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Abstract

A multivariate normal statistical model defined by the Markov properties determined
by an acyclic digraph admits a recursive factorization of its likelihood function (LF)
into the product of conditional LFs, each factor having the form of a classical mul-
tivariate linear regression model (= MANOVA model). Here these models are ex-
tended in a natural way to normal linear regression models whose LFs continue to
admit such recursive factorizations, from which maximum likelihood estimators and
likelihood ratio (LR) test statistics can be derived by classical linear methods. The
central distribution of the LR test statistic for testing one such multivariate normal
linear regression model against another is derived, and the relation of these regres-
sion models to block-recursive normal linear systems is established. It is shown how
a collection of nonnested dependent normal linear regression models (= seemingly
unrelated regressions) can be combined into a single multivariate normal linear re-
gression model by imposing a parsimonious set of graphical Markov (= conditional
independence) restrictions.

1. Introduction.

Graphical Markov models use graphs, either undirected, directed, or mixed, to rep-
resent multivariate statistical dependencies. Statistical variables are represented by the
nodes of the graph, then local dependencies are specified by postulating that each vari-
able is conditionally independent of all other variables given its neighbors (for undirected
graphs), or conditionally independent of its nondescendants given its parents (for directed
graphs). Although the local dependencies may be relatively simple, complex multivariate
dependencies are determined by the global structure of the graph. The statistical aspects of
graphical Markov models are surveyed in the books by Whittaker (1990), Edwards (1995),
Lauritzen (1996), and Cox and Wermuth (1996) and in Cox and Wermuth (1993).

Graphical Markov models given by acyclic digraphs (ADGs), also called recursive
Markov models, ADG Markov models, or simply ADG models, have especially amenable
statistical properties. The joint probability density function (pdf) of an ADG model fac-
tors according to the graph into the product of the conditional pdfs for each variable
given its parents, substantially reducing the dimensionality of the parameter space. A
clear treatment of the general mathematical properties of ADG models can be found in
Lauritzen et al (1990). The statistical analysis of ADG models was treated by Wermuth
(1980), Kiiveri, Speed and Carlin (1984), and Shachter and Kenley (1989) for continuous
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multivariate distributions, by Wermuth and Lauritzen (1983) for discrete distributions,
and by Lauritzen and Wermuth (1989) for distributions with both continuous and discrete
components.

ADG models allow efficient computational algorithms for exact probability calcula-
tions and efficient updating algorithms for Bayesian analysis, hence have been widely used
for the construction of expert systems and for causal modelling. These aspects of ADG
models can be found in the papers by Lauritzen and Spiegelhalter (1988) and Spiegelhalter
et al (1993) and in the books by Pearl (1988), Neapolitan (1990), Oliver and Smith (1990),
Spirtes et al (1993), and Almond (1995).

In this paper we study multivariate statistical models that combine the ADG Markov
property with multivariate linear regression, focussing primarily on the normal (= Gaus-
sian) case. Most recursive multivariate normal models studied previously have concen-
trated only on the covariance structure, with only very simple structure (e.g., MANOVA
structure, see Definition 6.1), if any, assumed for the regression (= mean-value) subspace
(e.g., Lauritzen and Wermuth (1989, Section 6)). For such simple linear regression mod-
els, it is well-known that the joint likelihood function (LF) factors according to the graph
into the product of conditional LF's corresponding to lower-dimensional linear regression
models (in fact, this is true regardless of the mean-value assumptions), and, furthermore,
that the joint parameter space factors into the product of the parameter spaces associated
with these lower-dimensional models.

We shall address the following question: under the Markov covariance structure de-
termined by an ADG D, what is the largest class of linear regression (= mean-value)
subspaces L for which the joint parameter space continues to factor according to D into
the product of the parameter spaces associated with the family of conditional LFs? Our
answer, presented in Section 6, is the class of D-linear subspaces, whose structure is char-
acterized in Sections 6 and 10 and illustrated by a series of examples in Section 13. Like
the classical MANOVA regression models, these normal linear ADG models are amenable
in the sense that each conditional LF and associated parameter space has the form of a
classical multivariate normal linear regression model (= MANOVA model) and therefore
can be solved by standard linear methods to yield explicit maximum likelihood estimators
(MLE) and likelihood ratio (LR) test statistics.

For example, by imposing the Markov covariance restrictions determined by a suitable
ADG D, it is possible to formulate the following non-standard multivariate linear regression
model as a linear ADG model: a 4-variate two-way MANOVA model with no interactions,
with no row or column effects for variable 1, no column effects for variable 2, and no row
effects for variable 3 (cf. Example 10 in Section 13).

After reviewing basic graph-theoretic terminology in Section 2, in Section 3 we discuss
the basic definition and properties of ADG models, including the construction of general
ADG submodels via ADG homomorphisms. In Sections 4 and 5 we add the assumption of
multivariate normality and review the covariance structure of these normal ADG models.
In Section 6 these models are extended by introducing the fundamental class of multivariate
D-linear regression subspaces, which are further characterized in Section 10. Maximum
likelihood estimators for the resulting class of normal D-linear ADG models are obtained
and studied in Sections 7 and 8. The general problem of testing one such multivariate
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normal linear ADG model against another is treated in Section 9, including the derivation
of the LR test statistic and its central distribution. The relation between normal linear
ADG models and block-recursive normal linear systems is established in Section 11. In
Section 12 we show how a collection of nonnested dependent linear regression models (=
Zellner’s (1962) seemingly unrelated regression (SUR) model) can be combined into a single
parsimonious normal linear ADG model, then extend this to the case where it is desired
to test one such SUR model against another. Section 13 contains a series of examples
illustrating the preceding ideas.

The class of normal linear ADG models includes the generalized MANOVA models
and totally ordered normal linear models ([AMP] (1993)), as well as the normal linear
lattice conditional independence (LCI) models introduced in [AP] (1994) (cf. Remarks
4.1, 9.3, 10.1, 10.3, 12.2 and Proposition 11.2 below). The results in this paper may be
regarded as extensions of those in [AP] (1993, 1994, 1995a)

2. Acyclic digraphs (ADGs).

A directed graph (digraph) D is a pair (V, R), where V is a finite set of vertices and
R C (VxV)\ A is a binary relation (the set of directed edges) on V such that (u,v) € R
implies (v,u) ¢ R. Here, A = A(V) is the diagonal {(v,v)|v € V'}; thus loops and multiple
edges are excluded from D. We use the customary arrow u — v in our figures to indicate
that (u,v) € R, but in the text this relation is indicated by u <p v, or simply by u < v
when D is understood. The corresponding reflexive relation R := RUA is denoted by <p
(or simply by <). Thus v < v means that u < v or u = v.

We write ©u < v = v <p v if u < v or there exist vy,...,vx € V, kK > 1, such that
u < vy <--- < v <v. The relation < is transitive. The corresponding reflexive relation
is denoted by < = <p.

An acyclic digraph (ADG) is a directed graph D = (V| R) with the property that
v £ v for all v € V. Here the relation <p is a partial ordering on V, i.e., it is reflex-
ive, antisymmetric, and transitive. Every ADG D admits a never-decreasing listing (not
necessarily unique) of its vertices: V = {vy,...,v,} where i < j = v; £ v;.

For an ADG D = (V,R) and v € V, define pa(v) := {u € V|u < v}, the parents of v;
an(v) := {u € V|u < v}, the ancestors of v; de(v) := {u € V|v < u}, the descendants of
v; and nd(v) := {u € Vv L u} = V' \ (de(v) U {v}), the nondescendants of v. Note that
pa(v) C nd(v) and that an(v), de(v), and nd(v) depend on the relation < only through
the corresponding partial ordering <. A set A C V is ancestral if an(v) C A for all v € A;
again, the definition of an ancestral set depends on < only through <. The set A(D) of
all ancestral subsets of V' forms a ring of subsets, the ancestral ring of D.

Let E = (W,S) and D = (V,R) be two ADGs. A mapping f:W — V is an ADG
homomorphism if (fx f)(SUA(W)) C RUA(V), i.e., if w; <p ws implies that f(w1) <p
f(wsy) for all wi,wy € W. Such an ADG homomorphism is denoted as f: E — D; see
§13.3 for examples. We say that f is a proper ADG homomorphism if there exist distinct
w',w"” € W such that v’ Ag w” and w” £g w' but f(w') <p f(w"). f W =V and
S C R then the identity mapping idy:V — V is an ADG homomorphism from E to
D:; it is proper if S C R. If f: E — D is an ADG homomorphism, then f is also a poset
homomorphism from W to V' endowed with the partial orderings <p and <p, respectively.
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3. Markov models determined by acyclic digraphs (ADGs).

Let D = (V, R) be an ADG. We consider multivariate probability distributions P on
a product probability space X = x(X,|v € V), where each X, is a measurable space
sufficiently regular to ensure the existence of regular conditional probabilities. Such a
distribution P is conveniently represented by a random variate z := (z,|v € V') € X. For
any subset A C V, define x4 := (z,|v € A), so x = zy and zy := constant. We often
abbreviate z, and x4 by v and A, respectively.

For three pairwise disjoint subsets A, B, C of V', we write

(3.1) Al B|CI[P]

to indicate that x4 and zp are conditionally independent given z¢ under P. Trivially,
Al B|C[P]if A=0or B =0, while A 1L B | 0[P] means that A 1L B[P]. We
require the following elementary property of conditional independence (cf. Dawid (1980)).
If A, B,C, F are pairwise disjoint subsets of V', then

(3.2) Al B|F[Pland Al C|FUB[P] < A1l BUC|F|[P].
Definition 3.1. A probability measure P on X is (local) D-Markovian if
(3.3) v 1L (ndp(v) \ pap(v)) | pap(v) [P] YveV.

Lauritzen et al (1990, Proposition 4) define the global Markov property determined by
D and show that it is equivalent to the local Markov property for ADGs; thus the global
property need not be considered separately here. If {vy, ..., v,} is a never-decreasing listing
of V, it follows from Proposition 5 of Lauritzen et al (1990) that P is D-Markovian iff

(3.4) O L ({v1, .., vm—1} \ Pap(vm)) | Pap(vm) [P), m=2,...,r.

The Markov model P(D) = P(D;X) determined by D and X, or, simply, the ADG
model P(D), is defined to be the family of all D-Markovian distributions P on X. Note
that if D = (V, Iv%) where R C R (i.e., D has fewer edges than D), then the acyclic property
of D implies that

(3.5) pap(v) C pap(v) € ndp(v) € ndp(v),

for every v € V, hence P(D) C P(D).

In general, sub-ADG models P(E;X) of P(D;X) arise in the following way. Let
E = (W, S) be a second ADG, (Y, |w € W) a second family of regular measurable spaces,
and ¥: E — D a surjective ADG homomorphism such that

(3.6) Xy =x(Yy |weW(w)=v) YveV,
so that
(3.7) X:=x(X,|veV)=x(Yy,|weW).
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By (3.7), a distribution P on X can also be represented by a random variate y := (y,|w €
W). For any subset B C W, define yp := (y»|w € B) and abbreviate yg by B. By (3.6),
TA = Yyp-1(4) for any AC V.

Proposition 3.1. (i) P(£;X) is a sub-ADG model of P(D; X), i.e., P(E) C P(D).

(ii) If also ¢: B — D is a proper ADG homomorphism and each measurable space Y,
w € W, admits a non-degenerate probability distribution, then P(E;X) is a proper sub-
ADG model of P(D;X), i.e., P(E) C P(D).

Proof. (i) Let vy,...,v, be a never-decreasing listing of V' and, for each m = 1,...,r,
let Win1, ...y Wing,, be a never-decreasing listing of ¢~ (vy,). It follows from the order-
preserving property of ¢ that the combined sequence wi1,..., Wig,- .., Wri,. .., Wrq, IS a

never-decreasing listing of W. Now define the ADG FE = (W, S) as follows:

Wml <f Wmk ifl < k,

Wni < Wk if n# m and v, <p vpy,.

Since F and E differ only in that S C S (E has fewer edges than E), P(E) C P(E). We
shall complete the proof by showing that P(D) = P(E). )

The following relations are immediate from the construction of E. For m =1,...,r
and k=1,...,qm,

(38) paE‘(wmk:) = {wmla s awm(k—l)}ow_l (paD(Um))7
(3.9) nd z (Wmk) = {Wm1, ... ,wm(k_l)}Uw_l (ndD(vm)),
hence

(3.10) (ndE(wmk) \paE(wmk)) =t (ndD(vm) \ paD(Um)).

