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Solution, homework 2 

 
1. (a) T(F! ) = (F(x) + ! (G(x) " F(x)) " F(x" ) " ! (G(x" ) " F(x" )

x#[ 0,1]
$ ))%  

At F(x) = x  we get T(F! ) = ! "

x
# (G(x) $ G(x$))" = ! " T(G) , so 

thatd1T(U;G ! U) = " # ! 1T(G)
# =0

= 0 since ! >1. 

(b) T(U)=0 and T(Fn) =
1
n

!
"#

$
%&

'

1

n

( = n1) '  since with probability 1 all observations from a 

uniform distributions are distinct. Hence n
1
2 R1,n = n

1
2n1! " = n

3
2 ! " # $ whenever 1< ! < 3

2 . 
 

2.(a) Suppose that d
1
T(F;G ! F) = h(x)d(G ! F)(x)" . Let h* (x) = h(x) + c . 

Then

 

h* (x)d(G ! F)(x) = d1T(F;G ! F) + c d(G ! F)(x)"
=1! 1=0

! "## $# #
=" d1T(F;G ! F) . 

(b) k=1: 

h(x)d(G ! F)(x) = h(x)dG(x) ! h(x)dF(x) = h(x) ! h(x)dF(x)"( )dG(x)"""" so

 
!h(x) = h(x) ! h(x)dF(x)" . 

In general 

 

h(x1,...,xk )d d(G ! F)(xi ) = h("
i =1

k

#" x1,...,xk )dG(x1)...dG(xk`)

! { h(x1,...,yi ,...,xk" )"
i =1

k

$ dF(yi )} dG(x1)......dG(xk )

+ h(x1,...,yi , xi +1,...,yj , xj +1,...,xk )"" dF(yi )dF(yj ){ }"
i < j
$ dG(x1)...dG(xk )

! É + (! 1)k h(y1,...,yk )dF(y1),,,dF(yk )"{ }" dG(x1)...dG(xk)

 

whence  
  

 

!h(x1,...,xk ) =

h(x1,...,xk ) ! h(x1,,,.,xk )dF(xi )"
i =1

k

#

+ h(x1,...,xk )dF(xi )dF(xj )"" ! ...+ (! 1)k h(x1,...,xk )dF(x1)...dF(x" k
)

j < j
#

 

(c) 

 

!h! (x1,...,xk )dF(xi ) = h(x1,...,hk )dF(xi )! " h(x1,...,hk )dF(xi )!
" h(x1,...,hk )dF(xi )dF(xj )!

j <i
# + h(x1,...,hk )dF(xi )dF(xj )!

j <i
# ...

 

which is a telescoping sum where all terms cancel. 
 



3. T(F! ) = µF + ! (µG " µF )( )2
= ! 2µG

2   

d1T(F;G ! f ) = 2" µG " =0
= 0  

1

2
dwT(F;G ! f ) = µG

2 = xydG(x)dG(y)""  

so h(x,y) = xy , which is symmetric. EF (Xy) = yµF = 0 for all y. 

VarF XY = EF X2Y2 = ! F
4 which is finite whenever F has finite variance. Finally, since  

T(F) = 0  and dk(F;G ! F) = 0for all k>2, we have that nR2,n ! 0. It follows from the 
second order limit theorem that  
 nT(Fn) = nX2 d! "! #iVi$  

It remains to calculate the !i . Write ! g(x) = xyg(y)dF(y) = x yg(y)dF(y)"" . 

Differentiate to get ! "g (x) = yg(y)dF(y)# , so g(x) = ax+ b. g(x)dF(x) = b = 0! so  

 yg(y)dF(y) = a y2dF(y) = a! F
2""  

and ! =
xa" F

2

ax
= " F

2.  Since this solution is unique, there is precisely one nonzero 

eigenvalue, and nT(Fn) d
! "! # F

2$ 2(1)  (which is immediate from CLT and Mann-Wald). 
 

4. (a) E
1
X

=
1
x
dF(x) =

1
x

x

µ
dG(x) =

1
µ

dG(x) =
1
µ!!!  since 

d
dx

tdG(t) = xdG(x)
0

x

! . 

(b) dF(x) =
x
µ

dG(x) so dG(x) =
µ
x

dF(x)  whence G(x) = dG(x) =
µ
t

dF(t).
0

x

!
0

x

!  

(c) From (a) we can estimate µ by 
1

x
dFn(x)!

"
#$

%
&'

( 1

.  From (b) we can estimate G(x) 

by
1
x

dFn(x)!
"
#$

%
&'

( 1 1
t
dFn(t)

0

x

! . This is the functional T(F) =
1
x

dF(x)!
"
#$

%
&'

( 1 1
t
dF(t)

0

x

!  

evaluated at F = Fn . Its derivative is  

 d1T(F;H ! F) =

1
µH

!
1

µF

1
µF

"

#$
%

&'

2

1
t
dF(t)

0

x

( + µF

1
t
d(H ! F)(t)

0

x

(  

 
which is linear and nonvanishing, so we can apply the limit theory for statistical 
functionals, replacing H by Fn. Thus n(T(Fn) ! T(F)) ~ AsN(0,VarFd1T(F;" X ! F)) . 

The variance reduces to VarF µF1(X !
1
x

) "
µF

X
G(x)#

$%
&
'(

which can be expressed in terms of 

integrals with respect to dF. 
 


