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Abstract

Lattice conditional independence (LCI) models for multivariate normal data recently have been
introduced for the analysis of non-monotone missing data patterns and of nonnested dependent
linear regression models (= seemingly unrelated regressions). It is shown here that the class of
LCI models coincides with a subclass of the class of graphical Markov models determined by
acyclic digraphs (ADGs), namely, the subclass of transitive ADG models. An explicit graph-
theoretic characterization of those ADGs that are Markov equivalent to some transitive ADG is
obtained. This characterization allows one to determine whether a specific ADG D is Markov
equivalent to some transitive ADG, hence to some LCI model, in polynomial time, without an
exhaustive search of the (possibly superexponentially large) equivalence class [D]. These results
do not require the existence or positivity of joint densities.

1. Introduction: Graphical Markov Models.

The use of directed graphs to represent possible dependencies among statistical
variables dates back to the work of Sewall Wright (1921) in population genetics and has
since generated considerable research activity in the social, natural, engineering, and
computational sciences. Both directed and undirected graphs have found extensive
applications: the former as "path diagrams" for structural equation models in
psychometrics and econometrics, as "Bayesian networks" for expert systems in artificial
intelligence, and as "influence diagrams" in operations research and management
science, the latter as models of dependence for spatial stochastic processes, image
analysis, and contingency tables. The books by Pearl (1988), Whittaker [W] (1990),
Spirtes, Glymour, and Scheines (1993), Edwards (1995), Cox and Wermuth (1996),
Lauritzen [L] (1996), and Jensen (1996) nicely describe these developments.

Since 1980, particular attention has been directed to graphical Markov models
determined by conditional independence relations among the variables, i.e., by the
Markov properties specified by the graph (cf. Figure 1.1). Graphical Markov models
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determined by acyclic directed graphs (ADGs), formally defined in Section 2, admit
especially simple statistical analysis. In particular, ADG models admit convenient
recursive factorizations of their joint probability density functions (pdf) (Lauritzen et al
(1990)), provide an elegant framework for Bayesian analysis (Spiegelhalter and
Lauritzen (1990)), and, in expert system applications, allow simple causal
interpretations (Lauritzen and Spiegelhalter (1988)). In the multivariate normal and
multinomial cases, the likelihood function (LF) (i.e., both the joint probability density
function and the parameter space) factorizes recursively, which yields explicit
maximum likelihood estimates (MLE) and likelihood ratio tests (LRT) - cf. [W] (1990),
[L] (1996), and Andersson and Perlman [AP] (1996). The only undirected graphical
(UG) models that provide these conveniences are the decomposable models, those UG
models that have the same Markov properties as ADG models (Wermuth and Lauritzen
(1993), Dawid and Lauritzen (1993), Andersson, Madigan, and Perlman [AMP] (1996a)).
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Figure 1.1. Four acyclic digraphs with the vertex set V ={a, b, c}. The first
three graphs are Markov equivalent: each specifies the single conditional
independence X, L X | X, abbreviated as b.lc]a, while the joint pdf factors
as f(a, b, c) = f(b)f(a]b)f(c]a) = f(b]a)f(@)f(c]a) = f(b]a)(a]c)f(c). The fourth
graph specifies the independence b_Lc and the factorization f(b)f(a] b, c)f(c).

For these reasons, ADG models have become popular across a wide range of
applications; see, for example, Lauritzen and Spiegelhalter (1988), Pearl (1988),
Neapolitan (1990), Spiegelhalter and Lauritzen (1990), Spiegelhalter et al (1993),
Madigan and Raftery (1994), and York et al (1995). Indeed, the active “Uncertainty in
Artificial Intelligence” community focuses much of its effort on ADG models.

Lattice conditional independence (LCI) models were introduced by [AP] (1988, 1993)
under the additional assumption of multivariate normality, motivated by analogy with
the lattice structure of balanced ANOVA designs (cf. Andersson (1990)). In an LCI
model, formally defined in Sections 4 and 7, conditional independence relations among
the variables are specified by the intersection properties of a finite distributive lattice (cf.
Figure 1.2). LCI models share the desirable statistical properties of ADG models: the
LF factors recursively, again yielding explicit MLEs and LRTSs in the multinomial and
multivariate normal cases ([AP] (1993, 1995a, 1995b), Perlman and Wu [PW] (1996)).
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Figure 1.2. A finite distributive lattice, represented as a ring K of subsets
of {a, b, ¢} =1 (cf. 87). The LCI model L(K) specifies the conditional
independence {a,b}L{a,c}|{a}, or equivalently, blc]a, and the joint pdf
factors as f(a, b, ¢) = f(b Ja)f(a)f(c]a).

In the multivariate normal and multinomial cases, LCI models are precisely suited
for the analysis of non-monotone missing data patterns ([AP] (1991), [PW] (1996)).

Suppose, for example, that X;,...,. X, is a sample from a p-variate normal distribution
with unknown mean and covariance, and that for each j = 1,...,n only a subvector (Xj)KJ.

is observed, where, for K c {1,...,p}, Xk := (Xjli e K). The set S :=(Kj]j =1,...,n) is the
observed data pattern. It is well known that if S is monotone, i.e., totally ordered under
inclusion, then the likelihood function (LF) based on the observed data factors
recursively into a product of conditional normal LFs, allowing explicit likelihood
analysis by standard linear methods (Anderson (1957)). If S is non-monotone, however,
no such factorization exists. In this case, if we let K = K(S) be the ring of subsets of
{1,...,p} generated by S and impose the parsimonious set of Cl constraints determined by
the LCI model L(K) (87), then the joint LF does factor recursively and explicit likelihood
analysis by standard linear methods is again possible. (For example, if p=3and S =
{{1,2}, {1,3}, {1,2,3}}, then K = {g, {1}, {1,2}, {1,3}, {1,2,3}} has the form shown in Figure 1.2
and the CI constraint specified by L(K) isjust213]1.)

