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Abstract. The logarithm of the spectral density function for a stationary process
is approximated by polynomial splines. The approximation is chosen to maximize
the expected log-likelihood based on the asymptotic properties of the periodogram.
Estimates of this approximation are shown to possess the usual nonparametric rate of
convergence when the number of knots suitably increases to infinity.
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1. INTRODUCTION

Let X; denote a stationary time series with autocovariance function y(u) = cov(Xy¢, Xiyu)
such that 3, |y(u)| < co. Then the spectral density function f exists and is given by

fA) = % i v(u) exp(—iul), -7 <A<,

U=—00

Observe that f is nonnegative and symmetric about zero and that it can be extended to a
periodic function with period 27.

The spectral density function plays an important role in time series analysis. It is used
to examine individual frequency components, variations and serial correlations of the series.
See, for example, Brillinger (1981) and Priestley (1981) for a wide range of applications of
this function in other fields. The spectral density function can be estimated by averaging (or
smoothing) the periodogram, which is necessary since the periodogram itself is inconsistent.
This type of estimate is not very flexible since it is carried out by averaging over a fixed
number of periodogram ordinates. Other methods such as autoregressive spectral estimates
(Priestley, 1981) and the regression method (Wahba, 1980; Wahba and Wold, 1975) have been
proposed to handle this problem. The former is a parametric approach, whereas the latteris a
nonparametric method using splines to smooth the periodogram ordinates. Recently, Beltrao
and Bloomfield (1987) and Hurvich and Beltrao (1990) have revised the kernel method by
using cross-validation to develop automatic (constant) bandwidth selection procedures, while
Swanepoel and van Wyk (1986), Franke and Hardle (1992) and Politis and Romano (1992)

have considered an alternative approach using bootstrap methods.

The present paper considers a nonparametric approach to the problem of estimating
the spectral density function, which is related to the method of nonparametric generalized
regression considered by Stone (1986, 1994). Specifically, the logarithm of the spectral
density function is approximated by a polynomial spline, with maximum likelihood being
used to estimate the unknown coefficients. Here the likelihood is constructed by using
asymptotic properties of the periodogram ordinates. Under appropriate conditions, it is
shown that the maximum likelihood estimate exists, that it is unique, and that it achieves
the usual (optimal) Ls rate of convergence when the number of knots suitably increases with
the length of the observed portion of the time series. These results lend theoretical support
to the related, but more adaptive, methodology developed by Kooperberg, Stone and Truong
(1994).



2. STATEMENT OF RESULTS
2.1 Preliminaries
A stationary process {X;} is a linear process if
X; = i a;Zi—j, Z; ~ia (0,0%).
j=—c0
The autocovariance function for such a linear process is given by

V(U) = COV(XtaXt—}-u) = O-QZG]'_UCL]‘7

J

and its spectral density function is given by
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0.2

F) =5

o0

> ajexp(—ij})

j=—o0

—a <A<,

3 — —

Let 0 < v < 1. A function g on [0, 7] is said to satisfy a Holder condition with exponent
7 if there is a positive number ¢ such that |g(A) — g(Ao)| < ¢|]A — Ao|” for A, Ao € [0, 7]. Let
m be a nonnegative integer and set p = m 4. A function ¢ on [0, 7] is said to be p-smooth
if ¢ is m times differentiable on [0, 7] and ¢(™) satisfies a Holder condition with exponent ~.
In the following condition, it is assumed that p > 1/2.

ConDITION 1. {X;} is a stationary linear process with 3, |a;||j|? < oo. Moreover,
Zj ~ia N(0,0?).

Under this condition, the process is Gaussian and the spectral density function is p-
smooth. Moreover, the periodogram

2

](T)()\) = (27T)7! , —7m<\i<m,

T-1
> exp(—iAt) X,
t=0

has the following asymptotic properties:

o2k
ID0) = FOWe, M= T for k=0,....[1/2]

where Wy, k= 1,...,[(T'—1)/2], have approximately the exponential distribution with mean
one, Wy and Wir/q (if T' is even) have approximately the x? distribution with one degree of
freedom, and Wy, Wi, ..., Wi g are asymptotically independent; see Brillinger (1981) and
Brockwell and Davis (1991).



