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Solutions, Homework 3 
 

1. (a) T(F! ) = µF + ! (µG " µF ) so IC(x) = x ! µF . 
(b) By the same calculation as that for the median we get 

 IC(x) =
p ! 1(x < F ! 1(p))

f (F ! 1(p))
, x " F

! 1(p)  

(c) Using (b) 
d

d!
T(F + ! (" x # F)) =

1
1# 2$

p #1(x < F#1(p))
f (F#1(p))

dp
$

1#$

%

=
1

1# 2$
p #1(F(x) < p)

f (F#1(p))
dp

$

1#$

%

 

For F(x) < ! , using udv = uv ! vdu"" , we get 
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For ! " F(x) " 1# ! we get 
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Finally, for F(x) >1! "  we get 
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Note that T(Fn) = xdFn(x)
Fn

! 1 (" )

Fn
! 1 (1! " )

#  is the average of the [n(1! 2" )]  middle observations. 

This is called an ! -trimmed mean. 
 

2. (a) T(Fn) =
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(b) Tj = ! Xmed ! (n ! 1)Xmed
(! j ) where Xmed = 1

2 (X(k) + X(k+1) ) . Assume now the Xi  are 

ordered (this doesnÕt affect ö! n
2  and simplifies notation). Then 
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 where Y ~ Exp(1). Note that 

for all k X(k+1) ! X(k) =
d

X(1).  
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(c) The mle satisfies 
 (xi ! ö" ) + c sgn(xi ! ö" ) = 0
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so it is an M-estimator with ! (x) = x[ ]" c

c . The Fisher information is  
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4. (a) P(R1 = r1) =
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 by symmetry. P(R2 = r
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(b) P(2! " X # x) = P(X $ 2! " x) = P(X " ! $ ! " x)
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When T
n

= 0we simply rank the xi  and the - xi . This is equivalent to looking at the rank 

of xi  and multiplying by sgn(xi ) . This statistic has mean zero. If Tn  is not zero, we 
compute the same type of test, trying to make the statistic as close as possible to its mean. 



(c) In order to make Sn close to zero we have to have half of the pairs xi ,2Tn ! xi( )  have a 
positive difference and half have a negative difference. Hence Tn  is defined by the 

median of (2Tn ! xi ! xj )  being zero, i.e. Tn = med
xi + xj
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(d) Tn  is implicitly defined by 

 1
2 Fn(u) ! 1

2 Fn(2T(Fn) ! u){ } dFn(u) = 0."  

Now let s =Fn(u) . 
 
  
 
 
 


