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which is always possible since r< 1. one can make (4.2) arbitrarily small

for all sufficiently large n. This establishes the fact that

(4.3)

for all £ > O. This may be written as PA(Z. Wn) 1. 0 where

PA(f.g) '" sUPA EAlf(A) - g(A) I is the uniform metric on A.

Since all moments of a Poisson random variable are finite. it follows from

Theorem 1.1 that for all rE(O.I). Zn"!:' Z. Since ZnEC(A). ne L,

and ZEe(A). a complete and separable metric space. the convergence in

law • ..!:. • of our previous theorems is defined by saying that Eg(Zn) +Eg(Z)

for all continuous bounded functions g: C(A)+R'. For processes such as

Wn that do not take values in a separable metric space. we use ..!:. to

mean that Eg(Zn)+Eg(Z) for all continuous bounded real valued functions 9

for which g(Zn)' n~ 1. and g(Z) are random variables. [cf , Pyke and

Shorack. 1968). For Wn we use the supremum metric PA on any approved

sample space that contains C(A). Theorem 4.1 and (4.3) then verify the

following result.

Theorem 4.2 If Wn is defined as the normalized Poisson process of

(4.1). then for any A satisfying AI. A2. and (1.4). Wn ..!:. Z with

respect to PA'

5. An Application to Uniform Empirical Processes. Let Un'" {Un(A): AEA}

be the Uniform empirical process indexed by A. That is. if V
i
•.•.•Vn

are independent Uni form (I k) random vari ab1es and Fn '" n-1 (6 V+' •• +6V )
1 n

is the empirical meausre where 0x(A) '" 1 or 0 according as x EA or

xl-A. then Un(A) '" ni
/

2(F

n(A) - IAI). If Nn denotes a Poisson -n process
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as in the previous section, define

Since {Nn(U k): t?O} is a non-homogeneous Poisson process with

E[Nn(tI k)] • ntk• it is clear that T~/k is a r(n+1: n) random

variable so that T~/k 1. 1 as n·.... Also. therefore. Tn 1. l.

(Actually, by the strong law of Hsu and Robbins. we could claim

Tn~ 1 since the fourth moments of Exponential random variables

are finite.)

Consider the process U~ defined on A by

This process has the same finite dimensional distributions as does Un'

a fact we leave to the reader. To show weak convergence, we use Theorem

4.1 and (4.3) in conjunction with Skorokhod's construction (namely, if

Zn J:,. 2 on a complete separable metric space, (M.d) say, there exists

equivalent processes. Z~. 2* say. on a common probability space for

which d(Z~. 2*) .!.:.!:..,. 0,) to show that without loss of generality we

may aSSume that PA(Wn, 2) 1.0. Since Tn 1. 1 it follows that for

the strongly convergent versions

uniformly in A€ A where U is the 'tied-down' Brownian process associated

with 2. Note that the mapping A+tA is continuous with respect to dW

This is enough to establish

Theorem 5. If Un is the Uniform empirical process and A satisfies

AI. A2 and (1.4). then Un J.U with respect PA'

(5.1)
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For more direct approaches to this result see Dudley (1978) and Sun

and Pyke (1982).

6. Concluding Remarks. I have focused in this paper on large index

families satisfying (1.4). For Many smaller classes such as the lower

orthants or Pk,m (see Section 1) the analogue of (1.4) would be

for constants K>O and r>O. For example, for the orthants, rak

and for Pk,m' rakm. In the case of (6.1) it should be possible to

modify the arguments of Sections 1 and 2 to establish the uniform Central

Limit theorem under the fi niteness of second lIIOIIlents only. This prot>1em

will be considered separately.

The full Central Limit problem may also be considered, in which non-Gaussian

limiting processes would be involved. Since these processes are not in

C(A), considerable care must be exercised concerning the discontinuities

near the boundaries of the sets in A, even if one still works with 2n,
the smoothed version of the partial-sum processes. The methods of this

paper do not seem to be applicable to the general infinitely divisible

situation. They may however be applicable in the possibly more applicable

direction of dependent arrays which satisfy appropriate mixing conditions.

* * * * * *
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