Suppose first that P € P(D). Form =1,...,rand k =1,...,gn, apply (3.3) with v = v,
and (3.10) to obtain

Um AL (nd g (wimk) \ Pag(Wmk)) | Pap (vm) [P,

{wm1, - Wine—1), Wik} AL (ndE(wmk) \paE(wmk)) | pap (vm) [P].

It follows that

Wik L (nd g (Wik) \ PAS (Wink)) | {Wim1, - -+ W1y JUpap (v, [P,
so that
(3.11) Wik AL (nd g (wik) \ Pag(wWimk)) | Pag(wime) [P
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by (3.8), hence P € P(E).

Conversely, suppose that P € P(E), so that (3.11) holds for m = 1,...,r and k =
1,...,qm. By (3.10),

(3.12) Wik AL (ndp (vm) \ Pap(vm)) | Pag(wme) [P).

The two relations obtained from (3.12) with & = ¢,,, — 1 and k& = ¢;;, combine according to
(3.2) to yield

(3.13) {Win(gm—1)> Wimg,, } 1L (ndp(vm) \ Pap(vm)) | Pas(Win(g,—1)) [P].

Combine this relation with that obtained from (3.12) with k& = ¢,, — 2, then continue this
process for k = ¢q,, — 3,..., 1, finally obtaining

(3.14) {Win, ..., Wng, } 1L (ndp(vym) \ Pap(vm)) | Pag(wm) [P].

Since {Wm1,. .. Wmg,, } = ¥ (vm) and pag(wmi) = pap(vm) by (3.8), (3.14) = (3.3),
hence P € P(D).

(ii) Let y = (yw|w € W) € X(Yy|w € W) = X be a random variate such that (y,, |w #
w',w”) (w';w” as in Section 2), are mutually independent and independent of (Y7, Yuw ),
while y,,» and y,,» are dependent with non-degenerate distributions; denote the distribution
of y by P. By hypothesis, either w” € ndg(w’) \ pag(w’) or v’ € ndg(w”) \ pag(w”).
Since

w' Y w" | pag(w') [P]
and
w” o w' | pag(w”) [P],

it follows from (3.3) for E = (W, R) that P ¢ P(E).

Next, either ¢(w’) = ¥(w”) or ¥(w') <p ¥(w"). In the first case, it follows imme-
diately from (3.6) and the definition of P that for each v € V, v, ndp(v) \ pap(v), and
pap(v) are mutually independent, hence P trivially satisfies (3.3), so P € P(D). The same
argument holds in the second case except for v = ¢(w”), but then ¥ (w’) € pap(v), hence

(v,pap(v)) L (ndp(v) \ pap(v)).
By (3.2), v satisfies (3.3), so again P € P(D). This completes the proof.

Lauritzen et al (1990) have characterized the class of D-Markovian distributions P
that are absolutely continuous with respect to a product measure p := ®(u,|v € V') on
X, where each p, is a o-finite measure on X,. They say that P admits a D-recursive
factorization if P admits a probability density function of the form

p(z) = H(kv(xvaxpa(v))w eV), reX,
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for some measurable functions k¥ > 0 on Xy, xX,(,) such that [ kY (xy, Tpage))dp (2,) =1
for all z,,(v) € Xpa(w) and all v € V.

Proposition 3.2. (Lauritzen et al (1990, Theorem 1)). Assume that P is absolutely
continuous with respect to the product measure g on X. Then P is D-Markovian if and
only if P admits a D-recursive factorization. In this case, kV(:, Zpa(v)) is @ version of the
conditional density p(:|Tpa(w)) of 2, given xp,(,) and the D-recursive factorization of P
assumes the following form:

(3.15) p(x) = H(p(%|90pa(v)) ! v e V), z € X.

Remark 3.1. If (kV|v € V) is a family of functions satisfying the above conditions, then

p(z) = H(k”(wv,xpa(v)) ’ v E V), r e X,

defines a probability density wrt g on X. To verify that [pdu = 1, choose a never-
decreasing listing vy, ..., v, of V and integrate p iteratively over X,, = wrt i, ,m=r,..., 1.
Thus by Proposition 3.2, P := p - v is D-Markovian.

4. Normal ADG models.

For the remainder of this paper, D = (V, R) shall denote an ADG as in the preceding
section, but we now add the assumption that X, = R!v,v € V, where the I,, are nonempty
finite index sets, so that X = R! with I := U(I,|v € V). The normal ADG model N;(D)
is defined! to be the restriction of the Markov model P(D;RY) to the class of nonsingular
multivariate normal distributions on R’. In this section we characterize P(D;I), the set of
IxI positive definite covariance matrices corresponding to the normal ADG model N (D).

For any subset J C I and vector x = (z;|i € I) € R, define z; := (x;]i € J) € R”.
For any subset A C V, define I4 := U(IJv € A) and x4 := z;, € R/4. Note that
x = x5 = vy and define zy := 0.

For any subsets J, K C I, let M(J x K) denote? the vector space of all real J x K
matrices, P(J) the cone of all real positive definite Jx.J matrices, and set M(J) := M(JxJ).
Denote the Jx.J identity matrix by 1;. For 3 € P(I), let ¥ ;i denote the Jx K submatrix
of 3, let £ := %75 € P(J), and let ;" denote (X;)~!. For disjoint subsets J, K C I,
define

Y ek = 2 — ZJKE;ZKJ S P(J)

For v € V, define the following three disjoint subsets of I:

747)% ‘= dnd(v)\pa(v), <V = = Ipa(v)7 ['U] = [v;

1 Note that N;(D) depends on the partitioning I = U(I,|v € V) as well as on I itself.
2IfJ=0or K =0, then M(JxK) := {0}, the zero vector space. If J # () and K # 0,
the product of a J x () matrix and a () x K matrix is the J x K zero matrix.
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then define®
<v= = <v=U [v].

Thus for ¥ € P(I), we have the following partitioning:
Ygop Do Uy

(41) 2741)?’-0—«»—0[1)] - E<v>‘ Yo Z-<v] )
Yy U B

where E%U?’- S P(%U%), Yisos € P(<U>-), E[U] S P([U]), Z<U>¢ = E<v>74v>4
€ M(_<U>_ X 741)%)7 Z[v% = E[v]%v% € M([U]X 74'0%)7 Z[v> = Z[v]-<v> S M([U]X _<U>_)>
and Ype = (Zxop)’s Tse) = Bpy)’s L<y) = (Bpey ). Furthermore, define

(42) E[v}o = E[v]o-<v> € P([U])

and recall that |Ep,e| = Igi‘fi, where |X| := det(X).

Definition 4.1. For ¥ € P(I), the family of matrices

Tp(2) == ((CpeSZow, Spge) | v €V) € x(M([v]x <v>) xP([v]) |ve V) =: II(D;I)
is called the family of D-parameters of X.

Let N7(&,Y) denote the normal distribution on R! with mean vector ¢ € R! and
covariance matrix ¥ € P(I). Then N (&, %) € P(D;RY) V¢ € RTiff N3 (0,%) € P(D;RY).

Definition 4.2. The subset P(D; ) C P(I) is defined as follows:
Y e P(D;I) < N;(0,%) € P(D;R);
that is, ¥ € P(D; 1) iff xpy) Il 240y | £<ox Yo € V when @ ~ N7(0,%).
Every ¥ € P(D;I) is uniquely determined by its D-parameters mp(X):
Proposition 4.1. The mapping
(4.3) mp:P(D; 1) — II(D; I)

is bijective.

3 Since <v =, Av ¥, and <v = depend on the ADG D = (V, R) through R as well as
V', when necessary we will denote them as <v>p, Av ¥ p, and <v > p, respectively. The
same is true of the indices [v >, [v ¥, <v ¥, etc. in (4.1). It is also important to bear
in mind the dependence of all these quantities on the partitioning I = U(I,|v € V), and
therefore the same dependence of quantities such as YXj,je = Xjyje<vss mp(2), I(D; 1),

7ap(&,%), and II(L, D; I) (cf. (4.2) and Definitions 4.1 and 6.3 and Proposition 6.1).
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Proof. For any ((8y,As) | v € V) € II(D; 1), apply Remark 3.1 with p, := Lebesgue
measure on R and

kv(x[v}vx<v>) = (de} (ﬁvx<v>aAv)/dﬂv)(5E[v])7 S Rla

to see that
(44) ﬁ(l‘) = H((de] (ﬁvx-<v>7Av)/d/J/v>($[v]) ve V), YIS R’
is a probability density function wrt p := Lebesgue measure on R’. Since p(z) =

c - exp{—% (x)} for some positive semidefinite quadratic form on R/, necessarily @
is positive definite, hence Q(x) = tr(E_lxxt) for some unique ¥ € P(I) and ¢! =
(2m)1/251/2; here |I| := card(I) and || := det(X). Set = = 0 in (4.4) to obtain

(4.5) = =TI [ve V),

which combines with (4.4) to yield
(4.6) tr(Z7laat) = Z(tr(A;l(:ﬁM — Bo <o) (@[] — BoT<wx)") ‘ v E V), z € R

It follows from Proposition 3.2 that NV7(0,X) = p- pu € P(D;RT), hence ¥ € P(D;1).
Furthermore, by (3.15) and the well-known fact that

(4-7) am | L<p= -N’[v](E[v>E;11;>m<v>-a Z[v]O)

when z ~ N7(0,X), we have 3, = Z[U>Z;1}> and A, = Xjye,v € V, hence mp is surjective.
Next suppose that X, € P(D;1) satisfy np(X) = 7p(X’). By (4.7), N7(0,%)

and N7(0,%) determine the same family of conditional distributions, hence N;(0,%) =

N71(0,%') by (3.15). Therefore ¥ = X', so mp is injective. This completes the proof.

The covariance set P(D;I) was defined indirectly according to a probabilistic crite-
rion in Definition 4.2. Relations (ii) and (iii) in the following proposition give two direct
algebraic characterizations of P(D; ). Note too that the inverse mapping 7r51 in (4.3) is
implicitly determined by (iii).

Proposition 4.2. The following three conditions are equivalent:
(i) X eP(D;l);
(i) Yo €V, Sy = Sps Bos Soy
(iii) Vz € R,
tr(E_lxxt) = Z(tr(E[;]l.(x[v] — E[U>E;i>x<v>)(9@[v] — 2[U>_E;i>$.<v>)t) ‘ NS V)
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Furthermore, when X satisfies these conditions, it also satisfies
(4'8) |Z| = H( |Z[v]0| ‘ GRS V)'

Proof. The equivalence of (i) and (ii) is clear. If ¥ satisfies (i), then (iii) and (4.8) follow
from (4.6) and (4.5), respectively, by setting ((8,,A,) | v € V) = 7p(X) in the proof of
Proposition 4.1. Conversely, if 3 satisfies (iii), then (i) follows from Proposition 3.2.

Remark 4.1. Results similar to Proposition 4.1 in varying degrees of generality have
appeared in Kiiveri et al (1984, §3), Wermuth (1992, Proposition 4.1), and in unpublished
notes of P. S. Eriksen.

By comparing Proposition 4.2 with Theorem 2.1 of [AP] (1993), it is seen that the
class of normal lattice conditional independence (LCI) models introduced in [AP] (1993) is
a subclass of the class of all normal ADG models. In fact [AMPT] (1995, 1997) have shown
(without the assumption of normality) that the class of all LCI models is a proper subclass
of all ADG models, namely, those determined by transitive ADGs (also see Section 10).

Similarly, it is well-known that every Markov model determined by a decomposable
undirected graph coincides with some ADG model, but not conversely - see [AMP] (1997a).
Therefore, under the assumption of multivariate normality, the class of decomposable
covariance selection models (Dempster (1972), Lauritzen (1996)) is a proper subclass of
the class of normal ADG models.

5. Reconstruction of the covariance matrix from its D-parameters.

It will be shown in Section 7 that for the normal ADG model N;(D), the maximum
likelihood estimate (MLE) 3 of the covariance matrix 3 € P(D;I) is obtained in terms
of the MLEs of its D-parameters mp(X). In order to recover S, an explicit representation
of the inverse 7r51 of the mapping (4.3) is needed. This representation is now described
by the following Reconstruction Algorithm, a generalization of the algorithm given in [AP]
(1993, Section 2.7).

