














Proof: Recall the notation

-6-

1 = (oij), We will use the matrix identities

(6) d I l-~ iii l-~
ao, . I r I ::: -~ a r I ,

11

a Irl-!:2 = ij I l-~ i ; jao, . -o r ,
1J

a -1 n ik 2
ao.. <x,z x> = -( I a xk) ,

11 k=l

a <x,z-l x> =
n ;k n '£

ao, , -2( I a xk} ( I aJ x£), ; ; j,
1J k=l £=1

without further comment,

Calculating, we now have

apz ij n ik n '9.,
(7) = -a p.,.. 2izl-~ p'«x,z-l x>}( I a xk}( I oJ x}

aa· . L 9.,
1J k=l £=1

ij (I a ik xk)
ap.,..

= p - L-a L ax,k=l J

n ik- - ax. ( I a xk}pz ,

J k=l

Our assumptions on p justify integration by parts and we have

"
n k0 (x (x)dx = xk) (x)dx

j
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a
ax.

1

( -1F <x.z x»dx

which completes the proof of Proposition 2.

Remarks: If Pi: = ¢i: is a normal density then Gr = ¢i: so (5) is a generali­

zation of (4). Since Gr ~ 0, (5) shows that Proposition 1 and Corollaries

1 and 2 remain valid for elliptically contoured distributions. Corollaries

3 and 4 do not directly extend to such distributions, however, since the

normal family is the only elliptically contoured family in which zero

correlations imply independence (Kelker (1970». Aside from the normal

family, an elliptically contoured distribution with all correlations non­

negative need not be associated. In fact, (c.f. Sampson (1980», if all

O;j = 0 for i ; j, then except in the normal case

P[X. < a, X. < b] - P[X. < a]P[X. < b] must assume both positive and
1- J- 1- J-

negative values as (a,b) varies. Thus, by continuity, except in the normal

case, an elliptically contoured density P~ with the 0 .. > 0 which is
'-' 1J

sufficiently close to being radical cannot be associated.

As was commented by the referee, an elementary derivation of (7) is

possible which uses Fourier transforms but avoids matrix differentiation.

In fact the c

Pr(A) =$«A,

c function (A) of

Thus for i , j we have

have the form
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Taking inverse Fourier transforms gives (7).

The calculations in the proof of Proposition 2 allow one extension which

is perhaps worthwhile making. Using (6) we can easily verify that

(8) a
aa ..

11

Combjning (5) and (8) it is elementary to prove

Proposition 3: Let rand L be positive definite matrices and set

A = r-r = (a .. ). Let Lt = r + tA and let hex) be a smooth function satisfying
lJ

(9)

Then

Ah(x) = > O.

J n h(x)Pr (x) dx,
R t

is an increasing function of t, 0 < t < 1.

Proof: Ass • as before, { . C2P f, 1$ a ion wi compact

support, then (5) and (8) give
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d~ J n h(x)PE (x)dx = ~ Jf n Ah(x)GE (x)dx.
R t R t

By (9) this is nonnegative.

References

Das Gupta, S., Eaton, M.L., Olkin, I., Perlman, M., Savage, L.J. and Sobel, M.

(1972). Inequalities on the probability content of convex regions for

elliptically contoured distributions. Proc. Sixth Berkeley Symp. Math.

Statist. Prob. ~, 241-264. Univ. of California Press.

Jogdeo, K. and Proschan, F., (1981). Negative association of random variables,

with applications. Florida State Univ. statistics preprint.

Kelker, D. (1970). Distribution theory of spherical distributions and a

location-scale parameter generalization. Sankhya (Series A) 32, 419-430.

Pitt. L.D., (1982). Positively correlated normal variables are associated.

Ann. Prob. 10, No.2. 496-499.

Plackett. R.L., (1954). A reduction formula for normal multivariate integrals.

Biometrika. !L, 351-360.

Sampson, A.R., 1980 Posi ve dependence n~r,nOrT'es 1; cally c

distributions. Tech. Report No. 80-2, Institute for Statistics and

i cns

er


