


















Schervish-Choquet characterization

the key result in Schervish (1989) can be understood as a Choquet

representation theorem for the convex class of proper scoring rules

every left-continuous bounded proper scoring rule is a mixture of

extremal scoring rules, that is, we can write

s(p,1) =

∫

[0,1]
sc(p,1) ν(dc) s(p,0) =

∫

[0,1]
sc(p,0) ν(dc)

with a certain nonnegative mixture measure ν(dc), where sc is a

cost-weighted asymmetric zero-one score

the scoring rule is strictly proper if and only if the mixture measure

ν(dc) assigns positive measure to every open interval in [0,1]

currently, we are looking at generalizations of this result beyond the

binary case



Some asymmetric and symmetric proper scoring rules with

respective mixing measures

Scoring rule s(p,1) s(p,0) ν(dc)

zero-one (1 − c) 1(p > c) c 1(p ≤ c) point measure in c

Beta p − 1 p − log(1 − p) beta(1,0)

zero-one 1(p > 1
2
) 1(p ≤ 1

2
) point measure in 1

2

Brier −(1 − p)2 −p2 uniform

spherical p(1 − 2p + 2p2)−
1

2 (1 − p)(1 − 2p + 2p2)−
1

2 (1 − 2c + 2c2)−
3

2

logarithmic log p log(1 − p) beta(0,0)



Kernel scores

Negative definite kernels

in what follows, let Ω be a Hausdorff space equipped with the Borel

σ-algebra

a real-valued function g on Ω × Ω is a negative definite kernel if

g(x, y) = g(y, x) for all x, y ∈ Ω and

n∑

i=1

n∑

j=1

aiaj g(xi, xj) ≤ 0

for all positive integers n, all a1, . . . , an ∈ � that sum to zero, and all

x1, . . . , xn ∈ Ω



Theorem (Gneiting and Raftery 2007, Eaton 1982)

Let Ω be a Hausdorff space, and let g be a nonnegative, continuous

negative definite kernel on Ω × Ω. For a Borel measure P on Ω,

let X and X ′ be independent random variates with distribution P .

Then the scoring rule

s(P, x) =
1

2
EP g(X, X ′) − EP g(X, x)

is proper relative to the convex class of the Borel measures P on

Ω, for which EP g(X, X ′) is finite.

Proof. Let P and Q be Borel probability measures on Ω, and suppose

that X, X ′ and Y, Y ′ are independent random variates with distribu-

tion P and Q, respectively. We need to show that

−
1

2
EQ g(Y, Y ′) ≥

1

2
EP g(X, X ′) − EP,Q g(X, Y ).

If the expectation EP,Q g(X, Y ) is infinite, the inequality is trivially

satisfied; if it is finite, Theorem 2.1 in Berg, Christensen and Ressel

(1984, p. 235) applies.



Examples

Brier score

Ω = {0,1}

g(0,0) = g(1,1) = 0 and g(0,1) = g(1,0) = 1

yields

s(p,1) = −(1 − p)2, s(p,0) = −p2

continuous ranked probability score

Ω = �

g(x, x′) = |x − x′| for x, x′ ∈ �

yields

crps(P, x) =
1

2
EP |X − X ′| − EP |X − x|



Continuous ranked probability score

it negative orientation, we have

crps(P, x) = EP |X − x| −
1

2
EP |X − X ′|

=
∫ ∞

−∞
(F (y) − 1(y > x))2 dy

where F is the CDF for the probability distribution P

in this latter form, the continuous ranked probability score dates

back to Matheson and Winkler (1976)

integral of the Brier scores for probability forecasts at all possible

threshold values y

the continuous ranked probability score is reported in the same unit

as the observations and generalizes the absolute error to which

it reduces if P is a point measure



Euclidean and non-Euclidean energy score

on Ω = �
m the kernel

gα,β(x, x′) = ‖x − x′‖β
α x, x′ ∈ �

m,

is negative definite if α ∈ (0,2] and β ∈ (0, α]

the respective energy score

ESα,β(P, x) =
1

2
EP ‖X − X ′‖β

α − EP ‖X − x‖β
α

is proper relative to the class of the Borel probability measures P on

�

m for which the expectation EP ‖X − X ′‖
β
α is finite

reduces to the continuous ranked probability score when m = 1

and α = β

in current work, we are investigating the use of the Euclidean energy

with α = 1 to assess probabilistic forecasts of wind vectors in the

US Pacific Northwest (m = 2)



Case study: Probabilistic forecasting at the

Stateline wind energy center

wind power: a clean, renewable energy source

Stateline wind energy center: 300 megawatts, $300 million wind

project located on the Vansycle Ridge at the Washington-Oregon

border in the US Pacific Northwest

our goal:

2-hour forecasts of hourly average wind speed at Vansycle in

May – November 2003

joint project with an industry partner, 3TIER Environmental Fore-

cast Group Inc. at Seattle, Washington





Forecast techniques

2-hour forecasts of hourly average wind speed at Vansycle in

May – November 2003

persistence forecast as reference standard, dressed to obtain prob-

abilistic forecasts

V̂t+2 = Vt

time series methods, such as autoregressive (AR) models (Brown,

Katz and Murphy 1984)

regime-switching space-time (RST) method (Gneiting, Larson,

Westrick, Genton and Aldrich 2006)



Regime-switching space-time (RST) method

merges meteorological and statistical expertize

model formulation is parsimonious, yet takes account of all the

salient features of wind speeds: alternating atmospheric regimes,

temporal and spatial autocorrelation, diurnal and seasonal nonsta-

tionarity, conditional heteroscedasticity, and non-Gaussianity

regime-switching: identifies a westerly and an easterly forecast

regime

space-time model: uses geographically dispersed meteorological

observations in the vicinity of the wind farm

fully probabilistic: provides calibrated probabilistic forecasts in the

form of truncated normal predictive distributions



RST forecasts of wind speed at the Stateline wind energy

center in summer 2003
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RST forecasts of wind speed at the Stateline wind energy

center in summer 2003: MAE and CRPS

MAE (m· s−1) May Jun Jul Aug Sep Oct Nov

Persistence 1.60 1.45 1.74 1.68 1.59 1.68 1.51
Autoregressive 1.54 1.38 1.50 1.54 1.53 1.67 1.53
RST 1.32 1.18 1.33 1.31 1.36 1.48 1.37

CRPS (m· s−1) May Jun Jul Aug Sep Oct Nov

Persistence 1.16 1.08 1.29 1.21 1.20 1.29 1.16
Autoregressive 1.12 1.02 1.10 1.11 1.11 1.22 1.13
RST 0.96 0.85 0.95 0.95 0.97 1.08 1.00
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