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Lecture Notes 1
Statistical Functionals

The Gateux derivative of a statistical functional T(F) is the limit
dT(F:G- F) =Ixi_rE.T(F +7L(G7-L F))- T(F) _
If Q\)=T(F +A (G- F)) has a McLaurin expansion, we get an expansion (the von

Mises expansion) of T by noting that Q(0)=T(F), Q(1)=T(G), Q(0+)=dT(F;G- F)
etc., yielding

T(@)=T(F)+ A 4T(FIG- F)+R,(G).

We are usually particularly interested in G = F,, and we write Ryn(Fn)=Rmn.

T has a differential at F with respect to a norm |}|| if there is a linear functional T(F;D)
such that for all G _

_ T(G)- T(F)- T(F;G- F)=o(|G- F).

T is called the Frechét derivative of T.

Theorem 1: If T has a differential at F with respect to |||, then for any G the Géteux
derivative dT(F;G- F)existsand equals T(F;G- F).

Theorem 2: Let T have a differential at F with respect to |||. Let X,...,Xn be observations
P
from F (not necessarily independent), such that v/n||F, - F||= 0,0 Then vnR,® o.

Define the influence curve of T at F by h(F;x)=d,(F., - F),where g, is the cdf of
point mass at X.

Theorem 3: Suppose T has a linear derivative satisfying
(@) O<Varh(F;X) < ¥
P
) VnR,®o0.
Define w(T,F) = E.h(F;X) and 6*(T,F) =Var.h(F; X). Then
T(F,) ~ ASN(T(F) +u(T,F),0*(T,F) /n).
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Theorem 4: Assume that T has an influence curve which is identically zero, and a
bilinear second Gateux derivative with symmetric kernel h(F;u,v) such that

(@) 0O<Var.h(F;X, X,) <¥
P
(b) R, ® 0
(c) Eq(F;x X) =0 as a function of x.
Then
d ¥
n(T(F,)- TEN@ 1a 1V,
j=1

where the Vj are iid xf-random variables, and 2, is the eigenvalue of the operator

A ()= (=%, y)g(y)dF (y)

corresponding to the eigenfunction gj(x).