Let v1,...,v, be a never-decreasing listing of the elements in V. For notational con-
venience abbreviate v, by m, [vy,] by [m], <v,, = by <m >, and [v,, > by [m . Partition
> according to the decomposition

(5.1) I=[1U---Ulr]
and list the D-parameters 7p(X) in the corresponding order:

Tp(8) = ((Bm,Am) [ m=1,...,7) € x(M(Im]x <m>) x P([m]) |m=1,...,r).
(Note that M([1]x <1>) = {0} and 3; = 0.)

Step 1: Y = Ar

Step 2 : Ve = B2X¥ion
Yo = A2 + B2¥4g)
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Since <2~ C [1], the submatrix Xjj)9) is now completely determined.

Because <3 > C [1]JU[2], ¥ 13, is a submatrix of ¥y and the next step may be
carried out.

Step 3a : Yze = B3¥<3
2[3} = A3 + ﬁ32<3].

It is important to note that after Steps 1, 2, and 3a, the two submatrices Y2 and
Y3503 are now determined but the complete matrix Xjjjygu3 may not yet be fully
determined. Since

([HURD\ =3 C A3,

the remaining [3] x (([1]U[2])\ <3>) submatrix of X)), denoted by s, is deter-
mined from Xj; g by means of Proposition 4.2(ii):

Step 3b : Yy = Zpe 225, Basy = B3X<a),

where X3 is the <3~ x (([1]U[2])\ <3>) submatrix of X{jju-

After m — 1 such steps, the submatrix Xju...pm—1) is fully determined and in turn
may be used to obtain Xjjju...up, as follows. First note that the never-decreasing nature
of v,...,v, implies that

<m >
([U---Um — 1)\ <m =

[1U---Um — 1],
Am .

Thus, if we denote the [m] x (([1]JU---U[m —1])\ <m>) submatrix of Syy...pm) by Lpm)
and the <m > x(([1JU---Ulm — 1])\ < m >) submatrix by X_,,, it follows from (5.2)
that both X <;,. and X,,,) are submatrices of %{1ju...;)[m—1], 80 that the next step may be
carried out to fully determine Xj)uy...0)m):

-
C

Step m: Z[m>— = 6m2~<m>
Xim) = Am + B <m)
Z[m> = E[m>2271n>-2-<m> - ﬁm2-<m>-

The last equation follows from (5.3) and Proposition 4.2(ii).

The Reconstruction Algorithm is complete after r steps.

6. Normal linear ADG models.

In this section, the classical multivariate normal linear regression model (= MANOVA
model) is extended to the normal linear ADG model that incorporates the Markov covari-
ance structure determined by an acyclic digraph (ADG) D = (V,R). Such a general-
ized multivariate linear regression model retains many of the properties of the classical
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MANOVA model. In particular, its likelihood function (LF) factors into a product of con-
ditional LFs, each corresponding to a MANOVA model, so that likelihood inference can
be carried out by the usual linear methods. The notation and terminology of Section 4 is
continued here.

First we briefly review the classical MANOVA model Ny, n(L), where I and N are
finite index sets with n := |N| and where L C M(I x N) is a MANOVA subspace. These
results also appear in [AMP] (1993).

Definition 6.1. A linear subspace L C M(I x N) is called a MANOVA subspace if
M(I)L C L or, equivalently (since 1; € M(I)), if M(I)L = L.

It can be shown that L is a MANOVA subspace of M(I x N) iff
(6.1) L=M({IxN)P

for some (necessarily unique) N x N orthogonal projection matrix P = P (P = P,
P? = P). For fixed I, this establishes a 1-1 corespondence between all MANOVA subspaces
L CM(IxN) and all NxN projection matrices P. Note that dim(L) = |I| - tr(Pyr).

In tensor product notation, M(IxN) = Rf ® R¥, and L is a MANOVA subspace of
M(Ix N) iff

(6.2) L=R'®K

for some (necessarily unique) linear subspace K = K C R™. For fixed I, this establishes a
1-1 corespondence between all MANOVA subspaces L C M(IxN) and all linear subspaces
K C RY. 1t follows from (6.1) and (6.2) that K; = R¥ Py, or equivalently, that K, is
the row space of Pp:

(63) KL = I‘OW(PL).

Remark 6.1. Any linear subspace L C M(I x N) of the form
(6.4) L={BZ|BeMIxT)}

is a MANOVA subspace, where T is a finite index set and Z € M(TxN) is a design matrix.
Here, K, =row(Z) and P, = Z'(ZZ")~ Z, where (ZZ")~ denotes any generalized inverse
of ZZ*. Conversely, every MANOVA subspace can be represented (non-uniquely) in the
form (6.4).

Each MANOVA subspace L € M(I x N) uniquely determines a normal MANOVA
model Ny (L) defined as follows:

(6.5) N (L) = (Npv (6,5 @ 1n) | (§,5) € LxP(D)).
This statistical model consists of n independent normal random vectors
Lj NNI(Ejsz)a .] € N7

12



with &; € RT and X € P(I), where £ := (§;]j € N) € L. If
y = (x;]j € N) € M(IxN)

denotes an observation from this model, then it is well known (cf. Anderson (1984, Chapter

A A

8)) that the maximum likelihood estimator (MLE) ({(y),X(y)) € LxP(I) is unique and
exists for a.e. y [Lebesgue] if and only if

(6.6) n > tr(Pp) + |I| = dim(Kyp) + |1].

In this case the MLEs are given by

~

(6.7) £(y) =yPr, nE(y) =yQry",

where )y, := 1y — Pr,, and the maximum of the likelihood function is
(6.8) [S(y)[ " 2exp{—n|1|/2}.

The MLE (£, %) is a complete and sufficient statistic for the MANOVA model N, v (L).

In the classical MANOVA model N,y (L), the covariance matrix ¥ € P(I) is un-
restricted. If, instead, the assumption that ¥ € P(D;I) is imposed, then the class of
MANOVA subspaces can be replaced by the larger class of D-linear subspaces L (see Def-
inition 6.2). We shall see that the resulting normal linear ADG model

(6.9) Nixn(L,D) = (Nixn(§, 2@ 1) | (£,%) € LxP(D; 1))

retains most of the amenable features of the classical model. See §13.1 and §13.3 for
examples of such linear ADG models.

For any £ € M(I x N) and any subset J C I, let £; denote the Jx N submatrix of &.
For any linear subspace L C M(IxN) and any v € V, define the two subspaces

Ly = A{&ul§ € L} € M([v]xN),
L.y :={&<v|§ € L} CTM(<v>xN).

Thus we may consider the natural embedding

L — xX(LpylveV)CM{IxN)

(6.10)
5'_> (g[v]‘v € V)

Definition 6.2. A linear subspace L C M(Ix N) is called a D-linear subspace, or simply
a D-subspace, if it satisfies the following three conditions:

(i) L = x(Lpylv € V), ie., (6.10) is a bijection;
(ii) Vv € V, Ly, is a MANOVA subspace of M([v] x N);
(iii) Yo € V,M([v]x <v>=)L<y» C Ly

13



Remark 6.2. By (6.1) and (6.2), condition (iii) may be restated in the following two
equivalent forms, whose significance is discussed in Section 10:

(iii)’ Vu,v € V with u < v, P, Pr., = Pr,-

(iii)” Yu,v € V with u < v, K., € Kp,,.
Definition 6.3. For (¢,X) € M(IxN) x P(I), the family of matrices

(&%) = ((é[’v] - Z[v>22};>f<v>aE[wz;l;wz[u].) | NS V)
€ x(M([v]xN) x M([v]x <v>) x P([v]) | veV)

is called the family of D-parameters of (€,%).
Proposition 6.1. If L is a D-subspace, the mapping
(6.11)  Tp:L x P(D;I) — x( Ly x M([u]x <v>=) x P([v]) |v € V) = II(L, D;1I)

is bijective. Thus, every (£,%) € LxP(D;1) is uniquely determined by its D-parameters.

Proof. Since _
II(L,D;I) = (x(Llv € V)) x I(D; 1),

the inclusion

7o(LxP(D; 1)) CI(L, D; 1)

follows from (4.3) and conditions (i) and (iii). To see that 7p is injective, suppose that
Tp(§,X) =7p(E,Y) for (§,%),(¢,Y) € LxP(D;I). Then ¥ = X' by Proposition 4.1,
hence

(6.12) €] — StorSabr v = €y — Dpor Sty Eps. YO E V.

Now choose a never-decreasing listing vq,...,v, of V and apply (6.12) successively for
v =1,...,0,, together with (5.2), to obtain & =&/, ..., & =&, hence £ = ¢'.

To see that Tp is surjective, consider any ((fi, B3y, Ay) | v € V) € TI(L, D; I). Again
select a never-decreasing listing vq,...,v, of V and augment the general Step m of the
Reconstruction Algorithm (cf. Section 5) with the following additional relation:

Step m': g[m} = Wm + ﬁm§<m>'

By (5.2) and condition (iii), £, € Lpm),m = 1,...,7, so by condition (i) and Proposition
4.1, this Augmented Reconstruction Algorithm produces a pair (§,%) € LxP(D; 1) such
that 7p(2) = ((ﬁU,Av) | v E V). It follows from the relations in Step m’, m =1,...,r,
that in fact Tp(&, X) = ((tw, Bv, Ay)|v € V), hence Tp is surjective.

14



7. Maximum likelihood estimation in a normal linear ADG model.

By Proposition 4.2, the likelihood function (LF) based on an observation y from the
normal linear ADG model N,y (L, D) in (6.9) has the following factorization:

(LxP(D;1)) x M(IxN) — ]0,00[

7.1
Y (6 2),) = 15 exp] —Lr(S 7y — Oy~ ©)) )

= H( S 0] T2 Xexp{—%tr(z[;]l.(y[v]—ﬁ[v]—E[v>22i>(y<v>—§<v>))(' : ')t)} ’ v e V)-

For each v € V, let P, := P, € M(N) denote the projection matrix corresponding to
the MANOVA subspace L, and set Q, := Q Ly = 1y — P,. By the orthogonality of P,
and @, the final expression in (7.1) has the following further factorization:

H( Ay eXp{_%tr(Ail(Mv]Pv — o = Boy<o-Po) (- '>t)}

-exp{—%tr(Agl(y[v]Qv — BoY<v=Qu)(-- )t)} ‘ CAS V)a

where ((tby, Bv, Ay)|v € V) = 7(€,X) are the D-parameters of (§,%) € LxP(D;I). By
Proposition 6.1, the parameter space LxP(D;I) factors into the product of the ranges of
the D-parameters.

It now follows readily from well-known results for the MANOVA model that the MLE

A

(E(y), S(y)) of (€,%) is unique and exists for a.e. y € M(I xN) [Lebesgue] if and only if
(7.2) n > max{p, +|2v=||veV},

where p, := tr(P,) = dim(K,) with K, := row(P,). In this case, the D-parameters
((;lv, Boy Av) ‘ v E V) of the MLE (¢, Y) are determined by the usual formulas for regres-
sion estimators:

N -1

fro = Yoo — y[’U]Qin'U> <y<v>va:v>) Y<vs- Py

5 -1
(73) ﬁv = y[v]vaiy> (y-<v>vaf<v>)

A -1

1Ay = Y QuYls) — Y Quiion (Y=< Quitlor)  Y<ur QuYfy)-

The MLE (é , ﬁ]) itself may be reconstructed from these estimated D-parameters by means
of the Augmented Reconstruction Algorithm described in the proof of Proposition 6.1.

Finally, when (7.2) holds, it follows from (4.8), (6.8), and the relation A, = f][@]. that
the maximum of the LF in (7.1) is

(74 JIOZpe @) exp{-—nll]l/2} | v € V) = [£(y)| " 2exp{—nlI|/2}.
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Unlike the classical multivariate linear regression model, the normal linear ADG model
N;xn(L, D) is a curved exponential family in general, so the MLE need not be a complete
or sufficient statistic.

8. Distribution of the empirical generalized variance.

In this section we apply (4.8) to derive the distribution of the empirical generalized
variance |3|, where 3 = 3(y) is the MLE of %, obtained implicitly in Section 7, based on
an observation y from the normal linear ADG model Ny, n(L, D). This distribution will
be applied in Section 9 to obtain the central (= null) distribution of the likelihood ratio
statistic for testing one normal linear ADG model against another.

