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Abstract

Greenwood (1946), using an L, distance, and others have ad-
dressedthe question of detecting a too-linear t of the occurrence
times Top < T1 < ¢¢¢ < T, of a sequenceof random evens. Two
conveniert distances are introduced here, then applied to the more
challenging problem of detecting too-linear subsequenceswhere the
multiple subsequencee®ectmust be taken into accourt. Two inter-
pretations of \linear subsequence'are considered.
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1 Intro duction

How might onedetect regularitiesin a sequence
Th o (To< Ty < €CC< T,)

of supposedly random evert occurrencetimes, for examplethe consecutie
arrival times of the signalsfrom an astronomical radio source? As a model
of non-regularity © randomnessit may be assumedthat To; Ty;:::; T, are

variableswith , > 0 unknown. We de ne regularity of the sequenceT , to
mean (approximate) linearity, that is, there exist a and b> 0 sud that

T, Vaa+ ib; i=01:::;n:

Looselyspeaking, we wish to test randomnessvs. linearity.

Our primary goal is to detect and test the statistical signi cance of a
\to o-linear subsequence'df Ty; Ty;:::; Ty. In the astronomical cortext, the
existenceof sud a subsequencevould provide evidenceof non-randomness
of the emitting source. In Section 2 we begin with the easierproblem of

lem consideredby Greerwood (1946). The ideasdeweloped in Section2 are
applied in Section3 to the more challenging problem of detecting too-linear
subsequencedpr which two di®erer interpretations of linearity of a subse-
guenceare considered.A simulated exampleis analyzedin Section4, while
computational algorithms are described in Appendix A. Section5 corntains a
brief history of the linear sequencegroblem.

2 Testing a sequence

Becausethe valuesof Ty and the scaleparameter, are irrelevant, our prob-
lem reducesto that of testing randomnessvs. linearity of the standardized
(zeroed and scaled)arrival times

0" U< U< et< Uy, 1< U, 1

where
U = Tii To,

= : i=01:::n:
Tni TO




Vi=Uij U, 1>0; =10

P n
Note that ., Vi = 1.
Under the null model given by a homogeneou$oissonprocessit is well-
known (e.g., Kendall and Moran (1963,x2.8)) that the distribution of

Un™ (Ui Up )

is the sameas that of the order statistics basedon an i.i.d. sampleof size
nj 1from the Uniform[0,1] distribution, while the distribution of

Voo (V105 W)

P 3 ‘3 .
i n Y nj ) X nj ®njl
Fo(vn @@y = B = S et T My 1)

i”:1 i(®) i=1 i=1
for v, 2 S, where®;;::::®, > 0 and
. . X nia 0
S (Vi;iih Va1 J Vel ive 1> 0 v <l

of V, and ¥, are uniform (constart) on S, and S,, respectively.!
By (1), the (nj 1)-dimensionalLebesguemeasureof S, is given by

1, 1
i(n)  (nj D!

INote that both S, and S, are (nj 1)-dimensional sets.

Leb(S;) =




(0,1,0)

€3

L]
(113, 1/3, 1/3)

(1,0,0) ¢ » (0,0,1)

Figure 1. The unit simplex S, (n = 3).

Becauseleb(S,) = P n Leb(S,); under D, (1;:::;1) it follows that
_ Leb(A) _ (nj 1)!
PriV, 2 A]l= LebS) - P Leb(A) 2

for any measurablesetA pu S,.
Va=e, (3001
small neighborhood A of e, (seeFigure 1). If Hv,;e,) is a measureof

distancefrom v, 2 S, to e,, then a small value of £V ,;e,) indicates that

valuesactually obsened, the probability
P(T7) " PriH(Vnien) < HVyoien)] 3)

is a p-value that measuresthe signi cance of the obsened T2: a small p-
value indicatesa too-linear t, i.e., onethat is too good to have occurred at
random under the homogeneou$oissonprocessmodel .