CONDITION 2. The spectral density function [ is bounded away from zero on [0, 7].

Under this condition, let ¢ = log f denote the logarithm of the spectral density function.
It follows from Conditions 1 and 2 that ¢ is bounded and p-smooth.

2.2 Polynomial Splines

Let K = Kt be a positive integer, and let A, 1 < k < K, denote the subintervals of [0, 7]
defined by Ay = [(k—1)x/K,kr/K) for 1 <k < K and Ax = [7(1 —1/K),x]. Let m and ¢
be fixed integers such that m > p and m > ¢ > —1. A function ¢ defined on [0, 7] is called
a piecewise polynomial with knot sequence n/K,..., (K — 1)r/K if the restriction of ¢ to
Ay is a polynomial of degree m (or less) for 1 < k < K, and is callled a spline if g is also
g-times continuously differentiable on [0, 7] for ¢ > 0. Typically, we assume that ¢ = m — 1.

Let St denote the space of splines g on [0, 7] and let B;, 1 < j < .J, denote the usual
basis of St consisting of B-splines [see de Boor (1978)]. Then .J = (m+1)K —(¢+1)(K —1),
so K+m < J < (m+1)K. Also, B; > 0on [0,%], B; =0 on the complement of an interval
of length (m + 1)7/K for 1 < j < J, and }°; B; = 1 on [0,7]. Moreover, for 1 < j < J,
there are at most 2m + 1 values of j' € {1,...,.J} such that B;B;j is not identically zero on
[0, 7]. The following condition is imposed so that the bias term will have the desirable rate
of convergence to zero.

CONDITION 3. J? = o(T'¢) for some ¢ > 0.

Since the spectral density function f is symmetric about zero and is periodic on [—=, 7],
we have that f/(0) = f"(0) = f'(x) = f"(x) = 0 and ¢'(0) = ¢"(0) = ¢'(x) = ¢"'(7) = 0.
In this paper, we use splines g on [0, 7] such that ¢'(0) = ¢”'(0) = ¢'(x) = ¢"'(x) = 0 to
model the logarithm of the spectral density function ¢. (Observe that any such spline can be
extended to a spline on R that is periodic with period 27, symmetric about zero, and does
not have a knot at zero or w.) Equivalently, we consider ¢(-;8) = S1B1(-) + -+ + BsBs(+)
with 8 = (B1,...,3s)" constrained to lie in the subspace Q of R’ given by

0 = {B=(B,....0)" e R : ¢ (0) =¢"(0) = ¢'(x) = ¢""(7) =0,
where g = 1 B1() + -+ BsBs(+)}.

Observe that the collection S of splines g(+; 3), 8 € Q, is a subspace of Sy. Given 3 € ,
the corresponding spectral density function is modeled as f(-; 3) = expg(-; B).

2.3 Mazimum Likelthood Estimation

Set Y = f(A; B)W, where W has the exponential distribution with mean one when 0 < A < x
and it has the x? distribution with one degree of freedom when A = 7. Omitting a term that
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does not depend on B, we write the log-likelihood corresponding to the observed value y of

Y as

Oy, N B) = (@ - 1) [9(X; B) + yexp(—g(X; B))]
(=) [imw +yexp (—imw)

for 0 < A <7 and y > 0, where é6,(A) =1 if A = 7 and 6,()) = 0 otherwise. Thus

d
ap;

for 1 <3< J,.0<A<7andy>0. Also,

:250) = (5 1) B[ - yesp(-a(3:5)

T8 = (2 1) BB expl g0 )

for 1 < 5,0 <J,0< A< 7andy > 0. It follows from the last result that ¢ (y, ;) is a
concave function on R” for y > 0 and 0 < A < 7 and that it is strictly concave for y > 0.

Let Xy, ..., X7_1 be a realization of length T' of the time series. Set

ok ’
)\k:L and [ = (27T)"

- k=1,2,...,[T/2].

