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Thus sUPJt. MJ(O,1)CtdJ =sUPJe If J(O,1)DtdJ, implying (since

IsupJ t 11 J(0,1)Ct dJ - A( t ,1-t) I =

= IsuPJt.}.f J(O,1)Dt dJ - SUPJ t If J(O,l)BtdJI

-L2t 2max{ IB(t)-C(t) I, IB(l-t) - C(l-t) I}.

By (3.15) and (3.16), the last expressionis bounded in probability. The
result now follows from Lemma 3.3, since

-1 2() -1 2 l-t r2sUPJtHJ(O,1)CtdJ={t C t+t C(l-t)+Jt ;)udu}.O

lel'Tlfl}as, we can now derive the 1imi

empirical process.

THEOREM 3.2. Let {U [O,l]} be the empirical process
n

{In(Fn(t)-t):tE [O,l]}, where Fn is the empirical df of asampleof n
uniform random variables on [0,1], and let Sn(t) be the slope of the
concavemajorant of Un at time t. Then

(3.17) U6 - log n}/v3log n Z, as n-+ oo,

where Z is a standardnormal random variable.

PROOF.By Lemma 3.3 we only have to show

(3.18) J6 n), as n-+ oo,

where the S are slopes ofconcavemajorants ofversions of Browniann .
bridges, suchthat, with probability one,

(3.19)

where k is some fixed positive constant.The existenceof suchversions
of Brownian bridges follows from Kom16s et al.(1975). Using (3.19),
we have for an = (logn)4/n,

(3.20) ISUPJ_I,f J( l-a) UndJ-suPJ .If J(a l-a) BndJI.::.2k(logn)-l,
\:1; an' n \::/\ n' n

-L _L ( )on a set of probability one, since -u 2.::.J(U).:::.(l-u) 2, for all Uf.:: 0,1
and all \,,1 t M.
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Fix E > O. We can find a 5 > 0, such that

Pr{Fn(O/n) = Fn(l-o/n) =O} > 1- E,

uniformly in n. Furthermore, by the law of the iterated logarithm for

the empirical process,

E If (5/n,a)
n

(This follows from the Euler equation, applied on smooth functions J such

that f6 i(t)dt = 1.) By Lemrr.a 3.4,
l-an -2 1,

(3.22) SUPJE M f(a l_a)B dJ- {fa Sn(t)dt}2=0 (1), n-+ co •
, n' n n n 0

. 1 2() ~ () ( )S,nce sUPJG!f J(O,1)UndJ = {fa Sn t dt l , we have by 3.20 ,3.21 and

(3.22),

(3.21) sUPJtd! J(O,a )u (l-a ,1) UndJ =Op(10910g n) ,
n n

k k
since sUPJeM J(5/n,a )IUnldJ.s.t~(10gl09 n)2(10g(nan/5 ))2=0(10glog n),

n

if SUPt<i (0,1) !Un(t) I/ l t.s.t1(10glog n)\ with a similar upper bound

for the integral J (l-a ,1-8/n )IUn IdJ. Here we use that
n

l-a
J
0
1 S2(t)dt-f n S2(t)dt=0 (llog n}, as n-+ co•

n an n p

The result now follows from Lemma 3.3, since -109 an"",log n, as n-+ oo• CI



(A. 3)

(A. 4)
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APPENDIX. We sketch the computation of the integral

00 k k 2
I = JOE {(a- Y/ vu)~ (Y/ /u -b): - Z/ lu }+du,

where Y and Z are independent standard normal random variables (see (2.14)).

For conver. i ence , we take a = 1 (hence b < 1) .
t,

let ft.=A(x) ={(l-x)(x-b)P. then

( ) - 1 00 1 A)2 2 2(A.l) 1= 2n Ja duJb dxJ.oo(A-y exp{-~u(x +y )}dy

1 A 2 222=(2/n)Jb dXJoo(A-y) /(x +y ) dy

= (2hT)J~{A/(2x2) + (A2+i)/(2x3){tan- l(A/x)+(7T/2)}}dx.

We have.

dx = (l/4)(1+bhr/k - ~7T.

J~ (A?'+/)/(2x3)dx= (1/4)(b- l-b).

J~ (A2+x2)tan- l(A/x)/(2x3)dx= -(1/4)Jb((1+b)x-b)/(Ai)dX

= -(1/4)Jb((1+b)X - b)/(Ax2)dx+ (1/8)Jbb(1+b)/{X(A2+x2)A}dX

= _~J~(t2+b2)/(t2+b)2dt+ (1/4)b(1+b)J;(1+t2)/{(t2+b)(t2+b2)}dt.

= -(7T/4)(b-!s-+b~) + (1/4hr+ (1/8)n(b+b-').

k
where we use the transformation t = {(x-b)/(l-x)} ".

Comb irrlno (A.l) to (A.4) yields 1= (1-b)/(2b) and hence

J; \.b(u)du= 1- b/a , which we set out to prove (see the remark under (2.14)).
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