Similarly, LCI models are precisely suited for the analysis of a family of non-nested,
dependent univariate regression models ([AP] (1994)), which includes Zellner's (1962)
well-known seemingly unrelated regressions model as a special case. Analogously to the
missing data problem, if the family {Uy,..., Uy} of regression subspaces is nested, then
under the assumption of normality the joint LF factors recursively and standard linear
regression methods apply. No such recursive factorization exists in the non-nested
case, but the poset formed by the regression subspaces {Uy,..., Up} under inclusion
determines (see 87) a ring K of subsets of {1,..., p} such that if the CI constraints
determined by the LCI model L(K) are imposed, then the LF factors recursively and
admits an explicit likelihood analysis. Furthermore, this set of Cl constraints is
parsimonious (minimal) not only with respect to the class of all LCI models that allow a
recursive factorization for the combined regression problem but also with respect to the



larger (84) class of all ADG models that allow such a recursive factorization ([AP] (1996)). In
this sense, LCI models form a distinguished subclass (84) of the class of ADG models.

These considerations have raised the following question: what is the exact relation
between the classes of LCI and ADG models? AMP and Triggs [AMPT] (1995) showed
that if consideration is restricted to multivariate distributions with positive joint densities,
then the class of LCI models coincides with a subclass of the class of ADG models,
namely, the subclass determined by all transitive ADGs (see Section 3). The first
purpose of the present paper is to show that this restriction on the densities can be
dropped; in fact, not even the existence of joint densities need be assumed. This result,
developed in Sections 2 - 4, appears as Theorem 4.1.

Next we consider the question of whether a specific ADG D determines a statistical
model that coincides with some LCI model, i.e., whether D is Markov equivalent to some
LCI model. One may apply a standard polynomial-time algorithm! to determine
whether D is transitive; if so, then the answer is yes, by Theorem 4.1. If D is not
transitive, however, the answer is not necessarily no, for the following reason. Whereas
at most one undirected graph can be associated with a given graphical Markov model,
there may be several (often many) ADGs that determine the same Markov model - see
Figure 1.1 and Section 5 for examples. The family of all ADGs with a given set of
vertices is naturally partitioned into Markov-equivalence classes, each class being
associated with a unique statistical model. Although D may not be transitive, its
Markov-equivalence class may contain a transitive ADG, in which case D is Markov
equivalent to some LCI model.

Thus, in order to determine whether a specific ADG D is Markov equivalent to some
LCI model, one must answer the following more complex question: does the Markov-
equivalence class [D] contain at least one transitive ADG? This can be decided by
exhaustive search of all members of [D] (see Section 5), but since [D] can be super-
exponentially large, exhaustive search of [D] is computationally unfeasible for large
graphs. The second main purpose of this paper is to provide a computationally feasible
characterization, based on the essential graph D* , of those D such that [D] contains at
least one transitive ADG and therefore is Markov equivalent to some LCI model.

[AMP] (1996b) show that for each ADG D, the equivalence class [D] can be uniquely
represented by a certain Markov-equivalent chain graph? D*, the essential graph3

1Such algorithms require at most O(n3) operations, where n is the number of vertices.
2Chain graphs (= adicyclic graphs) may have both directed and undirected edges but may contain no
(partially) directed cycles; they include both ADGs and UGs as special cases.



associated with the equivalence class. They present an explicit characterization of those
graphs G such that G = D* for some ADG D, then apply this characterization to obtain a
polynomial-time algorithm# for constructing D* from D. These results are reviewed in
Section 5 of the present paper. In Section 6, we characterize those essential graphs D*
that are Markov equivalent to some transitive ADG and show that this characterization
can be verified in polynomial time. Combined with the algorithm for constructing D*
from D, this establishes the computational feasibility of determining whether a specific
ADG model is Markov equivalent to some LCI model. Also, we present an orientation
algorithm that produces a Markov-equivalent transitive ADG from D* if one exists.

In the statistical applications of LCI models reviewed above, the finite distributive
lattice determining the LCI model is presented as a ring of subsets. In Section 7 we
relate this representation to the general definition of an LCI model given in Section 4.

Some basic definitions, and terminology concerning graphs are summarized in the
Appendix, which the reader is invited to review first.

The representation of an LCI model as a transitive ADG model was first suggested
by Steffen Lauritzen, whom we thank for many helpful suggestions.

2. Graphical Markov Models Determined by Acyclic Digraphs.

The initial discussion in this section follows Lauritzen et al. (1990) and [AP] (1996). We
consider multivariate probability distributions P on a product probability space X =
x(Xala e V), where V is a finite index set and each X, is sufficiently regular to ensure
the existence of regular conditional probability distributions. Such a distribution is con-
veniently represented by a random variate X := (Xa|ae V) € X. For any subset A c V,
we define Xp 1= (Xzla e A). Often we abbreviate X; and Xa by a and A, respectively,
and define Xy = constant. For three pairwise disjoint subsets A, B, and C of V, we write
AL1B|C [P] if Xa and Xg are conditionally independent given Xc under P. If A, B, and C
are not disjoint, then ALB| C [P] is defined to mean [A\(BUC)]L[B\(AUC)]|C [P].

A graphical Markov model is defined by a collection of conditional independencies
among the component random variates (X;]a € V), which collection is represented by
an acyclic directed graph (ADG) D = (V, E) with vertex set V in the following
(equivalent) ways:

3The essential graph associated with an (equivalence class of) ADG(s) was first introduced by Verma and
Pearl (1990) as the completed pattern associated with the ADG.
4Chickering (1995) and Meek (1995) also have obtained polynomial-time algorithms for this construction.



Definition 2.1. Let D be an ADG. A probability measure P on X is said to satisfy:
(i) the local Markov property (LMP) relative to D if, for everyae V,

(2.1) a L (nd(a)\pa(a)) | pa(a) IP1;

(i1) the global Markov property (GMP) relative to D if

(2.2) A 1B|S[P]

whenever S separates A and B in (Ganausus)™;

(i) the well-numbered Markov property (WNMP) relative to D if, foreachk =2, ..., n,
(2.3) ac L ({ar, ..., acaf\pa(ay) I pa(ay [P],

where n = | V] and ay, ..., a, is a well-numbering of the members of V, i.e.,r<s = a, e
nd(as). Since ax ¢ pa(ay) and pa(ax) < {ai, ..., a1}, (2.3) is equivalent to

(2.4) (pa(a) v {ad) L {as, ..., a1} pa(ay [P].