Y =

Z exp(—iArt) X;

The (approximate) log-likelihood function corresponding to the periodogram and the .J-
parameter model for the logarithm of the spectral density function is defined by

(T/2]
UB)=Ug(8) =S v (I, \;B), BeR.
k=1
Moreover,
b (T/2] @ .
57-UB) = <j<
and
9?2 [T/2] 92

: ~ J
aﬁjaﬁ/w) ;; aﬁjaﬁlwk,xk,ﬂ), 1<j,l<Jand BeR’,
so [(-) is a concave function and it is strictly concave if some [ is positive. It follows
that £(3) is also concave for B € Q. The maximum likelihood estimate B €  is given by
ﬁ([g) = max{{(B) : B € Q}, and the corresponding maximum likelihood estimate of ¢ is
given by ¢ = ¢g(-; B) We refer to f = exp ¢ as the logspline estimate of the spectral density
function f.



2.4 Expected Log-Likelihood Function

By Theorem 5.2.2 of Brillinger (1981) or Theorem 10.3.1 of Brockwell and Davis (1991),
E(Ix) = f(M) + O(T™1), where O(T™') is uniform in A;. Thus

1 _ 1 (T/2] 671-()%) ‘ | B
E(WW’))—[T/Q],;( 5 —1) 903 B) + F () exp(—g(A; B))] + O(T ™).

Define the (approximate) expected log-likelihood function by

1 [I/2 5x(Ax)
M) = 77

_ 1) [a(h) + FOw) exp(—a())].

k=1 2

where a is a function on [0,%]. Note that A(a) is maximized at ¢ = ¢ = log f. Set
A(B) = Alg(+;8)) for g € Sr. Then

d 1 T2 s () _ .

A0 = i 3 (5 1) Bl - s el 1< <
and

PA®) = o 3 (S0 ) BB O espl g, 1< 1<
op;0p " T T2 =\ 2 SRR IR EPTIA B 2= D=

Thus the expected log-likelihood function A(B) is a strictly concave function of 3. Since
{9(;8) : B € Q} is a subspace of Sy, A(8) is also strictly concave for 3 € Q. Let 3" be
uniquely defined by A(8") = max{A(3) : B € Q}, and set ¢* = g(+; 37).

2.5 Rate of Convergence

Given a square-integrable function ¢ on [0, 7], set ||g| = (for |g()\)|2d)\) 1/2. The proof of the

following result is given in Section 3.

THEOREM. Suppose Conditions 1-3 hold. Then the mazximum likelihood estimate @ of
@ exists, and it is unique except on an event whose probability tends to zero as T — oo.
Moreover,

16 = ¢l = 0. (/T + 7).

Given positive numbers ar and by for T' > 1, let ar ~ by mean that ar/br is bounded
away from zero and infinity. The next result is an immediate consequence of the theorem:;
here the rate of convergence coincides with that achievable by averaging the periodogram
ordinates; see Brillinger (1981, p.251).

COROLLARY. Suppose Conditions 1 and 2 hold and that J ~ T/ »+1)_ Then
18 — ol = O (177G,



3. PROOFS

The proof of the theorem is broken into three parts. The first part considers the bias
term, the second proves the existence, uniqueness and consistency of the maximum likelihood
estimate, and the third part deals with the variance term.

Throughout this section, it is assumed that Conditions 1-3 hold. Given a function a on

_ T
(0,7, set [|a]leo = supgere, |a(N)] and [lalfz = ([7/2]) " TP a(0)].
3.1 The Bias

In order to bound the bias term ¢* — ¢, we state a result that, roughly speaking, bounds
the second derivative of the log-likelihood function in terms of the discrete Ly norm || - ||7.
The proof of this result is similar to the proofs of Lemma 5 in Stone (1986) and Lemma 4.2
in Stone (1994).

LEMMA 1. Let My be a positive constant. Then there are positive constants My and M,
such that —M|la — ¢||3 < Ala) — A(p) < —Ms||la — ¢||> for all functions a on (0,x] such
that ||al|s < M.

To apply Lemma 1, it is necessary to check the boundedness condition based on the L.,
norm. To this end, we can use Lemma 7 of Stone (1986), which says that there is a positive
constant M5 such that

lglleo < MaJ'|igll, g € Sr. (1)

This result will also be needed in the proof of the existence of the maximum likelihood
estimate (see Section 3.2) and in the computation of the variance term (see Section 3.3).