Let v1,...,v, be a never-decreasing listing of the elements in V. As in Section 5,
we denote [vy,] by [m], < vm = by <m >, and A, by A, m = 1,...,r. By the local
Markov property, under the model Ny, n(L, D) the conditional distribution of Y] given
Yir—1]» - - -» Y[1] is the same as the conditional distribution given y<,., hence by (7.3) the
conditional distribution of nA, = nf]m. given yp,._1j, ...,y is the same as the conditional
distribution given y~,.. By well-known results for the MANOVA model, this conditional
distribution is the Wishart distribution W (X, fr) with f. :=n —p, — [ <7~ degrees of
freedom and expectation f.¥,, Where p,. := tr(P,) with P, := P, . Since this conditional
distribution does not depend on y._1j, ..., y[y, fl[r]. is independent of (y[—1,--.,yp))-

Form=r—-1,...,1, i[m]. depends on y € M(I x N) only through ., ..., yn)- By
repeating the preceding argument, we see that the conditional distribution of nf][m]. given
Yim—1],---,Y[) is the same as its conditional distribution given y<.,., i.e., the Wishart
distribution W(E[m]., fm) with fp, := n—pp,, —| <m>| degrees of freedom and expectation
fmX[m]e, Where py, := tr(P,,) with P, := P, . Thus f][r]., cee f][m]., and (Ym—1]»--->Y[))
are mutually independent.

We conclude that

A

(8.1) Yi1]es- -+ fl[r]. are mutually independent,
(8.2) nBmje ~ W(Spnjes fm)s m=1,...,r.

In particular, it follows from (4.8) above and equation (15) in Anderson (1984), p. 264,
that the a-th moment of the empirical generalized variance |X| is given by

(8.3) E(2%) =

SRS IE

(n—py—|=<v-[—i+1)+a) | )
- T=onT—irny |11 el)

M |hol—

9. Testing one normal linear ADG model against another.

In this section we address the general hypothesis-testing problem for normal linear
ADG models. The general testing problem is formulated, the likelihood ratio (LR) test
is derived (Proposition 9.1), and the null (= central) distribution of the LR statistic is
specified in terms of its moments (Proposition 9.2). Examples are presented in §13.3.
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Submodels Ny n(M, E) of a normal linear ADG model Ny n(L, D) are now intro-
duced. As in Section 3, let D = (V, R) be an ADG such that I = U(I,|v € V) is a disjoint
partitioning of the index set I, let E = (W, S) be a second ADG with an associated family
(Iy|w € W) of disjoint subsets of I, and let ¢: E — D be a surjective ADG homomorphism
such that

(9.1) I, =U(I, |we W,¢p(w) =v), veV.

Thus also I = U(I,|lw € W), so that (3.6) and (3.7) hold with X = R!, X, = R!»
and Y,, = Rfv. By Proposition 3.1(i), N;(E) is a submodel of N;(D), or equivalently,
P(E;I) C P(D;I). If also v is a proper homomorphism, then it follows from a proof
similar to that of Proposition 3.1(ii) that in fact N;(E) is a proper submodel of N;(D),
i.e., that P(E;I) C P(D;1).

For the remainder of this section, assume that L is a D-subspace of M(I x N) and
M is an E-subspace of M(Ix N) such that M C L. Then N;yxn(M, E) is a submodel of
Nixn(L, D), so we may consider the problem of testing Ny, n(M, E) vs. Nyxn(L, D).
More specifically, based on an observation y ~ N7.n (£, 2 ® 1), we may test

(9.2) Hyp:(6,%) € MxP(E;I) vs. Hpp:(£,%) € LxP(D;I).

Remark 9.1. It follows from Definition 6.2, (9.1), and the order-preserving property
of 1 that every D-subspace L of M(I x N) is also an E-subspace of M(I x N), but the
converse is not valid.* Therefore, the general problem (9.2) includes the following two
testing problems as special cases:

(9.3) Hyop: (&%) € LxP(E;I) vs. Hyp:(£,%) € LxP(D;),

(9.4) Hyp:(§,X)e MxP(E;I) vs. Hpp:(§,X) e LxP(E;I).
In order to test
(9.5) Hup:(6,T) € MxP(D;I) vs. Hip: ()€ LxP(D;I),

however, it must also be assumed that M is a D-subspace of M(I x N).

Before presenting the LR statistic A for the general testing problem (9.2), a warning
about notation is needed. For v € V and w € W, the reader is reminded that the subsets
of I denoted by [v], <v >, <v> and by |[w], <w >, 2w > depend not only upon v and
w, respectively, but also upon the partitionings I = U(Il,Jv € V) and I = U([,|w € W)

4 For example, let V := {1,2}, I :={1,2}, [ = [1]:={1}, L =[2] = {2}, D=1 — 2,
and £ =1 2, so that idg; 93: £ — D is a (proper) surjective ADG homomorphism
satisfying (9.1). Then any subspace L C M(I x N) of the form L = L) x L, where
Ly = Rl ® K;, i =1,2 (cf. (6.2)), is an E-subspace, but L is a D-subspace iff K| C K».
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and relations R and S associated with the ADGs D and FE, respectively. Similarly, the

projections P, := PL[U] and P, = PM[w] depend not only on v and w but also on the

D-subspace L and the E-subspace M, respectively, hence so do their traces p, and p,,.
We denote the MLEs of ¥ under Hy; g and Hy p by f]g and f), respectively.

Proposition 9.1. Suppose that (7.2) holds, i.e., n > max{p, + | <v>=| ! v € V}. Then
>0(y) and 3(y) exist and are unique for a.e. y € M(Ix N) [Lebesgue] under Hy, p, hence
also under Hjs g. In this case the LR statistic A = A(y) for testing Hyr,g vs. Hy p exists
for a.e. y and is given by

e 1EL_ (Bl [ve V)

9.6 = — = ~ .
00 5ol " T Sopurel [0 € )

Proof. The existence and uniqueness a.e. of 3 follows from (7.2). For w € W we shall
show the following:

(9.7) <wi

N

=p(w) =,

(98) P, = Pw(w)Pw;

these two relations imply that | fw = | < |2 ¢Y(w) =] and py < py(w), respectively.
Therefore
nzmax{pv+\jvt\ |’U€ V}

= max{ py(w) + | 2P(W) =] | w e W}
zmax{pw-i-ijiHWEW}’

implying the existence and uniqueness a.e. of 3o, also by (7.2). The two expressions for A
follow from (7.4).
To establish (9.7), first note that (9.1) implies that
(9.9) Iy C Lywy, weW,
while the order-preserving property of ¢ implies that
(9.10) Y ({w}lpag(w)) < {¥(w)}Upap(ib(w)).

Thus

PN

Wz = Lwpopap) S Ly (fuyopap) S Ho@iomp o) = =Pw)=,

which yields (9.7). Next, (9.9) implies that [w] C [¢(w)]; since M C L this in turn implies
that M) C Liy(w)), from which (9.8) follows.
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Proposition 9.2. Suppose that (7.2) holds. Under the null hypothesis Hjs, g in (9.2), the
LR statistic A and the MLEs (¥Xo[,]e|w € W) are mutually independent. Under Hy; g, the
2a/n-th moment of A is given by

(9.11)
) D(3(n—po—|Svz|—itD)+a) | . _ 4 ) ) >
p2e/ny = PUE H(H< MGtz | =Ll v eV
& oy T (n—pu—|Swr—i+Dta) | |
E(|Zo| ) H<H< (1“2((%(nz—)pw‘—|jw|i\—i+)1))) z:l,..-,Hw”) ‘ wEW)

Since Y- (|[v]] | v € V) = Y (|[w]| | w € W), these moments can be used to obtain
the Box approximation for the central distribution of —2log \; see Anderson (1984, pp.
311-316) and [AP] (1995a, pp. 25-26). (The approximation given by Ledet Jensen (1991)
should be somewhat more accurate.)

Remark 9.2. If we set L = M = {0} in the general testing problem (9.2), then, since
the LR statistic A in (9.6) satisfies 0 < A < 1, we obtain the following extension of the
classical Hadamard-Fischer determinantal inequality. Let D = (V,R) and E = (W, 5) be
two ADGs and let ¢: E — D be a surjective ADG homomorphism satisfying (9.1), so that
I =U(Iylv e V)=U(ylw e W). Then (recall Footnote 3) for any positive definite matrix
Y eP(I),

(9.12) H(’Efvt’ veV) < H(lzf‘”f’ wew).

|2<v>-’ |Z<w>-|

In particular, by taking D to be the trivial ADG with only one vertex, this reduces to the
inequality

(9.13) | < H(‘Ef“ft’ wew).

‘Z<w>’

Remark 9.3. Since the class of normal LCI models is a subset of the class of normal ADG
models (see Remark 4.1), the results in this section may be regarded as extensions of those
in [AP] (1995a) where, furthermore, no non-zero mean-value subspaces were considered.
These results also extend results concerning testing one decomposable covariance selection
model against another (cf. Porteous (1989), Andersen et al (1995, §7.6.1), Eriksen (1996),
Lauritzen (1996)) where, again, general mean-value subspaces were not considered.

Proof of Proposition 9.2. To begin the derivation of the central distribution of A\, choose

a never-decreasing listing vy,....v, of V. For each m = 1,...,7, let wy1,...,Wn,,, be a
never-decreasing listing of 11 (v,,). It follows from (9.1) and the surjective and order-
preserving properties of ¢ that the combined sequence wi1,...,Wig ;.- Wy, ..., Wrq, iS

a never-decreasing listing of the members of W, which in turn implies that

pag(wmk) C{w;|i=1,...om—1, j=1,...,¢; }Hwn; |j=1,....k—1}

(9.14) C ndp ().
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Foreachm=1,...,rand k=1,...,q,, define

<wmk> = I{wij|i:1,...,m—1, 3=1,..0,qi }U{wmj|j=1,....k—1}"

For notational convenience, we usually abbreviate vy, [vm], < Vm =, [vm = by m, [m],
<m =, [m >, respectively, and Wy, [Wmk|, <Wmk =, [Wmk =, (Wmk) by mk, [mk], <mk =,
[mk =, (mk), respectively.

From (9.6), A can be expressed as follows:

(9.15) N =TT Im=1,....7),
where

Sim]e
(9.16) N, = i

[1([Zopmrel | F =1, qm)

Furthermore, by eqn. (2.21) of [AP] (1995b), for m = 1,...,r we have that

where

A~

(9.18) Wi = |E[mk]o(%m}U[ml]U...U[m(k—l)])|.

‘SO[mk}o|

For each m = 1,...,r and k = 1,...,¢,, and for each fixed y/ 1 € M((mk)x N), we
shall show that w,,; has the form of Wilks’ LR criterion for testing one MANOVA model
against another (cf. (9.27)), and thereby derive the central distribution of .

By (9.14), under the hypothesis Hjs, g the conditional distribution of Yimk] SIVeEN Yimp)
is as follows:

(9.19) Yimk] | Yimky ~ Nimk)x N (tmk + BmkY<mks 5> Amp @ 1n),

(recall Footnote 3), where

Hmk = g[mk] - Z[mk>—E ;ink>-E§-<mk>E € M[mk]a
(9.20) Bk = Sk 55 <mks € M([mk]x <mk>=g),
Ak := E[mk]o%mk>—E € P([mk])

It follows from Proposition 6.1 with L, D replaced by M, E that the range of the parameter
(Mmk; ﬂmkﬂ Amk:) under HM,E is

M[mk] X M([mk]x —<mk:>—E) X P([mk‘])
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Therefore, the range of (pmk + BmkY=<mks ps Ami) under Hys g is

M(y<mh=r) x P([mk]),

where, for a.e. Y<mpsp € M(<mk>=g xXN), M(Y<misp5) € M([mk]xN) is the MANOVA
subspace®

(921) M(y<mk>E) = M[mk} D {ﬁmk‘y<mk>~E | ﬁmkz S M([mk] X —<mk>E) }

Next, let E = (W, S) be the ADG constructed from E and D in the proof of Propo-
sition 3.1; recall from (3.8) that

(9.22) <mk>gz = <m>=UmlU---Um(k —1)] C (mk).

By (3.4) and (3.2), under the hypothesis Hy p the conditional distribution of yj,x given
Y(mp) is the following (recall Footnote 3):

(9.23) Yimk] | Yimky ~ Nimkx N (Bmk + BmkY<mrs 5> Amk @ 1N),

where now

Pk = &mk] — E[mk>gzjnk>é§<mk>,; € Liy (see below),
(9.24) Bk = Spmks S ms € M([mk]x <mk>=z),

Amk = Z[mk:]o-<mk>E € P([mk])

It is easily verified that 1): E— Dis also a surjective ADG homomorphism, so by Remark
9.1 with E replaced by E, L is also an E-subspace. Since { € L under Hy, p, the relation
Hmk € Limk) holds.

