i=l -1 

K is the column vector (ox~q) lou~q). i = 1, .•. , n). which 18 Inde-

Lemma. IK'K I Is independent of .!.. 

-~ (q) - (q) ( - )proct. u _ Jlt q _ 1, .••• p.	 (5. 5. 11) 

e J Is the Jacobian of the linear transformation. Thus x(q)=J-1u(q)
n. . 

!K'K) "= }; (JIn)2. [i n= (J-1), J. Taking expectations
 
i=l n
 

E(x~q1= i JllE(U~q»),	 (5.5.12) 
l=l 

x(q) = Jinx(q) for all (x t F)
o 0 -0' -~ • 

e E(u(q) = 0 for 1 7- n and E{u(q) = x(q) and E(x(q) = x(q) for 
1	 n 0' 1 0 

I. 

Thus	 in = 1 (i = 1, "', n), and IK'KI = n which Ie Indepen­

n-1 I n 
Thus n d.':!:i = niP" ~i and is independent of !. (IJI = 1); the 

i=l 1=1 
.lbfieisch and SproU criterion is sattened, and inferences may be based 

jon (5. 5. 8). 

We compare now the properties of (5. 5. 1) and (5. 5. 8). From 

'. 5. 5) and (4. 3. 6) 

~n =	 ~o(~ • .!.. F) = «!(q)'T-1~)/<.!'T-l!). q "= 1, ••.• p) 
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