In order to use the Ly norm to bound the bias term, we need to establish that this norm
and its discrete version are equivalent when restricted to S7. By elementary properties of
polynomials and a standard compactness argument, there are positive constants My and M;

such that if T' > M,.J, then

M lgll® < llgll7 < Msllgll®, g € Sr. (2)

The next result contains the L, and L., bounds on the bias term. The proof of this result
is similar to the proofs of Lemma 8 of Stone (1986) and Lemma 4.4 of Stone (1994). The
L., bound will be used in the proof of the existence of ¢ and in bounding the variance term

~ *

Y.
LEMMA 2. ||¢* — || = O(J~%) and ||¢* — @]l = O(JV?7P).

ProOOF. By Condition 3 and Theorem 8.15 of Schumaker (1981), there are periodic
polynomial splines g3 for T" > 1 defined on [—=, x| with the knot sequence {kx/K : k =
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+1,...,£(K — 1)} and a positive constant ¢, such that supyg_, .1 197(A) — p(A)] < e1J7P.
Set gr(X) = [g3(=A) 4+ g3 (N)]/2 for XA € [0,7]. Then gr € S3. Moreover, ||gr — ¢]|co < 1P
and hence ||gr — ¢||3 < ¢2J7*. By Lemma 1, there is a positive constant ¢, such that

Agr) - Alg) > —esd ™. 3
Let b be a positive constant. Choose g € 5% with ||g — ¢||*> = bJ7?*. Then
lg = grl* < 2(llg = &> + e = grl)*) < 2(b+ )7,
By (1), for J sufficiently large,

9llee < llg — g7lloc + g7 — @llse + l€llec <1+ [|@]]o0

since p > oreover, — gr P for b sufficiently large, since — g7l >
p>1/2. M lg — gr||* > (b/2)J 7% for b sufficiently large, lg — g7

lg—ll=llgr = |l 1t follows from (2) and the inequality |lg—gr||7 < 2(|lg—¢l17+ Il —gr|7)
that, for b sufficiently large, there is a positive constant ¢z such that ||g — ¢||7 > e3bJ 7.

Thus by Lemma 1, there is a positive constant ¢4 such that, for b and .J sufficiently large,
Ag) — Alp) < —cabd ™ for all g € 5% with ||g — || = b.J 2. (4)

Let b be chosen such that b > max(c?, ca/cq4) and otherwise sufficiently large. It follows from

(3) and (4) that for .J sufficiently large,
A(g) < A(gr) for all g € S§ with ||g — ¢||* = bJ 2P,

Therefore, A(+) has a local maximum on ||g — ¢||> < J7* and hence, by the concavity of
A(), |le* — ¢||* < bJ% for J sufficiently large. Consequently, ||¢* — g7||* = O(J~?F), so we
conclude from (1) that ||¢* — g7l = O(J'/?7?) and hence that ||@* — ¢||e = O(J/27P).
O

3.2 The Frxistence, Uniqueness and Consistency of The Mazimum Likelihood Estimate

The proof of the existence involves several approximations. First we approximate the
expected log-likelihood function by the log-likelihood for independent observations. Specifi-
cally, suppose Condition 3 holds. Let 7,,7" > 1, be positive numbers such that JTT2 =0(1)

and log T /\/T = o(r 2). Set

) )
Ug) =3 (M; )

k=1

— 1) [g(Mk; B) + AN PLz(Ak) exp(—g(Ai; B))],

where A(A) =37, ajexp(—ijA) and I4(-) is the periodogram of Z; defined by
2

I;(\) =17\ = (27T)~ (=iM)Z| , N e[-m, 7).




It follows from Condition 1 that the random variables Iz(\;) for 1 < k < [T/2], are
independent, Iz(\;) has the exponential distribution with mean o?/(27) for 1 < k < [T/2],
and I7(Ar)/E[Iz(A)] has the x? distribution with one degree of freedom if T is even and
k = T/2 (see Theorem 5.2.6 of Brillinger (1981)). Hence [T'/2]'E[l(g)] = A(g) for g € Sr,
and it follows by applying the Markov inequality to a suitable moment generating function
that the result below is valid (see the proofs of Lemma 10 of Stone (1986) and Lemma 4.6
of Stone (1994)).