It follows from Proposition 6.1 with D replaced by E that the range of the parameter
(/Lmka 6mk»Amk) under HL,D 1s

L) X M([mk]x <mk>=z) x P([mk]).
Therefore, the range of (pmk + ﬁmky<mk>E,Amk) under Hy, p is

L(y<mks- ) x P([mk]),

where, for a.e. yimrs, € M(<mk> 5 XN), L(Y<mrs> ;) € M([mk]x N) is the MANOVA
subspace

(9.25) L(Y<mi> =) = Limi) @ { BrkY<mrs 5 | Bk € M(Imk]x <mk =) }.

® The occurrence of the direct sum in (9.21) for a.e. y<mis follows, for example, from
Theorem 2.3 of Eaton and Perlman (1973); the same holds for the direct sum in (9.25).
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Note now that wy,; in (9.18) can be expressed as

im o<m I
(9.26) Wy = | [mk]e< k>E|

‘EO[mk]o<mk>-E ‘ .

By (3.5) with D, D replaced by E, E, pay(mk) C paz(mk), hence <mk > C <mk>z.
Also, M C L implies that M,x) € Limk), hence M (y<mrsrp) S L(Yy<mrs ). Thus for
each fixed y (i) € M({mk)x N), we may consider the conditional problem of testing the
normal MANOVA models (cf. (6.5))

(9.27) Nk x N (M (Y<mis)) 080 Npprx v (L(Y<mis 5))-

It follows from (6.8) that the LR statistic Apx = Ak (Y(mry) for this conditional testing
problem is given by

A
S
‘AOmk’

(9.28)

where Agyr and A, are the respective MLEs of A,,,r under the conditional models

Nimkx N (M (Y<mrs5)) (= (919)) and Nippyx N (L(Y<mrs-5)) (= (9.23)). Straightforward
but lengthy algebra using (6.7) and the relation @ Limy = QL,, shows, however, that

~

A()mk =
Amk =

™M>

O[mkle<mk>pg>

(9.29)

M>

[mkle<mk> -

We conclude that for each fixed y(mr), wWmk = )\72”/: , as asserted after (9.18).
Therefore, under the conditional MANOVA model N1« 5 (M (Y<mi>5)) (= (9.19))
in (9.27), for each fixed y (i) we have

©030) Ot [ i)~ Ul —pomact <mis= | < sl +<mb |
nAomk = nE0mie | Yimk)y ~ WAk = Xjmrjer M — Pomk + | <mk=Eg|),
where U, . denotes Wilk’s U distribution (Anderson (1984, §8.4)) and
D 1= tr(PL[m]) = t1(PL,)
pomk = tr(Parg,,,,)
20[mk]o = iO[mk]o%mk>E

Z[mk]o = Z[mk]o%mk>E :

Thus wy, is a (conditionally) ancillary statistic and the MLE AOmk = f]o[mk]. is a function
of the (conditionally) complete sufficient statistic (cf. (6.7)), so by Basu’s Lemma, wp
and Xg[,,4]e are (conditionally) independent. With (9.30), this implies that under Hys, g,

Wk AL zAjO[mk]o ’ Yimk),
(931) Wk 1L Y{mk)s
zAJO[mk]o AL Yimk),
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hence by (3.2),

Since Am(k_l) and [\Om(k—l) are functions of ¥k, S0 are wy,(x—1) and ZA)O[m(k—l)]o- Thus
we may use an inductive argument to conclude that under the null hypothesis Hys g, the
2|W| statistics ((wmk, iO[mk]o) ‘ m=1,...,r, k=1,... 7qm) are mutually independent,
and their unconditional distributions are the same as their conditional distributions in
(9.27). Therefore, by (9.15) - (9.18), the LR statistic A and the MLEs (f)o[w].|w e W) are
mutually independent under H s g, as asserted.

Finally, it follows from (9.6) that

15 = N7 1S0] = N [T (1Z0pwrel | w e W),
so by the independence just established, under Hys g the 2a/n-th moment of A is given by

E(SIY)
E(Sol)

E()\Qa/n> _

Because Hyr, g C Hy, p, the second equality in (9.11) follows from (8.3).

10. Two characterizations of D-linear subspaces.

In this section we study further the structure of D-subspaces. As before, D = (V| R)
is an ADG and I = U(I,|v € V) is an associated partition of the finite index set I with
each I, # (.

To begin, note that in Definition 6.2, condition (iii) is equivalent to the following:
(iv) Vu,v € V with u <p v, M([v]x[u])L{y) C Ly, or equivalently, by (6.2), K., € K-

Thus the definition of a D-subspace depends on the relation <p only through the induced
transitive relation <p. It follows that L is a D-subspace if and only if L is a T (D)-subspace,
where the ADG T'(D) is the transitive closure of D. That is, T'(D) is the ADG with vertex
set V and with transitive binary relation <7 (p) defined as follows: for u,v € V, u <7 (py v
iff u <p w.

Remark 10.1. Since T'(D) is a transitive ADG (= TADG) or, equivalently, a partially
ordered set (= poset), and since the ancestral rings A(D) and A(T (D)) coincide, the fun-
damental Birkhoff duality between finite posets and finite distributive lattices (cf. Davey
and Priestley (1990), Chapter 8, or [A] (1990), Theorem 3.2) can be applied as in [AMPT]
(1995, 1997) to deduce that L is a D-subspace of M(Ix N) if and only if L is a K(D)-
subspace of M(IxN). Here K(D) := {I4|A € A(D)} is a ring of subsets (hence a finite
distributive lattice) of I isomorphic to the ancestral ring A (D), and for any ring K of sub-
sets of I, the relevant definition of a K-subspace appears in Theorem 4.2 of [AP] (1994). We
conclude that although the class of covariance models determined by the class of normal
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ADG models is strictly larger than that determined by the class of normal LCI models, the
class of linear regression subspaces naturally associated with normal ADG models coincides
with that associated with normal LCI models.

Next, we present an algebraic characterization of D-subspaces in terms of their invari-
ance under a linear class M(D; I) of generalized block-triangular Ix I matrices determined
by D (Proposition 10.1). This characterization can be used to verify that a specified
regression subspace is a D-subspace - see Section 13.

For any A € M(I) and u,v € V, let A, denote the [u] X [v] submatrix of A and
define Ay, := Ap,). Each A € M(I) can be partitioned according to the decomposition
I =U([v]|veV) as follows:

A= (A[m,] |U,U€ V)

Define
(101) M(D7I) ::{AEM(I)IVUJJEM Uﬁu:A[uv]:O}v
(10.2) M, (D 1) == { A€ M(D;I) | Vv €V, Ay = 11 }.

For v € V and A € M(I), partition A<, € M(=Xv> x <v) according to the
decomposition <v>==<v> Ufv]:

A A
A-<v>— — ( <v= <v]) :
- Apr A

where Ap,; € M([v]), Apy € M([v]x <v>=), ALy € M(<0] X [v]), Agpr € M(<v = x <
v>). By (10.1), if A € M(D;I) then A_,; = 0 Vv € V. Furthermore, the following linear

mapping is bijective:

M(D; 1) — x( M([v]x <v=) x M([v]) | v € V)

(10.3) A ((A[’U>-7A[v]) | vE V)'

Proposition 10.1. A subspace L C M(I xN) is a D-subspace if and only if
(10.4) M(D; )L C L.
Proof. For each v € V define

M([v]x <v=) :={ A= (Apy | t,Lue V) € M(I) | Ay =0 unless ¢t =v and u < v},
M([U]) i={ A= (Apy | t,LueV)eM(I) | Ayy =0 unless t = u = v}.

Since the mapping (10.3) is bijective,
(10.5) M(D; 1) = &(M([v]x <v>) & M([t]) | v € V),
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hence (10.4) holds iff both of the following two conditions hold for every v € V:

(10.6) M([v])L C L,

(10.7) M([v]x <v>)L C L.

It is straightforward to show that conditions (i) and (ii) of Definition 6.2 are together
equivalent to (10.6), and that when (i) and (ii) hold, condition (iii) is equivalent to (10.7).
This completes the proof.

It follows from Proposition 10.1 that the set of D-subspaces is closed under the op-
erations of intersection and summation. The application of Proposition 10.1 to identify
D-subspaces is illustrated in Section 13.

Remark 10.2. Clearly, M(D;I) contains 1; and is a linear space, i.e., closed under
addition and scalar multiplication, but is not necessarily closed under matrix multiplica-
tion, i.e., M(D;I) is not necessarily a matrix algebra. The matrix algebra generated by
M(D; I), denoted by M(D; 1), is the set of all finite sums of finite products of matrices in
M(D;I). It is easy to see that condition (10.4) is equivalent to the condition

(10.8) M(D;I)L C L.

Lemma 10.1. The following four conditions are equivalent:

(i) D is transitive.

(ii) M(D; ) is closed under matrix multiplication, i.e., M(D;I) is a matrix algebra;

(iii) M(D; I) is closed under matrix inversion;

(iv) M(D; I)is closed under Jordan multiplication: A, B € M(D;1) == AB+BA € M(D;I).

Proof. (i) = (ii): If D is transitive, it follows from (10.1) and the standard relation
(10.9) (AB)ju) = Y (Ajuw) Bwo) |w € V), A, B e M(I), u,v €V,

that M(D;I) is closed under matrix multiplication.

(ii) = (iii): (ii) implies that each nonsingular A € M(D;I) determines an injective
linear mapping 14 : M(D; 1) — M(D; ) defined by ¥4(B) = AB. A standard dimen-
sionality argument shows that this mapping is also surjective, hence, since 1; € M(D; 1),
B:=A"' e M(D;1I).

(iii) = (iv): For A € M(I) we have

_ -1 _ _
(10.10) fim LA LA

2
t—0 t2 A ’

By (iii), if A € M(D; ) then the limit in (10.10) also is an element of M(D; ), since the
latter is closed in M(I), hence A2 € M(D;I). Thus, A, B € M(D;I) = A%, B2 (A+B)? €
M(D;I) = AB + BA € M(D; I).
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(iv) = (i): If D is not transitive, then there exist v, w,u € V such that v < w < u
but v A u. Define A= (A | v',v" € V) and B = (B | w',v" € V) as follows:

Ao JO i (W W) # (u, w),
el "= A4, i (v, w') = (u,w),

B o O~7 if (wl,’Ul) ?é (w,v),
w7 B, i (w0 = (w,v),

where A € M([u] x [w]) and B € M([w] x [v]) are chosen such that AB # 0. Then by
(10.1) and (10.9), A,B € M(D;I), BA = 0, but AB ¢ M(D;I) since (AB)y.,] = AB,
hence AB + BA ¢ M(D;I).

Lemma 10.2. M(D;I) = M(T(D); I).

Proof. From the definitions of M(D;I) and T'(D), M(D;I) € M(T(D);I). By Lemma
10.1 applied to T'(D), M(T(D); I) is an algebra, hence M(D; ) C M(T(D); I). Next we
establish the opposite inclusion. Since

M(T(D);I) = span(EY | i € [u],j € [v],v < u),

where N
EY = (611’53'3" | i/,j/ el

it suffices to show that EY € M(D; 1) if i € [u],j
- < wg = u for some wq, ..., wp €V, k>0. If £ <

M(1),

) €
€ [v],v < u. In this case, v = wy, <
1 then E¥ € M(D;I). If k > 2, then
EY — ploh ,_,E’lk—llk,

where lp := i, Iy := j, and [, is chosen arbitrarily in [wy], v = 1,...,k — 1. Since
Elv—1lv e M(D; 1) for v=1,...,k, E¥ € M(D;I) as required.

From Proposition 10.1, Remark 10.2, and Lemma 10.2, we may again conclude that
L is a D-subspace iff L is a T'(D)-subspace.

Remark 10.3. As in Remark 10.1, it can be seen that M(T'(D);I) = M(K(D)), where,
for any ring K, M(K) is defined in [AP] (1993, 1994).

11. Normal linear ADG models and block-recursive normal linear systems.

Consider again the normal linear ADG model Ny n(L, D) in (6.9), where D is an
ADG as in Section 10 and L C R’*¥ is a D-subspace. An alternative interpretation of
this model can be obtained by means of the following block-triangular decomposition of
the set of covariance matrices associated with N (D):

Proposition 11.1.
P(D;I) = {A7'T(A™")" | Ae My(D;I), I = diag(I'j|v € V), T}y € P([v]),v € V}.
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Proof. By Proposition 4.2, if ¥ € P(D;I) then ¥! = A'T"1A, where A € M;(D;I)
is given by (recall (10.3)) Apy = —X,» X2y, v € V, and ' = diag(I',|v € V) is given
by T'jy] = Zpge, v € V. Conversely, if ¥ = A7'T(A™1)! for some A € My(D;I) and
I' = diag(T',j|v € V), T}y € P([v]),v € V, then for every z € R,

tr(Ntaat) = tr(T Az (Az)t) = Z(tr(f‘[;]l(a:[v] + Ape Tz )(-+4)) ‘ vE V).