Figure 2.1. An ADG D with vertex set V ={a, b, ¢, d}. The local and global
Markov properties specify the two conditional independences b.lcja and
ald]b,c.

The term well-numbering appears as never-decreasing in [AP] (1993). The following
result combines Propositions 4 and 5 of Lauritzen et al (1990):

Theorem 2.1. Let D be an ADG. For any probability distributionP on X, GMP < LMP
< WNMP.

It follows from Theorem 2.1 that the WNMP does not depend on the well-
numbering chosen for V.

Definition 2.2. Let D be an ADG. The set Mx(D) of all probability distributions on X
that satisfy the three equivalent Markov properties LMP, GMP, and WNMP relative to
D is called the Markov model determined by the ADG D, or, simply, the ADG model
determined by D.



In applications an additional parametric assumption, such as multivariate normality,
is often imposed on ADG models, but we shall not do so here. Many examples of
specific ADG models appear in the references cited in Section 1. It is again emphasized
that different ADGs can determine the same Markov model.

In order to relate ADG and LCI models in Section 4, we now introduce a new
Markov-type property determined by an ADG D = (V, E). A subset A c V is called
ancestral in D ifae A wheneverae V,be A,and a<b in D. The ancestral ring A(D) is
defined to be the collection of all ancestral subsets of D. Clearly, A(D) is a ring of
subsets of V, i.e., A(D) is closed under unions and intersections, hence A(D) is a finite
distributive lattice under these set operations, and &, V € A(D). For any subset A c V,
an(A) denotes the smallest ancestral set containing A: an(A) ={b|b < afor some ae A}.

Definition 2.3. Let D be an ADG. A probability distribution P on X is said to satisfy
the lattice conditional independence property (LCIP) relative to D if, for every pair A,B €
A(D),

(2.5) A 1 B]ANB,
or, equivalently,

(2.6) (A\B) L (B\A)| AB.

Definition 2.4. Let D be an ADG. The set Lx(D) of all probability distributions on X
that satisfy the LCIP relative to D is called the lattice conditional independence model (LCI
model) determined by D.

Theorem 2.2. Let D be an ADG. For any probability distributionP on X, GMP =
LCIP. Thus, Mx(D) c Lx(D).

Proof. For any pair A, B € A(D), the GMP will imply (2.6) provided that (A\B) and
(B\A) are separated by AnB in

(Danaxeu@\a)uanB))™ = (Danaus)™ = (Dacs)™;

the second equality follows since AuUB € A(D). To establish this separation, consider a
pair ae A\B and b € B\A such that there exists a path {a=cy, ..., cp=b} in (Da_g)™. Then
there must exist an adjacent pair cg, ck+1 such that ck € A\B and ¢+1 € B. By the
definition of the moral graph, this adjacency occurs iff either (i) ck—Ck+1 € Daug, (i)
Cké—Ck+1 € Daug, or (iii) ck—d and c+1—d in Da g for some d € Da_g. In case (i), cxke B



since B is ancestral, hence ¢, € AnB ; similarly, c+1 € ANB in case (ii). In case (iii), either
de Aorde B, implying that ¢c41 € ANB or ck e ANB, respectively. In all cases,
therefore, the path between a and b must pass through AnB, hence AnB separates A\B
and B\Ain (Da_g)™. This completes the proof.

Remark 2.1. For nonsingular multivariate normal distributions, Theorem 2.2 was
established (in a somewhat different but equivalent form) in Theorem 5.1 of [AMPT]
(1995). Theorem 2.2 was discovered independently by Koster (1996), Proposition 3.2.

3. Transitive Acyclic Digraphs.

An ADG D = (V, E) is said to be a transitive ADG (= TADG) ifa—>b e Dandb—»ce D=
a—C e D, where a, b, c € V. Equivalently, D is transitive if an(a)\{a} = pa(a) for allae V.

An ADG D = (V, E) becomes a partially ordered set (= poset) (V, <) under the partial
ordering < defined by a <b if a € an(b). Under this partial ordering, a <b iff a €
an(b)\{b}, i.e., iff there is a directed path from ato b inD. Thus, D is transitive iff a <b
= a—b € D, in which case the two relations are equivalent. a <b < a—b € D.
Therefore, finite posets and TADGs are identical mathematical objects.

Theorem 3.1. Let D be a TADG. For any probability distribution P on X, LCIP =
WNMP. Thus, for a TADG, GMP < LMP & WNMP < LCIP and Mx(D) = Lx (D).

Proof. Assume that P satisfies the LCIP relative to D. To verify (2.4), use the
transitivity of D to rewrite (2.4) as

(3.1 an(ay) L {a, ..., ak-1} | an(a\{ay} [P].

But an(ay) and {ay, ..., ak.1} are ancestral sets whose intersection is an(ay)\{ay}, so (3.1) is
implied by the LCIP. The second statement then follows from Theorems 2.1 and 2.2.

Figure 3.1. A transitive ADG D with vertex set V = {a, b, ¢, d}. The model
Mx (D) = Lx (D) specifies the single conditional independence b_Lc]a. Note

that A(D) = {9, {a}, {a, b}, {a, c}, {a, b, c}, {a, b, c, d}} is isomorphic to the
lattice L in Figure 4.1 - compare to (4.1).



4. Lattice Conditional Independence Models.

The general class of LCI models is now defined and shown to coincide with the class of
all graphical Markov models determined by TADGs. We refer to Davey and Priestley
(1990), Ch. 8, for a review of the fundamental duality between finite distributive lattices
and finite posets.

Let L = L(v, A) be a finite distributive lattice with minimum element 0. The subset
J(L) of join-irreducible elements of L is defined as follows:

JL):={ieL]j#0,j=kvI=j=korj=1}.

Then (J(L), <) becomes a finite poset under the partial ordering < inherited from L: j<k
iff jak = .

A subset A c J(L) is ancestral if je A whenever je J(L), ke A, and j <k. Note that
the ring A((J(L), <)) of all ancestral subsets of the poset (J(L), <) is identical to the
ancestral ring A((J(L), E<)), where (J(L), E<) is the TADG given by E< = {(j,k)
J(L)xJ(L) |j < k}. This justifies the use of the same notation "an( )" for posets (see (4.1))
and for ADGs.

