STAT 583 Sp08
Solution, homework 2

L@TFE)=$ (FOO+/(GX)" FO))" F(x")" 1(G(x")" F(x"))”

x#[0,1]

At F(x)=x we getT(F/)=# ! (G(X)$G(x$)) =! T(G), so
thatd, T(U;G! U)="""'T(G)|,_, =0 since! >1.

(b) T(U)=0 andT (F,) = ( ;I#%gb =n”" since with probability 1 all observations from a
1

3
2

uniform distributions are distinct. HenceR , =nzn*" =n*" # $ wheneverl<! <32,

2.(a) Suppose thatT(F;G! F)="h(x)d(G! F)(x).Leth (x)=h(x)+c.
Then"h (x)d(G! F)(x)=d,T(F;G! F)+c!"d#2§5"! #F)g() =d,T(F;G! F).

=1!1=0

(b) k=1
"h(X)d(G! F)(x) = "h(x)dG(x)' "h(x)dF(x):"(h(x)! "h(x)dF(x))dG(x)so

A(x) = h(x)! "h(x)dF(x).

i=1

+$ "{""h(x1 ..... Yo Xagseees Y Xiagse Xk)dF(yi)dF(yj)}dG(Xl)"'dG(Xk)

i<j

+H "h(x,..., X )AF(x )dF(x;) ! ...+ (! D (X, ..., xk)dF(><1)...dF(xk)

(©) 1A0,....x)dF(x) = 1h(x,,....nJdF(x)" Th(x,....n )dF(x)
"H# 1h(x,....n)AF()AF(X) +# 1 h(x,,....n)dF(x )dF(X,)...

i< i<

which is a telescoping sum where all terms cancel.



3T(F) = (ke + ! (s 1)) = 1242

dT(F,G! f)=2"ug|._,=0

34, T(F;G! )= g =" xydG(x)dG(y)

so h(x,y) = xy, which is symmetricE. (Xy) = yu. =0for all y.

Var. XY = E.X?Y? = *which is finite wheneveF has finite variance. Finally, since
T(F)=0 andd,(F;G! F)=0for allk>2, we have thanR, ! 0. It follows from the

second order limit theorem that
nT(F,)=nX*! " § 2V,

It remains to calculate th& . Write / g(x) = ""xyg(y)dF(y) = x"'yg(y)dF(y).
Differentiate to get’ g"(x) = #yg(y)dF(y), sog(x) =ax+b. 1 g(x)dF(x)=b=0so0
"yg(y)dF(y) =a"y*dF(y) = & ¢

Xao?

and A = = o2 Since this solution is unique, there is preciselg nonzero

eigenvalue, anaT(F,)——c2x*(1) (which is immediate from CLT and Maiald).
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4. (QE—==1—-dF(x)= |—£dG(x) =—1dG(x)=— smceg | tdG(t) = xdG(X).
X "x x U u-: U dx;

(b) dF(x) = %dG(x) 50 dG(X) = %dF(x) whenceG(x) = | dG(X) = ;%dF(t).
}l

(c) From (a) we can estimajeby §I ian(x)zLo . From (b) we can estima(&(x)

1x 1x

n 1 00 1 . . . n 1 00 1
by#;an(x)L& !de”(t)' This is the functlonaT(F)=§!;dF(x).& !{dF(t)
0 0

evaluated aF = F,. Its derivative is
1 1

. _ My el 01

B8
which is linear and nonvanishing, so we can apply the limit theory for statistical
functionals, replacingi by F. Thus\/ﬁ(T(Fn)! T(F))~ AsN(O,vardT(F;",! F)).
The variance reduces Yar;. fégFl(X ! %) " H—XFG(X)E?‘Which canbe expressed in terms of

integrals with respect tF.