By Propositions 4.1 and 4.2, this implies that ¥ is the unique element in P(D; 1) deter-
mined by Z[WZ;L = — Ay and X4 = I'y), v € V. This completes the proof.

By Proposition 11.1, y = (yj|v € V) € R*V is an observable stochastic variable
from the model Ny n(L, D) iff

(11.1) y=¢(+ A2

for some A € M;(D;I) and some £ € L, where z = (zy|v € V) € R is an unob-
servable stochastic variable such that z ~ N(0,I' ® 1) for some I' := diag(I'j,|v € V),
[y € P([v]), v € V. From Proposition 10.1, Remark 10.2, and the fact that any matrix
algebra containing 1; (thus M(D; 1)) is closed under matrix inversion, it follows that this
representation is equivalent to the relation

(11.2) Ay=p+=

for some A € M;(D;I) and some p € L. In turn, (11.2) is equivalent to the followingblock-
recursive normal linear system with block-recursive regression subspaces:

(11.3) Y] + Apr-Y<vr- = Bp) + 2), VEV,

for some Ap, € M([v]x <v>=),v € V, and some (pp,|v € V') € L. The recursive nature of
this system is determined by the acyclic property of D through the definition of y~,. and
through the D-subspace restriction on (up,|v € V) € L. Thus, the normal linear ADG
model Ny n(L, D) is equivalent to a block-recursive linear system (and conversely).

Recursive linear systems have appeared frequently in the statistics literature, for ex-
ample Wermuth (1980), Kiiveri et al (1984), Wermuth (1992), [AP] (1993, Remark 3.5),
Cox and Wermuth (1996), Lauritzen (1996), and even more often in the econometrics lit-
erature, e.g. Goldberger (1964), Bollen (1989). The normal linear ADG models comprise
the special subclass of recursive linear systems where the regression structure is so adapted
to the covariance structure that the model can be decomposed into a product of standard
MANOVA models, permitting explicit estimates and tests.

The representation of P(D;I) in Proposition 11.1 is equivalent to the representation
(11.5) P(D;I)"' = {A'A| A € M(D;I), A nonsingular}.

of P(D;I)~!. The following representation (11.6) of P(D; I) holds iff D is transitive. (Also
see Remark 2.4 of [AP] (1993).)
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Proposition 11.2.
(11.6) P(D;I)={AA"| A € M(D;I), A nonsingular}

if and only if D is transitive.

Proof. If D is transitive, then by Lemma 10.1 ((i) = (iii)), (11.5) is equivalent to (11.6).
Conversely, if (11.6) holds, then for any nonsingular A € M(D; 1), AA* € P(D;I). By
(11.5), A*A € P(D; 1)1, hence A~1(A™1)t € P(D;I). Thus, again by (11.6), there exists
B € M(D;I) such that A=1(A")~! = BB?, hence AB(AB)! = 1y, i.e., ' :== AB is an
orthogonal matrix. Since I' € M(D;I) = M(T(D);I) (Lemma 10.2) and M(T(D);I)
is an algebra of block-triangular matrices (see Remark 10.3 and apply Remark 2.1 of
[AP] (1993)), I' must be block-diagonal, i.e., u # v = Iy, = 0 (u,v € V). Therefore
A=t = BT—! € M(D; I); thus M(D:; I) is closed under matrix inversion, so D is transitive
by Lemma 10.1 ((iii) = (i)).

12. The maximal normal linear ADG model determined by a multivariate
regression subspace.

In a specific application with a multivariate observation space M(IxN) and covariance
structure of the form ¥ ®1 5, one might encounter a multivariate linear regression subspace
L C M(IxN) of the form

(12.1) L=x(L,|veV),

where V is an index set determining a partitioning

(12.2) I=U(L,|veV), I, #0,

and where for each v € V,

(12.3) L, is a MANOVA subspace of M(I, x N).

In general, (L,|v € V) may be a nonnested family of MANOVA subspaces, in the sense
that (K, |v € V) is a family of nonnested subspaces of R - recall (6.2). If the covariance
matrix ¥ is unrestricted, this constitutes Zellner’s (1982) seemingly unrelated regressions
(SUR) model, which does not admit explicit MLEs unless (K |v € V) is actually nested.
We now show how to determine a parsimonious set of covariance restrictions of ADG
Markov form such that the resulting multivariate normal linear regression model is a
normal linear ADG model, hence admits explicit MLEs as in Section 7. More precisely,
we show how to construct the unique maximal ADG D = D(L) such that L is a D-
subspace. The resulting normal linear ADG model Ny n(L,D(L)) is maximal in the
sense that if L is also an E-subspace for another ADG E, then N, n(L, E) is a submodel
of N7« n (L, D(L)). Examples of this construction are given in §13.2.
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For each v € V, set K, = K, (recall (6.2)). Without loss of generality we may
assume that the K, are distinct® subspaces of RY. Define D(L) to be the TADG with
vertex set V' and transitive binary relation <, defined as follows (compare to (iv) above):

(12.4) Yu,v eV, u<pv <= K, C K,.

By (12.1)-(12.4), L is a D(L)-subspace of M(I x N). In fact, D(L) is the maximal ADG
with this property:

Proposition 12.1. Let £ = (W, S) be another ADG with associated partitioning I =
U(Iy|w € w) such that L is also an E-subspace of M(IxN). Then there exists a surjective
ADG homomorphism ¢: E — D(L) that satisfies (9.1), hence N, n(L, E) is a submodel
of N[XN(L, D(L))

Proof. Define
J:={JCI|J#0, L;isa MANOVA subspace of M(JxN) }.

Clearly I, € J Yv € V. Note that if J € J and J' C J, then J' € J and K, = K.
Since K,, v € V, are distinct, each J € J therefore satisfies J C I, for exactly one v € V.
Thus the subsets I,,, v € V, are the maximal elements of 7.

Since L is an E-subspace, L, is a MANOVA subspace of M([w]xN) for each w € W
(recall our notation [w] := I,), hence [w] € J, so [w] C I, for exactly one v € V. Define
the mapping ¢ : W — V as follows: ¢ (w) = v iff [w] C I,,. Clearly v is surjective and
satisfies (9.1) and K., = Ky@w), w € W. Furthermore, if w <g w’ then K., C KL[w']
since L is an E-subspace (recall Remark 6.2(iii)"), hence Ky () € Ky(ywy. It follows from
(12.4) that ¥ (w) <, ¥(w'), hence ¥ is an ADG homomorphism. The final assertion follows
from Proposition 3.1.

Remark 12.1. If (K,|v € V) is a nested family of subspaces, i.e., totally ordered under
inclusion, then the maximal ADG D(L) constructed according to (12.4) is a complete
graph - every pair of its nodes is linked by an edge. Thus, under the resulting normal
model N7y n(L,D(L)), ¥ is unrestricted, i.e., P(D(L);I) = P(I). On the other hand, if
no pairwise inclusions hold in the family (K,|v € V'), then D(L) has no edges, so ¥ has a
block-diagonal form and the normal random variates z[,), v € V, are mutually independent
under the model Ny n(L, D(L)).

Remark 12.2. In [AP] (1994, Section 6) it was shown how to construct (L), the minimal
ring of subsets of I such that L is a IC(L)-subspace of M(IxN). The resulting normal LCI
model N v (L, (L)) was shown there to be maximal in the sense that if L is also an M-
subspace for a ring M of subsets of I, then Ny (L, M) is a submodel of Ny (L, KC(L)).
By the 1-1 correspondence between LCI models and TADG models established by [AMPT]

6 If, instead, K, = K, for some u # v, simply replace v and v by a single new element
called ©wU v and redefine V' accordingly, then define I, := I, U I, and Ly, := L, %X L, C
M(I,u, X N), again a MANOVA subspace. Then K, , = K, = K,.
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(1997, Theorem 4.1), this result also follows from the stronger result in Proposition 12.1 -
in fact, K(L) = K(D(L)) and Nyxn(L,K(L)) = Nrxn (L, D(L)).

We now generalize this construction of the maximal ADG D(L) as follows. Suppose
that we have not one but two multivariate linear regression subspaces L, M C M(I x N)
of the form given by (12.1)-(12.3):

X (Lylv € V)
X (My|lw e W),

L
M
where V, W are index sets that determine two partitionings

I=U(LveV)=Ul,lweW), I,I,#0,

and where (L,|v € V), (My|w € W) are two families of possibly nonnested MANOVA
subspaces with
L, CM(I,xN)
My, CM(I,xN) .

Suppose that we wish to determine a parsimonious set of covariance restrictions of ADG
Markov form such that both resulting multivariate normal linear regression models are
normal linear ADG models. That is, we wish to construct the maximal ADG D = D(L, M)
such that both L and M are D-subspaces. The resulting normal linear ADG models
Ny«n(L,D(L,M)) and N« (M, D(L,M)) are simultaneously maximal in the sense that
if L and M are also E-subspaces for another ADG FE, then Ny n(L, E) and Ny, n(M, E)
must be submodels of Ny, (L, D(L,M)) and Nyxn (M, D(L, M)), respectively.

This situation typically occurs when M C L and we wish to test £ € M vs. £ € L asin

Section 9. However, the following construction of D(L, M) does not require that M C L.
The ADG D(L, M) is defined to have vertex set

(12.5) V(L,M):= {(v,w) € VW | I, N L, # 0},
with the associated partitioning of the index set I given by
(12.6) I=U(Iw) | (v,w) € V(L,M)),
where, for (v,w) € V(L, M),

Iy =TI, NIy =: [v,w] # 0.

Then

X(L[%w] | (v,w) € V(L,M)),
><(‘7\4[11,10] ’ (va) € V(L,M)),

L
(12.7) o
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and for each (v, w) € V(L, M), L ) and My, ,,) are MANOVA subspaces of M([v, w]xN)
such that

(12.8)

As before, we may assume that (K |v € V) and (K, |w € W) are families of distinct
subspaces of R, so that ((Kp,, K, ) | (v,w) € V(L,M)) is a family of distinct pairs of
subspaces of RV, i.e.,

(12.9) (v,w) # (v, w') = K, # K, or Ky, # K, (or both).

Now define D(L, M) to be the TADG with vertex set V (L, M) and transitive binary
relation <y, ps defined as follows:
(12.10)
Y(v,w), (v, w') € V(L,M), (v,w)<pnm (v ,v') <= (Ki,,Km,) C (Kr,,, K, ),

where (Kp,, Kn,, ) C (K, , K, ) is defined to mean that Ky, € Kr , and Ky, € Ky,
with at least one proper inclusion. It follows from (12.6)-(12.8) and (12.10) that both L
and M are D(L, M)-subspaces of M(I x N). We now show that D(L,M) is the unique
maximal ADG with this property.

Proposition 12.2. Let E = (U, S) be another ADG, with associated partitioning I =
U(I,|u € U) such that L and M are also E-subspaces of M(I x N). Then there exists a
surjective ADG homomorphism : F — D(L, M) such that

(12.11) Tww) =U(L, |ueUt(u) = (v,w)), veV,

hence N, n(L, E) is a submodel of Ny n(L, D(L)).
Proof. Define

J:={JCI|J#0, Ly and M; are MANOVA subspaces of M(JxN) }.

Clearly I(, ) € J V(v,w) € V(L,M). Note that if J € J and J' C J, then J' € J
and K1, = Kr,, Ky, = Kur,. By (12.9), each J € J therefore satisfies J C I, ,,) for
exactly one (v,w) € V(L, M). Thus the subsets I, ., (v,w) € V(L, M), are the maximal
elements of J.

Since L and M are E-subspaces, L, and M, are MANOVA subspaces of M([u]xN)
for each u € U ([u] := I,). Therefore [u] € J and [u] C I, ) for exactly one (v,w) =
(v(u),w(u)) € V(L, M), so we may define ¢ : U — V (L, M) by ¥(u) = (v(u), w(u)). Then
1 is surjective and satisfies (12.11) and, for w € W,

(12.12) vl



Furthermore, if u < v’ then

Kr,, € K.,

(12.13)
Ky, € Ky,

since L and M are E-subspaces (recall Remark 6.2(iii)”), so ¥ (u) <. ¥(u') by (12.10)

and (12.12). Thus ¢ is an ADG homomorphism. The final assertion again follows from

Proposition 3.1.