Birkhoff's Theorem (cf. Davey and Priestley (1990), §8.17) states that the mapping

L — A(((L), )
(4.1)
| san(l):={je JL)]j<h

determines a lattice isomorphism between the finite distributive lattice L and the ring
A((J(L), ). This implies, in particular, that for every pairl, me L,

4.2) an(lam) = an(l)»an(m).

When convenient, we shall identify an(l) with | for | € L.

A general LCI model determined by the finite distributive lattice L consists of a
family of multivariate probability distributions P on a product probability space X =
x(Xjlj € J(L)) indexed by J(L), where again each X; is sufficiently regular to ensure the
existence of regular conditional probability distributions. It is again convenient to
represent such a distribution by a random variate X := (Xj|j € J(L)) € X. For any subset
J < J(L), define X; := (Xj]]j € J), abbreviate Xj and X; by j and J, respectively, and define
Xg = constant.



Definition 4.1. Let L be a finite distributive lattice. A probability measure P on X is
said to satisfy the lattice conditional independence property (LCIP) relative to L if, for every
I mel,

4.3) an(l) L an(m) Jan(lam) [P];
by identifying an(l) with I, (4.3) can be expressed in the simpler form

(4.4) | Lm]lam [P].

Definition 4.2. LetL be a finite distributive lattice. The set Lx(L) of all probability
distributions on X that satisfy the LCIP relative to L is called the lattice conditional
independence (LCI) model determined by L.

abcd

abc
ab ac
a

1%}

Figure 4.1. A finite distributive lattice L. The LCI model Lx(L) specifies
the conditional independence ablac]a. Here J(L) = {a, ab, ac, abcd} and the
TADG (J(L), E<) is isomorphic to the TADG D in Figure 3.1.

Theorem 4.1. The class of LCI models coincides with the class of TADG models.

Proof. For a general LCI model Lx(L), where X = x(Xj]j € J(L)), we have
(4.5) Lx(L) = Lx(Q(L), E%)) = Mx((J(L), E%)).

The first equality is established by applying Definition 2.3 to Lx((J(L), E<)), then
invoking the identity of A((J(L), E<)) and A((J(L), <)) and the isomorphism (4.1); and by
applying Definition 4.1 (using (4.3)) to Lx(L), then invoking (4.2). The second equality
follows immediately from Theorem 3.1. Thus, the LCI model Lx (L) can be expressed as
the TADG model Mx((J(L), E<)).

Conversely, consider a TADG model Mx(D), where D = (V, E) is a TADG and where
X =x(Xalae V). Then

(4.6) Mx(D) = Lx(D) = Lx(A(D));

10



the first equality follows from Theorem 3.1, while the second follows from Definitions
2.3 and 4.1 (using (4.4)). Thus, Mx(D) can be expressed as the LCI model Lx (A(D)).

Remark 4.1. In general JJ(L)| is smaller that L], so in (4.5), the TADG representation
is more economical than the LCI representation.

Remark 4.2. By Theorem 4.1, LCI models inherit all properties of ADG models, in
particular the recursive density factorization that, for multivariate normal or multi-
nomial distributions, allows simple and explicit (non-iterative) statistical analysis. As
noted earlier, however, LCI models comprise a distinguished subclass of ADG models.
Besides the features of LCI models noted in Section 1, we add here that in the normal
case, an LCI model remains invariant under the action of a subgroup (determined by
the particular lattice) of the group of block-triangular matrices. This invariance leads to
an integral representation of classical form for the distribution of the maximal invariant
statistic (= generalized eigenvalues) and to the distribution of the likelihood ratio
statistic for testing one LCI model against another. See [AP] (1993, 1995a) for details.

5. Markov Equivalence of Acyclic Digraphs; the Essential Graph D*.

As noted in Section 1, different ADGs can determine the same graphical Markov model.

Definition 5.1. Two ADGs D; and D, are Markov equivalent on a product space X
indexed by V if Mx(D1) = Mx(D»). If D; and D, are Markov equivalent on every such
product space X, then D; and D, are called Markov equivalent and we write D; ~ D,. The
Markov equivalence class containing D is denoted by [D].

A well-known graph-theoretic criterion for the Markov equivalence of ADGs is
stated in Theorem 5.1. This criterion was first proved by Verma and Pearl (1992),
Corollary 3.2, - also see [AMP] (1996b), Theorem 2.1 - and independently by Frydenberg
(1990), Theorem 5.6, for the more general class of chain graphs - also see [AMP] (1996a),
Theorem 3.1.

Theorem 5.1. Two ADGs are Markov equivalent if and only if they have the same
skeleton and the same immoralities (see Figure 5.1).

11



Figure 5.1: The four ADGs with the same skeleton as D; and the immorality

(b, d, c). The ADGs D1, Dy, and D3 have no other immoralities, hence are Mar-
kov equivalent by Theorem 5.1. The ADG D4 has the additional immorality

(b, &, ¢), hence is not Markov equivalent to the others. Thus, [D1] ={D1, D», D3}.

Since an ADG with n vertices can have at most O(n3) immoralities, Theorem 5.1
provides a feasible criterion for deciding whether two given ADGs are Markov
equivalent in polynomial time. However, it does not directly yield a characterization of
the entire equivalence class [D] for a given ADG D, hence does not provide a feasible
criterion for deciding whether [D] contains a transitive ADG, i.e., whether D is Markov
equivalent to some LCI model.

Consider, for example, the non-transitive ADG D1 in Figure 5.2: does [D1] contain a
transitive ADG? Theorem 5.1 does not allow us to answer this question by direct
inspection of D1; instead, we must first determine all members of [D4] as follows, then
check each member for transitivity. Since (b, d, ¢) is an immorality in D;, the arrows
b—d and c—d are essential in Dy, i.e., these arrows must occur in every member of [D4].
The remaining three edges of D; might be oriented in 23 = 8 possible ways, as shown in
Figure 5.2. Of these 8 digraphs, only 5 are acyclic, and of these 5, only three (D1, Dy, D3)
possess exactly the same immorality as D;, hence [D1] = {D1, Dy, D3}. Thus [D1] does
contain a transitive ADG, namely Ds.

b b b b
- 3 . 4
*c c “c c
D1 D> D3 D4
b b b b
a< d a- d a1 CO
‘c c “c c
Dsg Dg D, Dg
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Figure 5.2: The 23 = 8 possible digraphs with the same skeleton as D; and the
immorality (b, d, ¢). Of these 8, Ds, Dg, and D7 are not acyclic, while D4 and Dg
are acyclic but possess the additional immorality (b, a, ¢), so [D1] ={D1, D>, D3}.

