
STAT 583          Sp 08 
Homework 3 

Due April 23 
 

1. Find and sketch the influence curve IC(x) = d1T (F;!
x

" F)  as a function of x for the 
following functionals: 

(a) T (F) = xdF(x)! . 

(b) T(F) = F! 1(p), 0 < p <1,  assuming that F is differentiable at F-1(p). 

(c) T(F) =
1

1! 2"
F! 1(p)dp

"

1! "

# . 

 
2. Let F

n

(! j )  be the edf of X
1
,...,Xj ! 1,Xj +1,...,Xn.Define a pseudo-value for a statistical 

functional T(F) by 
 Tj = nT(Fn) ! (n ! 1)T(Fn

(! j ) ). 

An estimate of VarF(T(Fn)) is ˆ! n

2 = n" 2
(T

j
" T )2

1

n

# . This is called the jackknife 

estimate of variance. 

(a) Suppose that T (F
n
) = n! 1 " (X

j
)

1

n

# . Show that n ˆ! n
2 " VarF# (X)  in probability. 

(b) Let T(F) = 1
2 inf x : F(x ! 1

2{ } + sup x : F(x) " 1
2{ }( )  be the midpoint of the interval of 

medians of F. Find the jackknife estimator of variance and show that when n is even and 
F is U(0,1), then n ö!

n

2 " Y
2 / 4  in distribution, where Y ~ Exp(1) (rather than to the 

correct value !). 
Hint: You may use (without proof) the fact that n(X(k) ! X(k! 1) )

d" #" Y, k = 2,...,n.  

 
3. Let f (x;! ) = f0(x " ! ), where f0 is a differentiable density. 

(a) Show that the likelihood equation is !f0 (xi "#) / f
0
(xi "#) = 0$ . 

(b) Determine the Fisher information, and show that it is independent of θ. 
(c) Apply the results in (a) and (b) to 

 f
0
(x) =

1 ! "

2#
e! x2 /2

, x $ c

1 ! "

2#
e! c x +c2 /2

, x > c

%

&
''

(
'
'

 

where c depends on ε. 
 
4. Let x1,...,xn,y1,...,yn  be samples from F(x) and F(x Ð Δ), respectively. In order to test 
the hypothesis Δ = 0 against Δ > 0, one can use the test statistic 

Sn = (1/ n) ri ! (n +1) / 2"  where ri is the rank of xi in the combined sample (this is the 

Wilcoxon test). 
(a) Show that if Δ = 0 we have that 



 P(R1 = r1,...,Rn = rn) =
n!

(2n)!
 

for all selections r1,...,rn  of n distinct integers from {1,...,2n}. Deduce that the null 
distribution of Sn does not depend on F. 
 
(b)Suppose now we only observe x1,...,xn from a symmetric location family. Show that 

X = 2! " X in distribution, and deduce that an estimate Tn of θ can be obtained by 
applying Sn to x1,...,xn,2Tn ! x1,...,2Tn ! xn and choosing Tn to make Sn as close as 
possible to 0. 
 
(c) Show that the estimate in (b) is given by med{1

2
(xi + xj )} (this is the Hodges-

Lehmann estimate). 
 
(d) Verify that the estimator can be written T(Fn) where T = T(F) is defined implicitly by 

 (s! F(2T ! F!1
(s)))ds= 0

0

1

" . 

 
 
 
 