This construction of D(L, M) can be extended in an obvious way to the case of three
or more regression subspaces of the form given by (12.1)-(12.3).

Remark 12.3. For a fixed ADG D, Definition 6.2, Remark 6.2, and Proposition 10.1
provide several characterizations of the set of all D-subspaces. Two ADGs D, D’ with
the same vertex set V' are called Markov equivalent if they determine the same Markov
model, i.e., if P(D;X) = P(D’; X) for all X. A discussion of Markov equivalence of ADGs,
including the necessary and sufficient graphical condition for Markov equivalence, can be
found in [AMP] (1997b). If D and D’ are Markov equivalent but not identical, the set of
all D-subspaces will not be identical to the set of all D’-subspaces. For example, using
notation similar to that of Example 4 in Section 13, D := 1 — 2 and D’ := 1 < 2 both
determine the same (vacuous) Markov condition, but L = Lj;)x Ly is a D-subspace (resp.,
D'-subspace) iff the associated subspaces K1, Ky C R" satisfy K1 C Ko (resp., K1 D K»).
Similarly, D :=1 — 2 — 3 and D’ := 1 «+ 2 « 3 both determine the same (non-trivial)
Markov condition 1 1L 3 | 2, but L = Lj;jxLigx L3 is a D-subspace (resp., D’-subspace) iff
the associated subspaces K1, Ko, K3 C RY satisfy K; C Ky C K3 (resp., K1 2 Ky D K3).

Let [D] denote the Markov-equivalence class of ADGs that contains D. Note that
if D' € [D] then N;(D) = Ny(D’), hence we denote this normal covariance model by
N;([D]). We say that L is a [D]-subspace if L is a D’-subspace for some D’ € [D]; in this
case Ny n(L,D’) is a normal linear ADG model with the same covariance structure as
N;([D]). Tt is therefore of statistical interest to characterize the set of all [D]-subspaces.
A characterization that depends on the essential graph D* associated with [D] (cf. [AMP]
(1997b)) will be presented in a subsequent paper.

13. Examples.

In §13.1, nine examples of normal linear ADG models Ny, (L, D) as defined and
developed in Sections 4, 6, and 7 are presented. In each example the index sets I and N are
{1,2,3,4} and {1,...,n} (n > 4), respectively, so that the model consists of n independent
4-variate normal observations x1,...,x,, each with the same unknown covariance matrix
Y € P(D;1); as before, set

y:=(1,...,2n) € M(IXN)

and ¢ := E(y). For each model N;y n(L,D), we specify the ADG D = (V,R), the
associated partitioning I = U(I,Jv € V), and the Markov conditions they determine;
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the D-linear regression subspace L C M(Ix N), its representation L = X (Lj,jlv € V) as a
product of MANOVA subspaces, the linear subspace K, C R” associated with each Ly
(cf. (6.2)), and p, = dim(K,); the D-parameters Tp(&, %) = ((ty, By, Ay)|v € V') and the
necessary and sufficient condition (7.2) for the a.e. existence of the MLE (£, ) under the
model. In Examples 4-9 we also apply the algebraic characterization in Proposition 10.1
to verify that L is a D-subspace.

In §13.2, we illustrate the construction (12.4) of the maximal ADG D(L) determined
by a linear subspace L C M(I x N) given by (12.1)-(12.3).

In §13.3, nested pairs of the models in Examples 2-9 are selected to illustrate the
general testing problem (9.2) for normal linear ADG models in Section 9. In Example
10 we show that in a 4-variate two-way MANOVA model with no interactions, under a
suitable ADG Markov assumption it is possible simultaneously to test the hypotheses of
no row effects for one variable, no column effects for a second, and no row or column effects
for a third.

13.1. Normal linear ADG models.

In Examples 1-9, the D-subspace L is taken to be of the form
(13.1) L=LB):={BZ|BeB}
(compare to (6.4)), where

bii b1z b1z bus
ba1  baa Doz bog

B e M(IxT
bs1 b3z b33 b3 ( )
by baz baz bas

is a matrix of unknown regression coefficients (1" := {1, 2, 3,4}),

Z11 212 e Z1n Z1
<31 <32 ... Z3n <3
zZ41 Z42 e Zan z4

is a known design matrix of full rank 4, and B is a linear subspace of M(I xT') that
determines L.

Example 1. Let D = (V| R) be the trivial ADG with only one node, i.e., V := {v1234},
and R = (). For convenience we abbreviate v1234 by 1234. Then I is partitioned trivially
as

(13.2) I = Iypgq = [1234] := {1,2,3,4}

and the Markov condition is vacuous, so P(D;I) = P(I), i.e., ¥ is unrestricted. Set
B =M(IxT) in (13.1), i.e., B is unrestricted, so that

(13.3) L=R'®K
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where
(13.4) K =row(Z) = span(z1, 29, 23, 24).

Then Ljj234 = L, a MANOVA subspace, and the corresponding subspace Kio34 = K.
Thus, trivially, L is a D-subspace by Definition 6.2 and Ny (L, D) is a normal linear ADG
model, namely the MANOVA model N, n(L). Since <1234>= (), for (£,X) € L x P(I)
the D-parameters 7(§, ) are

(13.5) pi2sa =&, Piaza =0, Ajoza =2,

Since p1a3q := tr(Piage) = 4 and | <1234 = | = 4, condition (7.2) for the existence of the
MLEs &,% is n > 8.

Example 2. Here we consider the same model N, n(L, D) as in Example 1 but with
a different (finer) parameterization. Let V := {v1,ve3,v4} = {1,23,4} and let D be the
following ADG:

4
/N
1 — 23
Partition I as
(13.6) I = U301l = [1]U[23]U[4] := {1}U{2, 3}U{4}.

Again the Markov condition is vacuous, so P(D;I) = P(I). Take B, L, K as in Example
1, but represent L equivalently as

(137) L= L[l} XL[23] XL[4},

where

(13.8) Ly = RP @ K3

with

(139) K1 = K23 = K4 =K = span (21722,23, 24) .

That L is a D-subspace is immediate from Definition 6.2 and Remark 6.2(iii)"”. Since
<1==10,<23>== {1}, and <4 == {1,2,3}, for ({,%) € L x P(I) the D-parameters
w(€,X) are
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(13.10)
p1 = &1y fr=0 Ay =2y
—1 —1
f23 = §12,3y — 22,33 {1} 211, €(1) Baz = L2313 Xy Aoz = S(2.31e(1}
pe =€y~ Sy S nem i f1=SmpenShag A= Sigen2s) -

Since py = pag =pg =4 and | 1= | =1, 223> | =2, | 4= | = 4, condition (7.2)
again becomes n > 8.

The MANOVA model in Examples 1 and 2 properly contains each of the normal linear
ADG models in Examples 3-9.

Example 3. Let the ADG D and the associated partitioning of I be as in Example
2, so again P(D;I) = P(I). Now define

B = {B | b2 = bi3 = bia = bys = b3y =0},
so that B is the set of all B € M(I xT) of the form
bin O 0 0
B ba1 boa b2z O

bs1 bz b3z O
byr  baz baz bay

Again L is given by (13.7) and (13.8), where now

K1 = span(z1)
(13.11) Ko3 = span(z1, 22, 23)

K4 = span(zy, 29, 23, 24) -
Then
(13.12) Ky C Ka3 C Ky,

so it follows from Definition 6.2 and Remark 6.2(iii)” that L is a D-subspace. (Conversely,
were Ky ¢ Koz or Kog € K4, L would not be a D-subspace, since (iii)” would be violated.)
Because D is the same as in Example 2, for ({,%) € LxP(I) the D-parameters 7(&, )
remain the same as in (13.10) (although the ranges Lp;) and L3 of p1 and pgs3 are
different). Since p1 = 1, pes = 3, py = 4 and again | <1 > | =1, 23 = | = 2,
| 4> | =4, condition (7.2) remains n > 8.

In Examples 4-9 we take V' := {v1,v9,v3,v4} = {1,2,3,4} and partition I simply as
(13.13) I = LULUIUIL, = [1)U[2)U[3]U[4] := {1}U{2}U{3}U{4}.
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Example 4. Let D be the following ADG:

1 —3+«—2

L
4

From Definition 4.2, the Markov conditions determined by D and the above partitioning of
ITLare 1 1l 2 and 4 1L 1] 2,3, which determine P(D;I) according to Definition 4.2. Define

B = {B | bi2 = b13 = b1a = bay = bag = basg = b3y = 0},
so that B is the set of all B € M(I xT) of the form

by 0 O 0
0 b O 0

B =
bs1 b3 b3z O
ba1 baz baz b
Now
(13.14) L= L[l] XL[2] XL[g] X L[4],
where
(13.15) Ly=RUI® K, i=1,2,34,
with
K7 = span(z1)
Ko = span(z
(13.16) 2 pan(22)
K3 = span(zy, 29, 23)
K4 = span(zy, 29, 23, 24) -
Then
K C Ky CK
(13.17) R
Ky C K3 C Ky ,

so it follows from Definition 6.2 and Remark 6.2(iii)” that L is a D-subspace. Since
<1>===<2>=10, <3>={1,2}, and <4 >= {2,3}, for (§,X) € LxP(D;I) the
D-parameters 7(§, X)) are
p1 =&y f1=0 Ay = X1y
318) o ) P2 =0 Ay = Xy

. — —1
ps =€y~ Snatnnéng B=3603500 Ay =Sy
pa =& — Sy te s e A =SmenSng A= S -
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Sincepy =p2=1,p3 =3, pr=4and | 1= |=|=22=|=1[=23=|=]=24=]=3,
condition (7.2) becomes n > 7.

To illustrate the use of Proposition 10.1 to verify that L is a D-subspace, first note
that the linear class M(D; I) defined in (10.1) here consists of all A € M(I) of the form

al 0 0 0
0 a9 0 0

az1 as2 azz O
0 a4z 43 ag4

A—

Then M(D;1)B C B, so M(D;I)L C L (recall (13.1)), hence L is a D-subspace by (10.4).
Example 5. Let D be the following ADG:

1 —3«—2

!
4

The Markov conditions determined by D are 1 1l 2 and 4 1L 1,2 | 3. Define B and L as
in Example 4, so that Lj;, K;, and p;, ¢ = 1,2, 3,4, remain the same as in that example.
By (13.17), it follows from Definition 6.2 and Remark 6.2(iii)” that L is a D-subspace.
Again <1>=<2%= 0 and <3 >= {1,2} but now <4 > = {3}, so the D-parameters
((wi, Bi, As) | i =1,2,3) remain the same as in Example 2 but now

—1 -1
(13.19) pa = §ay — Va5 88y, Oa = By Xigy, A= Sayeqsy-

Also | 21> | =] =<2>|=1and | 3> | = 3, while now | 4> | = 2, so condition (7.2)
changes to n > 6.

The transitive closures T'(D) are identical for the ADGs D in Examples 4 and 5, i.e.,
in both examples T'(D) is the TADG

1 —3+«—2

(13.20) NS
4

It follows that the families of D-subspaces coincide in Examples 4 and 5.
Example 6. Let D be the following ADG:

1—4

! T.
2—3

The Markov conditions determined by D are 3 1L 1|2 and 4 1L 2| 1,3. Define
B = {B | bi1 = bi2 = b1z = b14, bag = baz = bas, b3z = baa},
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so that B is the set of all B € M(I xT) of the form

ap ap ap ai
by ba b2 by
C1 C2 C3 C3
di dy d3 dy

Sy
Il

Then L is given by (13.14) and (13.15) where now

Ky = span(z1 + 22 + 23 + 24)
Ko = span(z1, 22 + 23 + 24)

(
(

K3 = span(z1, 22, 23 + 24)
(

(13.21) '
1
Ky = span(z1, 22, 23, 24) -
Since
(1322) Ki Cc Ky C Kg C K4,

it follows from Definition 6.2 and Remark 6.2(iii)” that L is a D-subspace. Since <1> =),
<2»= {1}, <3>== {2}, and <4>={1,3}, for (¢,X) € LxP(D;I) the D-parameters
w(£,X) are

w1 =&y p1=0 A =3
1 —1
(15,2 p2 = oy — B2y X&) Pr =250y Ar = Epayeq
13 = &3 — a2 S 5642} Bs =S As = Siajeqa
pa = &ay — 2{4}{1,3}2{711,3}5{173} Ba = 2{4}{1,3}2{_1173} Ay = Sgayeqizy -
Since p; = i,i =1,2,3,4and [ 21= | =1, | 222 |=|=23=|=2,| 4= | =3, (7.2)

becomes n > 7.
Here the linear class M(D; I) in (10.1) consists of all A € M(I) of the form

al 0 0 0
| a1 ax O 0
A= 0 az2 azz O

as1 0 asz ags

Then M(D;I)B C B, so M(D;I)L C L (recall (13.1)), hence L is a D-subspace by
Proposition 10.1.