By contrast, consider the non-transitive ADG D: a—b—c—d. Of the 23 = 8 ADGs with
the same skeleton as D, it is straightforward to verify that exactly four have one
immorality, hence are not Markov equivalent to D, while the remaining four (including
D itself) have no immoralities and thus comprise the equivalence class [D].
Furthermore, no member of [D] is transitive, hence the ADG model determined by D is
not Markov equivalent to any LCI model.

Since the number of possible orientations of all arrows that do not participate in any
immorality of an ADG D grows exponentially with the number of such arrows, hence
super-exponentially with the number of vertices, determination of the equivalence class
[D] by exhaustive enumeration of possibilities rapidly becomes computationally
infeasible as the size of D increases. A closer examination of the ADGs in Figure 5.2
reveals, however, that the arrow a—d occurs in every member of [D1], hence is an
essential arrow of D; even though it is not involved in any immorality of D;. Had we
been able to identify all 3 essential arrows of Dy directly from D, itself, it would not
have been necessary to consider Ds - Dg in order to determine [D1]. On the other hand,
it appears necessary to determine [D;] before we can identify the essential arrows of D;.

Fortunately, this is not the case. [AMP] (1996b) obtain a computationally feasible
polynomial-time algorithm for determining all essential arrows of an ADG D (Theorem
5.3 below). This is done by first introducing and characterizing the essential graph D*
associated with D (see Theorem 5.2). Questions such as the existence of a transitive
member of [D] can be answered by a polynomial-time inspection of D* itself (§6),
without the need for an exhaustive search of [D].

Definition 5.2. The essential graph D* associated with D is the graph
D*:=u(D’| D' ~ D),
i.e.,, D* is the smallest graph larger than every D' € [D]. (See Appendix for definitions.)

Thus, D* is the graph with the same skeleton as D, but where an edge is directed in D*
iff it occurs as a directed edge (= arrow) with the same orientation in every D" € [D]; all other
edges of D* are undirected. (See Figure 5.3 for examples.) The directed edges (=
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arrows) in D* are called the essential arrows of D. Clearly, every arrow that participates
in an immorality in D is essential, but D may contain other essential arrows as well, e.g.,
the arrow a—d in the second graph in Figure 5.3 and the arrows a—d and b—d (verify!)
in the third graph in Figure 5.3. [AMP] (1996b) show that D* is a chain graph that is
itself Markov equivalent to D, so that D* contains the same statistical information as D.
Their complete characterization of essential graphs, stated here as Theorem 5.2, involves
further restrictions on the configurations of arrows and lines (= undirected edges) that
can occur in D*.

Figure 5.3: Four examples of essential graphs D*. In the first example, D is
the ADG D; of Figure 5.1. In the second, D is the ADG D1 of Figure 5.2. In
the third, D = D* (see Corollary 5.2). In the fourth, D is the ADGa—b—c—d.

Definition 5.3. Let G be a graph. An arrow a—b € G is strongly protected in G if a—b
occurs in at least one of the following four configurations as an induced subgraph of G:

Cl{
G (O H N O Y N () SR )

Theorem 5.2 (Characterization of D*). A graph G = (V, E) is equal to D* for some
ADG D if and only if G satisfies the following four conditions:

(i) Gisachain graph;
(if) for every chain component tof G, G;is chordal,
(iii) the configuration a—b—< does not occur as an induced subgraph of G;

(iv) every arrow a—b € G is strongly protected in G.

Since both UGs and ADGs are chain graphs, Theorem 5.2 immediately yields the
following two corollaries.

Corollary 5.1. Let G be a UG. Then G = D* for some ADG D if and only if G is chordal.
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Corollary 5.2. Let G be adigraph. Then G = D* for some ADG D if and only if G is an
ADG and every arrow of G is strongly protected in G (note that configuration (d)
cannot occur since G has no undirected edges). In this case G = D = D*.

The following results will be applied in Section 6.

Proposition 5.1 (= Proposition 4.2 of [AMP] (1996b)). A digraph D" is acyclic and
equivalent to the ADG D if and only if D" is obtained from D* by orienting the edges of
each (chordal) chain component (D*), in any perfect (= acyclic and moral) way.

Proposition 5.2 (= Proposition 4.3 of [AMP] (1996b)). An ADG D is Markov
equivalents® to its essential graph D*.

[AMP] (1996b) presented and verified the following polynomial-time algorithm for
constructing the essential graph D* associated with an ADG D.

Theorem 5.3 (the Construction Algorithm). Define Gy := D. Fori>1, convert every
arrow a—b € Gj.1 that is not strongly protected in Gj.1 into a line a—b, obtaining a graph
Gj. Stop after k steps, where k > 0 is the smallest nonnegative integer such that G =
Gk+1. Necessarily, k< |E|. Then Gy = D*.

This algorithm produces a sequence Gy, -, Gk of graphs suchthatD=Gg c - < Gk =
Gk+1. Since both arrows of an immorality are strongly protected, each G; has the same
immoralities as D and D*. Letn= |V |]. Because the determination of the set of arrows
that are not strongly protected in Gj.; requires at most O(n%) operations, this algorithm
requires at most O(]E | n4) operations, although it can be implemented in a more
efficient fashion (cf. Chickering (1995), Meek (1995)).

6. A Graphical Characterization of LCI Models.

The following characterization theorem leads to a feasible (= polynomial-time)
algorithm for deciding whether an ADG D is Markov equivalent to some LCI model:

Theorem 6.1. Let D= (V, E) be an ADG. The Markov-equivalence class [D] contains at
least one transitive ADG (equivalently, D is Markov equivalent to some LCI model) if

SFor the definition of Markov equivalence of chain graphs, of which UGs, ADGs, and essential graphs are
special cases, see for example Appendix B of Andersson et al (1995b).
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and only if none of the following five configurations occurs as an induced subgraph of
the associated essential graph D*:

o T

(o) a-b-c (B): (y): a b c-d

(d): a b c~d (): a b cd

The proof of Theorem 6.1 is accomplished by means of the following algorithm for
orienting the undirected edges of a general essential graph D* = (V, E*).