LEMMA 3. Let b and € be positive constants. There is a positive constant Mg such that,
for T sufficiently large,

i(g) - i(¢") *
P (‘W ~ [Alg) = A(p")

for all g € St with ||g — ¢*|| < br,.

> 57'T2) < 26Xp(—M6TTT2)

The next result describes the approximation of the observable log-likelihood function £(-)
by £(+).

LEMMA 4. Let e and M; be positive constants. Then, exceplt on an evenl with probability

‘5(9) — {(g)

tending to zero as T — oo,

<er
[T/2] ‘
Jor all g € St with ||g||e < M7.

PROOF. According to Theorem 10.3.1 of Brockwell and Davis (1991),

I, = IO = A PIz(O0) + Rr(Mr),

where
Rr(A) = AN Jz(\Yr (=) + A(=A)Jz(=\)Yr(A) + [Yr(A)[*
with
T-1
Jz(A) = (27TT)_1/2 > exp(—iXt)Zy, X€[—mw, 7],
t=0
Yr(A) = (22T)72 37 ajexp(—idj)Ur;i(A)
j=—o00
and
T—1-—j
Urj(A) = > exp(—iA)Z; — Z exp(—tAt)Z
t=—j
It follows from Condition 1 that max |[A(Ax)| < 3 Jaj| < oo and that Jz(A) and Y7(X) have
normal distributions with mean zero and variances O(1) and ¢% = O(1/T'), respectively.
Since

/OO exp(—x%/2)dz < lexp(—yZ/Z), y >0,
y Y
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we see that

log T
max |J7(\)] = 0, (y/log ) and m]?X|YT()\k)|:OP< . )

and hence that oo T
0og
mpx e ) = 0, (P51 ) = o072 5

The desired result now follows from the observation that

‘E(g) — Uy ‘ _ ‘ 1
[1/2] [

for all g € Sp with ||g|lec < M7;. O

72 Zk:RT()\k)eXp(_g()\k;/B))‘ =0 <m]§nx |RT(Ak)|)

The next result gives the variability of the log-likelihood function over a small neighbor-

hood.

LEMMA 5. Given positive constants ¢ and My, there is a positive constant Mg such that,
except on an evenl with probability tending to zero as T — oo,

‘g(gl) - K(QQ)
[1'/2]

< et

Jor all g1, g2 € St with ||g1]|cc < Ms, ||g2]lcc < Mg and ||g1 — gallec < Mo7?.

PrROOF. Write g1 = ¢(-;3,) and g2 = g¢(-;3,). It follows from Theorem 10.3.1 of
Brockwell and Davis (1991) and (5) that

B (T/2]
(T/2]
+ [T1/2] kX_I [ AR Iz(M) [ exp(—g(Ae: B,)) — exp(—g(Ae; By))] + 0, (7]).

The desired result now follows from Condition 1 and the fact that Iz(A\z), k= 1,...,[T/2],
are independent and have exponential type distributions with mean ¢2/(27). 0O

We now discuss the approximation of certain sets by smaller sets. In fact, according
to Lemma 12 of Stone (1986), for positive constants b and ¢, there is a positive constant
Mo such that, for T sufficiently large, the set {g : ||¢ — ¢*|| < b7} can be covered by
O(exp(MyoJ log T)) subsets each having diameter at most ¢r?. Here the diameter of a

subset @ of St is defined as sup{||¢g1 — g2/ : 91,92 € G}.

It follows from the above covering result, Lemma 1 with ¢ replaced by ¢*, and Lemmas
3-5 and (2) that, for a given positive constant b, except on an event whose probability tends
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to zero as T — oo, {(g) < {(¢*) for all g such that ||g — ¢*|| = b7,.. Consequently, by
the strict concavity of {(g) as a function of g, the maximum likelihood estimate ¢ exists
and is unique except on an event whose probability tends to zero as T' — oc. Moreover,
|2 — ¢*|| = 0,(7,). Thus we conclude from (1) that ||¢ — ¢*||cc = 0,(J'/?7,) = 0,(1) and
hence from Lemma 2 that ||¢ — ¢|| = 0,(1). This completes the proof of the existence,
uniqueness and consistency of the maximum likelihood estimate .