Example 7. Let D be the following ADG:

1 4
! T.
2—3
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The Markov conditions determined by D are 3 1L 1 | 2 and 4 1l 1,2 | 3. Let B, L,
and Ly, K7, @ = 1,2,3,4, be the same as in Example 6, so again L is a D-subspace.
Since < 1>= 0, <2>= {1}, <3 >= {2} but now <4 >= {3}, the D-parameters
((wi, Bis Ai) | 1 =1,2,3) remain the same as in Example 6 but now

—1 -1

(13.24) e = &ray — By X6 b= By X Aa = Sageqsy
Since p; = i,i = 1,2,3,4and | <1»= | =1, | <2> | =| <3>= | = | <4> | =2, (7.2)
becomes n > 6.

The transitive closures T'(D) are identical for the ADGs D in Examples 6 and 7, i.e.,
T(D) is the TADG

1—14

(13.25) X1
2—3

in both examples. Therefore, the families of D-subspaces coincide in Examples 6 and 7.
Example 8. Let D be the following ADG:

1—3

! L
2—4

The Markov conditions determined by D are 2 1l 3|1 and 4 1l 1| 2,3. Define
B = {B| b11 = b1z = b1z = b14, ba1 = baa, baz = bay, b3y = b33, b3 = b3s},
so that B is the set of all B € M(I xT) of the form

a; ap aip a

po |t bbb
C1 Co C1 Co
di doy dz dy

Then L can be expressed by (13.14) and (13.15), where now

Ky = span(z1 + 22 + 23 + 24)

(
(13.26) Ko = span(z1 + 22, 23 + 24)
’ K3 = span(zy + 23,22 + 24)
K4 = span(z1, 22, 23, 24) -
Since
(13 27) K Cc Ko C Ky
’ K1 - K3 - K4 ,
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it follows from Definition 6.2 and Remark 6.2(iii)” that L is a D-subspace. Again <1> = (),
<2>= {1} but now <3>= {1}, <4>= {2, 3}, the D-parameters ( (u;, 8, Ai) | i =1,2)
remain the same as in Examples 6 and 7 but now

—1 —1
(13.28) 3 = g3y — Bapy2qyén B =XpmXy As = Sspeq1)
pa =6y — S Spa e A=SmesnSne A= Sz -
Sincep1 =1, po=p3=2,py=4and | 1= |=1,| 2= |=|=23=|=2,| 4= | =3,
(7.2)isn >T.

In this example, the linear class M(D;I) in (10.1) consists of all A € M(I) of the

form
ai; 0 0 0

o ao1 04922 0 0
A= azr 0 azz O
0 a2 a43 ag
Here again M(D;1)B C B, so M(D;I)L C L by (13.1) and Proposition 10.1 implies that
L is a D-subspace.

Example 9. Let D be the following ADG:

1—3
! 1
2 4

The Markov conditions determined by D are 2 1l 3,4 |1 and 4 1l 1,2 | 3. Define
B = {B | bi1 = bi2 = b1z = b4, b1 = baz, baz = baa, b31 = b33, b3z = bzs, ba1 = buz},
so that B is the set of all B € M(I xT) of the form

ay; ap aip a

p= |0 b b2 b
C1 C9 C1 Co
di dy di d3

Again L is given by (13.14) and (13.15), where now

Ky = span(z + 22 + 23 + 24)
Ko = span(z1 + 29,23 + 2
(13'29) 2 p ( 1 2,23 4)
K3 = span(zy + 23, 22 + 24)
K, = span(z1 + 23, 22, 24) -
Because
K CcK
(13.30) e
K1 C K3 C K4 ,
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it follows from Definition 6.2 and Remark 6.2(iii)"” that L is a D-subspace. Since < 1> = (),
<2>= {1}, <3>= {1} but <4 == {3}, the D-parameters ( (u;,3:;,\;) | i = 1,2,3)
remain the same as in Example 8 but here

—1 —1

(13.31) pa=Eay — Dy Ser P = Sy, A= Bageqsy -

Since py =1, po=p3=2,py=3and | 1= |=1,| 2> |=|=3=|=]| 4> | =2,
(7.2) isn > 5.

In this example, the linear class M(D; ) in (10.1) consists of all A € M(I) of the
form

ai 0 0 0

| a1 a2 O 0
A= azr 0 a3z O
0 0 a4z aus

Again M(D;I)B C B so M(D;I)L C L, hence L is a D-subspace by Proposition 10.1.

13.2. Construction of the maximal ADG model D(L).

In order to illustrate the construction of the maximal ADG D(L) associated with a
given regression subspace L C M(I x N), first take L to be the subspace occurring in
Examples 4 and 5. There we saw that L can be expressed in the form given by (13.14)-
(13.16). By (12.4) and (13.17), D(L) is the TADG in (13.20) with associated Markov
condition 1 Il 2, which is less restrictive than the Markov conditions determined by the
ADGs D in Examples 4 and 5. Thus the normal linear ADG model Ny n (L, D(L)) is
less restrictive than the models Ny n(L, D) in these two examples, as guaranteed by
Proposition 12.1.

Next take L to be the subspace occurring in Examples 6 and 7, so that L is given by
(13.14), (13.15), and (13.21). By (12.4) and (13.22), D(L) is the TADG in (13.25), a com-
plete graph with vacuous Markov condition - recall Remark 12.1. Again, the normal linear
ADG model N n (L, D(L)) is less restrictive than the models N n(L, D) in Examples
6 and 7, as implied by Proposition 12.1.

Now take L be the subspace occurring in Example 8, so that now L is given by (13.14),
(13.15), and (13.26). By (12.4) and (13.27), D(L) is the TADG

1—3

(13.32) A N
2—4

with Markov condition 2 Il 3 | 1, again less restrictive than the Markov condition deter-
mined by the ADG D in Example 8.

Lastly, let L be the subspace occurring in Example 9, so that L is given by (13.14),
(13.15), and (13.29). Then by (12.4) and (13.30), D(L) is the TADG

1—3

(13.33) I VR
2 4
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with Markov conditions 2 1l 3,4 | 1 and 4 Il 2| 1, 3, again less restrictive than the Markov
conditions determined by the ADG D in Example 9.

13.3. Testing normal linear ADG models.

We now exhibit nested pairs of the models in Examples 1-9 in order to illustrate the
submodel relation in the general testing problem (9.2). Denote the ADG D = (V, R)
and the D-subspace L occurring in Example ¢, ¢ = 1,...,9 by D; = (V;, R;) and L;,
respectively, and let N; denote the normal linear ADG model Ny, n(L;, D;). We shall
verify the following relations among these models:

N5CN4CN3CN2:N1
(13.34) N7 C Ng C Ny
Ny € Ng C Ny .

From their definitions,
L5:L4CL3CL2:L1
L7 = Le C Lo
Lo C Lg C Loy .

Since D3 = D, we have N3 C Nj. To show that N(D;) C N(D;) and therefore that
N; C Nj in the remaining cases in (13.34), we must exhibit a proper surjective ADG
homomorphism 1 = 1;;: D; — D; that satisfies (9.1) with W =V, V = V.

For (i,7) = (2,1) we have Vo = {1,23,4} and V; = {1234}; thus we may define
P(1) = (23) = ¢¥(4) := 1234. Trivially, ¢: Do — Dy is a surjective ADG homomorphism
that satisfies (9.1), hence N(D3) C N(D;), but 9 is not proper and in fact N(Dsy) =
N(D;), so Ny = N;y. For (i,7) = (4,3), (6,2), and (8,2) we have V; = {1,2,3,4} and
V; = {1,23,4}; thus define ¥(1) := 1, ¥(2) = ¢(3) := 23, ¥(4) := 4. In each of these three
cases it is readily verified that 1: D; — Dj is a proper surjective ADG homomorphism
satisfying (9.1), hence N(D;) C N(D;), so N; C Nj; for (4,5) = (4,3), (6,2), (8,2). For
(4,7) = (5,4), (7,6), and (9,8) we have V; = V; = {1,2,3,4}; thus define ¢ := id{1 34}
Again, in each case ¢¥: D; — D; is a proper surjective ADG homomorphism satisfying
(9.1), hence N(D;) C N(D;), so N; C N; for (4,j) = (5,4), (7,6), (9,8).

For each nested pair N; C Nj, the LR statistic A;; for testing N; vs. Nj is given by
(9.6). As an illustration, for (7,j) = (4, 3), the LR statistic Ay3 is given by

2/n 1S3 1E 2,330 013151430 (1,2,3} |
43

B0y ]1Z0¢23 120310 11,2} | Soayerz,3) |

Example 10. (4-variate two-way MANOVA layout with no interactions and ADG Markov
structure.) Asin Example 4, let I = {1,2,3,4} and now let N := RxC (= rows x columns),
n = |R||C], so that we observe
2
(2
Y= (Tipe |1 €1, 7 €R, c€C)c RIXEXC = NONE

2@
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where () := (24 | r € R, c € C) € REXC. Assume that E(y) has the usual additive form
given by

(13.35) E(Zire) = air + Bic, 1€ 1,7 €R, c€C,
where a;,., B;c € R. Equivalently, E(y) € L, where
L=R'@ KcM(IxRxC)
is the MANOVA subspace with
K:={(oay+B: |7 €R,ceC)|(a|r € R) €RE, (B|c € C) e RY} Cc RF*C.

As in Example 1, let D be the trivial ADG with V' = {1234} and associated trivial
partitioning I1234 = [1234] := {1, 2, 3,4}, so that L is a D-subspace and N;xrxc(L, D) is
a normal linear ADG model, in fact a normal MANOVA model with unrestricted covariance
structure. Since p;, = |R|+|C|—1 and | <1234 > | = 4, condition (7.2) for the a.e. existence
of the MLE is |R||C| > |R| + |C]| + 3.

Suppose that we wish simultaneously to test the hypotheses that z(!) has no row or
column effects, 2(?) has no column effects, and z(® has no row effects, i.e.,

(1336) E<m1rc> =7, E($2TC) = Qyp, E<m3rc> = ﬂca E($4rc) = Oé; +6(/;7 re Rv cec C;

where v, .., Bc, al., 3. € R. This combined hypothesis can be expressed equivalently as
E(y) € M, where
M = Mm XM[Z] XMB} XM[4] C M(IXRXC)

with M) = Rl @ K;,i=1,2,3,4, and where the subspaces K; C RE*C are given by
K, = {(7’T€R,C€C>|")/€R},

Ky :={(ar|7€R,ce€C)|(a]r € R) GRR},
Ks:={(B:.|r € R,ce )| (B:|ceC)eRY,

and K, := K. Since M is not a D-subspace, we cannot test Hy;p vs. Hp p (recall (9.5)
in Remark 9.1) by exact classical methods.

Instead, consider E := D(M), the maximal ADG FE such that M is an E-subspace of
M(IxRx(C), with the associated partitioning of I as in Example 4. Since K1 C Ko C K4
and K1 C K3 C K4, E = D(M) is the TADG in (13.32) with Markov condition 2 L
3| 1. Then ¢: E — D given by ¥ (i) := 1234, i = 1,2,3,4, is a proper surjective ADG
homomorphism satisfying (9.1), so we can test exactly either Hys g vs. Hr p or Hyr g vs.
Hp g (recall (9.3) and (9.4)). Let p; = dim(Kj;), i = 1,2,3,4. Since p; =1, po = |R| — 1,
p3 = ’C’—l,p4 = ’R’+|C|_1 and7 fOI‘E, ‘jlt’ = 17 ’j2t| — ‘jgi’ :27 ’j4t| :4,
the condition in Proposition 9.1 for a.e. existence of the LR statistic for testing Hys g vs.
Hp g is also |R||C| > |R| + |C| + 3, the same as for testing Hy g vs. Hr p. Thus, when
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this condition holds, by imposing the parsimonious constraint 2 1l 3 | 1 on the covariance
structure we can test (13.35) vs. (13.36) by exact classical methods.
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