The Orientation Algorithm. For each vertex a e V, define the degree v(a) of ain D* as
follows:

v(@) = |{a' € V]a—a' € D* or a—a" € D*}].
For each chain component 7e T (D*) such that |r] > 2, orient the (necessarily
undirected) edges of (D*), as follows:
Step 1.1: Define a; = a1(7) := argmax{v(@)]a e 1}.
Step 1.2: Define 71 = 11(7) :={a" € t]ar—a" € (D*)gufas}.

Step 1.3: Va' € 11\{ay}, orient the edge a;—a" as a;—a".

Fori=>2:
Step i.1: Define aj= aj(7) := argmax{v@)|a e (nnu...uti.-1)\{ay, ..., aj-1}}-
Step i.2: Define 7i= 7i(7) :={a' € t]a—2a" € (D*)$\{ay, ..., aj-1}-

Step i.3: Va' e 7;, orient the edge aj—a" as aj—a’.

Terminate the procedure after Step k, where k := min{i]|{ay ..., aj} = nu...u7}. Clearly,
ai, ..., ag are distinct verticesin , a1 € 7y, and aje yu...utpctfor2<i<k sok<|r].

Fact 1. k= |].

Proof. Ifk < | 7], then o:=17\{ay, ..., &} # D. Since (D*).is connected, there existsae o
and a; € {ay, ..., ag such that a=—a; € (D*).. Butthisimpliesthatae 7, nnu...ut = {ay,
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..., &}, contradicting the assumption that a € o.

In view of Fact 1, {ay, ..., ag = nu...u = Tand all edges in (D*), are oriented by this
procedure. Therefore, by applying this Orientation Algorithm to every chain
component e T(D*) we obtain a digraph D' ¢ D* with the same skeleton as D*. If
aj—aj € (D"),, then necessarily j <i. Also, for each aj € {ay, ..., a, aj € (n1L...UT.1)\{ay,
..., 8j.1}, so there exists j < i such that aj»a; € (D");. Therefore, for each aj € {ay, ..., ax}
there exists a directed path from a; to aj in (D).

Fact 2. The digraph (D"); is acyclic.
Proof. This is immediate from the first and third sentences of the preceding paragraph.

Fact 3. The ADG (D");is moral.
Proof. Suppose that an immorality aj—am<«a; occurs in (D*);. By the last sentence of

the paragraph preceding Fact 2, there exist directed paths from a; to a; and from a; to a;
in (D").. Since i, ] <m, neither path contains a,. Because a; and a;j are not adjacent in
(D"),, this contradicts the fact that (D*) is chordal (Theorem 5.2(ii)).

Fact 4. (i) v(@a) = v(a;) fori>2.
(ii) If the configuration af"féj occurs in (D%), then v(am) = v(g).

Proof. (i) is obvious. For (ii), by the definition of a, it suffices to show that aj e
(nu...utm-1)\{ay, ..., an-1}. This is a consequence of the following three observations:

(@) aji—aje (D'); = aje 7;
(b) ajmame (D) = I<M = 1< MU...UTm-1;

(c) am—aje (D"); = m<j = aj ¢ {ag, ..., am-1}-

Proposition 6.1. Let D be an ADG and let D" be the digraph obtained by applying the
Orientation Algorithm to the associated essential graph D*. Then D" is acyclic and
equivalent to D.

Proof. This is an immediate consequence of Facts 1-3 and Proposition 5.1 .

Proof of Theorem 6.1. If any of the five configurations (o) -(¢) occur as an induced
subgraph of D*, then every orientation of the undirected edges of D* must produce a
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non-transitive digraph, hence every ADG in [D] is non-transitive.

Conversely, if none of these configurations occur in D*, we shall show that the
equivalent ADG D’ obtained by applying the Orientation Algorithm to D* is transitive.
Suppose to the contrary that D" is non-transitive. For the purposes of this proof only,
we shall denote the essential arrows of D’ (i.e., the arrows of D*) by —» and the non-
essential arrows of D" (i.e., those obtained from lines of D* by the Orientation
Algorithm) by —>. Thus, at least one of the following four non-transitive configurations
must occur as an induced subgraph of D*:

(1); a »b »c (2): a »b - (3): a ~b »c (4); a b ~c

Clearly (1) cannot occur in D* since this would violate the non-occurrence of (o) in D¥,
while (2) cannot occur in D" since D* would fail to satisfy condition (iii) of Theorem 5.2.
Suppose that (3) occurs in D*. We assert that A\B = &, where

A:={a'e V]a—a' € D*ora—»a' € D%},

B:={a'e V|b—a' € D* or b—»a' € D*}.

If A\B = @, then each a" € A\B must occur in one of the following two configurations as
an induced subgraph of D*:

b »c b »c
. ? . ?
(I) a a' (I I) a »a'

where "?" indicates either no edge, an undirected edge, or a directed edge of unspecified
orientation. (The occurrence of an arrow b«—a" in (1) or (Il) would induce a directed
cycle in D*, hence is forbidden.) The absence of any edge between a* and cin (I) or (1I)
would contradict the non-occurrence in D* of (8) and (y), respectively, while the
occurrence of a'—c in (I) or (1) would contradict condition (iii) of Theorem 5.2. The
occurrence of a’—»c in (I) or (1) would contradict the non-occurrence in D* of () and
(o), respectively. Finally, the occurrence of c—»a" in (1) or (11) would contradict the non-
occurrence in D* of (o). Thus A\B = @.