3.3 The Variance

The next task is to bound the variance term @ — * by establishing an upper bound to
|l — @*||*. Let S(B) denote the score at @; that is, the J-dimensional column vector with
entries 00(3)/03;. Let H(B) denote the Hessian at 3; that is, the .J x .J matrix with entries
6%([3)/6;3]65; Then

[ 88" 1 u(B — 5)du = S(B) — S(8").

This can further be written as D(B -8 = S(B) — S(37), where D is the J x J matrix
given by

D= ["H(5 +u(B - §))du.
Since (B — ﬂ*)tS(B) =0 and ([Aﬂ — B*)'E[S(B")] = 0, we conclude that
(B-B)D(B-B") =—(B—-B){S(8") - E[S(87)]}. (6)
We claim that
S(8") — E[S(87)]|* = 0.(T) (7)
and that there is a positive constant ¢; such that
(B=B)DB~B) < —aTJ B~ (8)
except on an event whose probability tends to zero with 7. Since
(B —B7){S(8") — EIS(B)]}| < 1B —B7(IS(87) — E[S(B)]I;
it follows from (6)—(8) that |3 — 8| = O, (J%/T) and hence that
1€ = ¢"II* = 0.(J/T). (9)

The theorem follows from (9) and Lemma 2.

PROOF OF (7). Now,

(2 (] e[ 2 - ]

E
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Thus, by Theorem 10.3.2 (ii) of Brockwell and Davis (1991) and a property of splines
(Zj Bj = 1)7

E[S(87) — ES(8)]}) = 3 var [Z <5ﬂ(2)\k)

J

—1) B~ heexpl=(3i87)]| = O(T).
Therefore (7) holds.

The proof of (8) depends on the following result.

LEMMA 6. There is a posilive constant Myy such that, except on an event whose proba-
bility tends to zero as T — oo,

1
Tsz[g()%e)]Z > M11J_1|0|27 S R’
k

PROOF. By Theorem 10.3.1 of Brockwell and Davis (1991),
—ij[g (\e; 6 ZIZ M)A 2lg(h; 6 ERT Mg 07, (10)
where |A(-)]? is bounded away from zero by Condition 2. According to (2) and (5),
LS ReOlgi O < max A Ms (5 0)

_ 0P<1‘§TTJ-1|9|2> — o, (J716P%). (11)

We claim that there is a positive constant ¢; such that, except on an event whose probability
tends to zero as T' — oo,

—Z]Z M) gOw; 0))* > e J 162, 6 cR. (12)

The desired conclusion follows from (10)—(12).

In verifying (12), we can assume that ¢ = —1. It suffices to show that there is a positive
constant ¢y such that, except on an event whose probability tends to zero as T' — oo,

E I700)[90( Mk 0.))7 > o1 for1 <v<K, 6,c R"" and |8,]> =1, (13)

EAp €A,

T
where A, = [(v—1)7/K,vr/K) for 1 <v < K, Ax = [#(1 —1/K), 7] (see Section 2.2), and

gu(+;8,) is the restriction of g(-;0) to A,. By applying a simple compactness argument to
the set {8, € R™';16,|? = 1} and using the distributional properties of I7(\z), we see that

12



(13) holds. (A detailed proof of (12) can be found in Kooperberg, Stone and Truong, 1993.)
O

PROOF OF (8). Now
O'H(B)0 < — 3 S lo( N ) Tk exp(~g(\i: B)).
k

By Condition 1, Lemma 2 and the result ||¢ —¢*||cc = 0,(1) in Section 3.2, there is a positive
constant ¢; such that ||¢*||s < ¢ and, for 7" sufficiently large, ||@||- < ¢1 except on an event

whose probability tends to zero as T' — oo. Consequently, there is a positive constant ¢y
such that, except on an event whose probability tends to zero as T' — oo,

1 1
Tetne < —CQTZJk[g(Ak;e)]Q, 6 cR’. (14)
k

Equation (8) follows from (14) and Lemma 6 applied to 8 = B — B*. This completes the
proof of the theorem.
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