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Fix e>0. We can find a § >0, such that
Pr{Fn(cS/n) = Fn(l-é_/n) =0}>1-¢,

uniformly in n. Furthermore, by the law of the iterated logarithm for
the empirical process,

(3.21) SUP ¢ g I(O,an)L’(l-an,l) U,dJ =Op(1og1og n),

L
since SUPy . 1 f( 2=

5/n,an)’UnfdJiM(1oglog n)%ﬂog(nan/ﬁ ))

0(loglog n),

. L . . .
if sup, (O’])}Un(t)]/ftgjﬂ109109 n)?2, with a similar upper bound

for the integral f(]_

an,1—5/n)jun[dJ' Here we use that

4

SWye y F(sm.a )t W< (log(na /5)1%
*n
(This follows from the Euler equation, applied on smooth functions J such
2
that s, 9%(t)dt=1.) By Lemna 3.4,

1-a
n g2 5 _ o
(3.22) SUPy . f(an’]_an)BndJ-{fan Sn(t)dt} -Op(l), n->eo,
. T 5

Since supy, 4 f(O,])UndJ-—{fo Sn(t)dt} , we have by (3.20),(3.21) and
(3.22),

sl s2(t)d f}-an§2(t)dt- (Vlog n) oo

0 °n t- L3 n --op og n), as n .

n
The result now follows from Lemma 3.3, since -log anrv1og n, as n-o,
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APPENDIX. We sketch the computation of the integral

1=/ EC(a=Y/Ju)2(YV/Yu -b) 2 - 2//u}odu,

where Y and Z are indenendent standard normal random variables (see (2.14)).

For convenience, we take a=1 (hence b<1).
1
Let A=A(x)={(1-x)(x-b)}2, then

(A1) 1= (2n)‘]fg dus] dxsh_(A-y)?

exp{—%u(x2+y2)}dy

(2/n) dxf (A -y)z/(x2+y2)2dy

= (2/m) ) 1/ (268) + (A%4xB) 7 (2x3) £tan™ (A/x)*+(n/2) }Ddx.

We have,

(h.2) 1] ar@P)ax= (1/8) (sb)n/ b - s

(A.3) L (AP () ex= (1/8) (671 ob),

(A.4) ] (WP tan (A7x) /(27 V= =(1/2) 1) ((140)x - b) 7 (AxP) o
-(1/2) 5 ((1#0)x = b)/ (A )dx+ (1/8)1b(14)/{x(A%+x?)A}dx

X
AR YA

1)

%fo(t2+b )/(t2+5)2dt + (1/8)b(14b)/ §<1+t2)/{(t2+b)(t?+b2)}dt,

(r/8) (b7 b %) + (1/8)7+ (1/3)n(b+d™ 1),

+h)

%

where we use the transformation t= {(x-b)/(1-x)}7.
b)

Combinina (A.1) to (A.4) yields I=(1-b)/(2b) and hence
(

f; ha b(u)du= 1-b/a, which we set out to prove (see the remark under (2.14)).
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