Because ¢ € B\A, it follows that v(b) = |B] > |A] = v(a). Sincea—b € D*, {a,b}c 7
for some te T(D?*). If a=a;= ai(7) then v(a) > v(b) by Fact 4(i), a contradiction. If a = g;
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= aj(7) for some i > 2, then there exists j <i such that a~—a;j € (D");. Therefore aje A c B,
hence either b«—a; € (D");, b—aj € (D), or b—»a; € (D). Since a—b € (D"), the
second and third possibilities would violate the acyclicity of D', hence the first
possibility must hold. By Fact 4(ii), this implies that v(a) > v(b), again a contradiction.
Thus (3) cannot occur in D",

Lastly, suppose that (4) occurs in D*. We again assert that A\B = &. If A\B # @,
then as above, each a' € A\B must occur in one of the following two configurations as
an induced subgraph of D*:

L o
Voo

(II): (v): a N
The absence of any edge between a* and c in these two configurations would contradict
the non-occurrence in D* of (¢) and (©), respectively, while the occurrence of a’—c
would contradict conditions (ii) and (iii), respectively, of Theorem 5.2. The occurrence
of a'—»c in (111) and (IV) would contradict both the acyclicity of D* and condition (iii).
Finally, the occurrence of c—»a" in (l11) would contradict both acyclicity and condition
(iii), while its occurrence in (IV) would contradict the non-occurrence of (B) in D*. Thus,
again A\B = (.

Because ¢ € B\A, again v(b) > v(a). Here, {a,b, c} < tfor some te T(D*). Exactly as
above, however, we can show that v(a) > v(b), a contradiction. Thus (4) cannot occur in
D*. This completes the proof of Theorem 6.1.

The first essential graph D* in Figure 5.3 coincides with configuration (), the third
contains (o) as an induced subgraph, while the fourth coincides with (€), hence
Theorem 6.1 implies that none of the three associated ADGs is Markov equivalent to a
TADG, so none is Markov equivalent to any LCI model. The second D* contains none
of the configurations (o) - (¢) as an induced subgraph, hence its associated ADG is
Markov equivalent to some TADG, hence to some LCI model. (These facts were
established in Section 5 by exhaustive enumeration of [D].)

As noted in Section 1, the only undirected graphical (UG) models that share the
amenable statistical properties of ADG models are the decomposable models, which can
be characterized on the one hand as those determined by chordal UGs, and on the other
as those UGs that are Markov equivalent to some ADG (Dawid and Lauritzen (1993);
[AMP] (1996a), Corollary 4.5). The following corollary characterizes those UGs that are
Markov equivalent to some TADG = LCI model.
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Corollary 6.1. A UG G is Markov equivalent to some LCI model if and only if G is
chordal and does not contain configuration (¢): a—b—c—d as an induced subgraph.

Proof. ("only if"): By Theorem 4.1, G is Markov equivalent to some TADG D, hence G
is chordal. By the basic Markov equivalence theorem for chain graphs (Frydenberg
(1990), Theorem 5.6; [AMP] (1996a), Theorem 3.1), DU =GUY = G. Therefore, since D is
transitive, G cannot contain configuration (¢) as an induced subgraph

("if"): By Corollary 5.1, G = D* for some ADG D. Thus D* is a UG, hence cannot
contain configurations (o) - (8) as induced subgraphs, and does not contain (g) by
assumption. By Theorem 6.1, therefore, D is Markov equivalent to some LCI model,
hence, by Proposition 5.2, so is D* = G.

Remark 6.1. It was noted in Section 5 that D* can be obtained from D = (V, E) by an
algorithm that can be implemented in polynomial-time in n= |V]. Since each of the
configurations (o) - (¢) involves at most four vertices, at most O(n4) operations are
required to determine whether D* contains any of (o) - (¢). Thus, it is possible to
determine in polynomial-time whether a specific ADG D is Markov equivalent to some TADG
and hence to some LCI model. If it is equivalent, then the Orientation Algorithm produces
a Markov-equivalent TADG D' from D*, also in polynomial time (cf. Peyton et al (1993)).

7. LCI Models Determined by Rings of Subsets.

In [AP] (1991, 1993, 1994, 1995a, b), [AMPT] (1995), and [PW] (1996), LCI models are
defined in a slightly more restrictive fashion than in Section 4 above. The finite
distributive lattice is presented as a ring® K of subsets of a finite index set | and the LCI

model consists of a family of multivariate distributions on a product space of the form Y
=X(Yili e I). Such adistribution P is represented by a random variate Y := (Yj|ie I) e

Y. For any subset K c I, define Yk := (Yi]i € K), abbreviate Y; and Yk by i and K,
respectively, and define Yg = constant. Then the LCI model L(K) = Ly(K) is defined to
be the set of all P such that

(7.1) L L M]JLAM [P]

foreveryL, M e K.

6A ring of subsets of | is closed under finite intersections and unions, and contains | and @.
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In order to express Ly(K) as a general LCI model Lx(L), following [AP] (1993)
define, for each K € K,

<K>:=y(K'e K]K"'c K)
[K] := K\<K>.

It is straightforward to verify that
JK) ={le K|<I>cli={le K|[J] = D).
If we now define
(K] = {[11J e J(K)},

then, since J(K) is a poset under the set inclusion ordering <, [J(K)] is an isomorphic
poset under the induced ordering < defined as follows: [J] < [J] iff )" < J. Figures 1.2
and 7.1 illustrate the relations among K, (J(K), <), and ([J(K)], <).

{a,b} {ac} [{a, b}l ={b} {c}=[{a c}]
\ / \ 7/
{a} {a}
(@) J(K): {a} < {a, b}, {a} c {a, c} (b) [I(K)]: {a} <{b} {a} <{c}

Figure 7.1. The isomorphic posets (J(K), <) and ([J(K)], <) determined by
the ring K in Figure 1.2. Note that K can be recovered from [J(K)] by (7.2).

The ring K can be reconstructed from the members of [J(K)] by the relation

(7.2) L=u(@Il e JK),Jc L) e A(([K)], <)),

valid for all L € K (cf. [AP] (1993), Proposition 2.1), a special case of the isomorphism
(4.1). Thus, each L € K is represented uniquely as a disjoint union of members of the
poset ([J(K)], <); in particular?,

(7.3) 1= U] e JK)).

We can now express Ly(K) as a general LCI model Lx(L): simply set L = K and define X
= x(X;J € J(K)), where X;:=x(Yilie [J]). Then X =Y by (7.3), and the LCI condition

See, for example, Figure 7.1(b), where | = {a, b, c}.
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(4.4) for Lx(L) coincides with the LCI condition (7.1) for Ly(K). Thus the LCI model
Ly(K) is a general LCI model Lx(L) with the slight restriction that each component
space X; is itself a product space indexed by the members of [J].

Appendix: Graphs.

Our terminology and notation closely follows those of Lauritzen et al (1990) and
Frydenberg (1990), with one exception noted below. A graph G is a pair (V, E), where V
is a finite set of verticesand E, the set of edges, is a subset of E*(V) = (VXV)\{(a, a)]a € V},
i.e., a set of ordered pairs of distinct vertices; thus our graphs include no loops or
multiple edges. An edge (a, b) € E whose opposite (b, a) € E is called an undirected edge
and appears as a line a—b in our figures, whereas an edge (a, b) € E whose opposite (b,
a) ¢ E is called a directed edge and appears as an arrow8: a—b. If G contains only
undirected edges, it is an undirected graph (UG); if G contains only directed edges it is a
directed graph (digraph).

It shall be convenient to write “a—b € G” to indicate that (a, b) € E but (b, a) ¢ E; in
this case we say that the arrow a—b occurs in G. Similarly, we write “a—b e G” to
indicate that (a, b) € E and (b, a) € E; in this case we say that the line a—b occurs in G.

For each vertex aeV, define pag(@) ;= {b € V]b—a e G}, the set of parents of a in G.
For any subset A c V, the boundary of A in G is the set bdg(A) :={b € V\A] (b, a) € E for
some a € A}, the closure of A in G is the set clg(A) := bdg(A)UA.

A subset A c V induces the subgraph Ga := (A, Ea), Where Ea := EN@AXA).

The skeleton GY of a graph G = (V, E) is its underlying undirected graph, i.e., GY := (V,
EY), where EY :={(a,b)](a, b) € E or (b, @) € E}. Two vertices a, b are called adjacent in G
if (a, b) € EY.

Let a, b, and c be three distinct vertices of G = (V, E). The triple (a, b, c) is called an
immorality of G if the induced subgraph Gy, p, ¢} is a—b<«—c; that is, if the “parents” a and ¢
of b are “unmarried” (= non-adjacent).

A graph G, = (Vy, Ep) i s said to be larger than a graph G;= (V1, E;1), denoted by G; ¢
Gy, if Vic Vo and Eic Ey. Thus, if (G)U = (GyY, then G; < G, iff Gy and G, differ only in
that some directed edges (arrows) in G; may be converted into undirected edges (lines)
in G,. We write G; c G, if G; < G, but G; # G».

The union of a finite collection of subgraphs (G; = (Vi, E)]i=1, -, n)of G=(V, E) is

80ur notation differs from Frydenberg's in this regard: he uses the notation a=b rather than a—b in his
text, although not in his figures.
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the subgraph UG; := (UV;, UE;). Clearly, UG; is the smallest subgraph larger than each
Gi, i= 1, -, n.

Let a, b be distinct vertices in G = (V, E). A path rof lengthn>1fromatobinGisa
sequence « = {ag, a1, -+, an} < V of distinct vertices such that such that ag = a, a5 = b, and
either aj.;—aj € G or aj.;—aje G foreveryi=1, -, n. If aj.;—a; € G for at least one i, the
path is directed; if this is not the case, the path is undirected. A (directed) cycle is a
(directed) path with the modification that ag =a,. An arrow a—b € G is said to block a
directed cycle in G if there is a directed path from ato b in G other than a—b itself.

A UG G = (V, E) is complete if all pairs of vertices are adjacent. Trivially, the empty
graph is complete. A subset A ¢ V is complete if its induced subgraph Ga is complete. A
subset A c V is connected in G if for every distinct pair a, b € A, there is a path fromatob
in Ga. For pairwise disjoint subsets A (= &), B (z &), and S of V, A and B are separated
by S in G if all paths from vertices in A to vertices in B intersect S.

The UG G = (V, E) is chordal if every cycle of length n > 4 possesses a chord, that is,
two non-consecutive adjacent vertices. A total ordering of V is a perfect ordering of G if,
when each edge of G is oriented in accordance with this ordering, the resulting ADG D
is perfect, i.e., is acyclic and moral (without immoralities); D is called a perfect directed
version of G. It is well-known that a UG admits a perfect directed version if and only if it
is chordal (cf. Blair and Peyton (1993)).

A graph G = (V, E) is called a chain graph if it does not contain any directed cycles.
Every induced subgraph G of G is also a chain graph. Any UG is trivially a chain
graph. A chain graph that is also a digraph is called an acyclic digraph (ADG).

For the remainder of the Appendix, let G = (V, E) be a chain graph. Then G
determines a pre-ordering (V, <) as follows: a < b iff a = bor there exists a path from a to
binG. Asubset Ac Visananteriorsetifb<ae A= be A. Forany subset A cV,
an(A) is the smallest anterior set containing A: an(A) ={b € V|b<aforsomeae A}.

If both a < b and b <a then we write a = b, which occurs iff a =b or there is an
undirected path from a to b in G. Frydenberg (1990) notes that = is an equivalence
relation on V; we denote the set of equivalence classes in V by T(G). Equivalently, T(G)
is the set of connected components of the undirected graph obtained from G by
removing all directed edges. Each te T(G) is called a chain component of G. A
connected UG has only one chain component, while for an ADG, every chain
component consists of a single vertex.

We write a < b if there exists a directed path from a to b. The future of a vertexae V is
the set ¢(@) :={b e V]a<b}.

A triple (a,C, b) is called a complex in G if C is a connected subset of a chain
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component te T(G) and a and b are two non-adjacent vertices in bdg(7)nbdg(C). A
complex (a, C, b) is called a minimal complex in G if no proper subset C* < C forms a
complex (a, C*, b) in G. Frydenberg(1990) notes that (a, C, b) is a minimal complex in G
iff Geuga, by l0OKs like the chain graph of Figure A.1. An immorality is the special case of
a minimal complex where |C| = 1.

ae eh

Figure A.1: A simple chain graph. Here (a, C, b) is a minimal complex.

The moral graph determined by G is the undirected graph G™ = (V, EM), where EM :=
EUU[UE*(bdg(7)) | € T(G))]. That is, G™ is GY augmented by all undirected edges
needed to make bdg(r) complete in G™M for every chain component 7 e T (G).
Equivalently, G™ is obtained from GUY by adding a line a—b whenever (a, C, b) is a
minimal complex in G.
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