By (2) and (3),

p(Ty) = (ﬂéﬁi)' Lebifvn j HVnen) < i(Vﬁ;en)g¢; (4)
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(0,1,0)

Figure 2. The setfv, 2 S, j kv, i eyk, < cgforc- 1=p n(nj 1) (n= 3).

Thus we needonly determine the Lebesguemeasurein (4).
First considerthe L, distance(seeFigure 2)

H(Vnien) = kv i enka = . Vi %
and let p,(V2) denotethe correspnding p-value determined by (4) for +,.
Becausethe volume of the unit ball in R"i 1 is3
Vit

n B n+1 1
)

it follows that
. ¢ N .
Leb'fvn jkvni eko<cg = A, ¢t

wheneer

0O- c- 917
nini 1)

which is the distancefrom e, to ead (nj 2)-dimensionalfaceof S, (Figure

2Sud a \to o-goodness-of-t" test is analogousto using the lower tail of the chi-square
statistic to seeif Mendel's peadata 't his hypothesizedgenetic frequenciestoo well.
3Billingsley (1979, Problem 18.17,p.207).



2). Thus from (4)

i 1! < .
p2(T7) (Léﬁ—)wn CkV O e k)it
3 7 hX .
1 . nj 2
p_ﬁ¢2n111/422i % ¢ n lVioi % , (5)

wherethe LegendreDuplication Formula is usedin the secondequality.
The p-value p,(T 2) hasthe disadwantage that (5) is valid only under the

restriction
1

KVCi enks < 197171/4—; (6)
ninj 1) N

i.e., only for relatively small L ,-ballsin S,,. The generalcaseis complicated?
For this reasonwe prefer the distance
tmax(Vni€n) = MaX fWn; tin;l

r

.....

ni 1

fn;i i ©€n _ 3q 1 9

un;i = m— —n(nil)’...’ll_{zl}’--.’ n(ni 1) l

is the midpoint of the (nj 2)-dimensionalfaceof S, determinedby setting
the ith coordinate equalto O (seeFigure 3),°

1 X
V.0 = . Vi
nij .
j6i
Vmin = Min_vi:

4SeeMoran (1947), Kendallpand Moran (1963, x2.18) and referencestherein.
SNote that kfyii enka = 1= n(nj 1) = #max (fri ;€n).
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(0,1,0)

Figure 3: The setfv, 2 S, | fimax(Vn;€n) < cg (n = 3).

Thus #,.x(Vnh; €n) increasesfrom 0O to pﬁ as Vyin decreasesrom % to
n(nj

0, that is, asv, movesfrom the certer of S, to its boundary. Because(see
Figure 3) the setfv, j fmax(Vn; €n) < cgis similar to S, in the linear ratio
C

p
m— c¢ n(nj 1) (8)

it follows from (4), (7), and (8) that the p-value pmax(T2) corresmpnding to
Fmax 1S SIMply®

ng i, ¢
(T = 2 Loty | (i) < (V25 €0)0
h .

p 1 nj 1
= #max(Vnien) ¢ n(nj 1)
= [1i nVg "™ (9)
A third distance(seeFigure 4)
1 Y
Ar(Vaien) = 50 Vi (10)

i=1

81t follows from (3), (7) and (9) that the minimum spacing Vpin » %Beta(l;n i 1).
Jon Wellner points out that this result appearsin Darling (1953,p.252, nal display), who
callsit \a result of considerableage".



(0,1,0)

€3

[ ]
@I8,413,113)

(1,0,0) ¢

» (0,0,1)

Figure 4. The setfv, 2 S, ) r(Vn;€n) < cg(n = 3).

is suggesteduy the likelihood ratio statistic for testing
H:V,» Dp;:::;1) vs: K:Vy» D(®:::;®); ®> 1: (12)

From (1), for ®> 1the D,(®;:::;®) pdéis unimodal with mode at v, = e,
and the UMP test for (11) rejectsH if ~ ., V; is too large,” equivalertly, if
41 r(Vn;en) istoo small. From (3), the asseiated p-value is given by
(0] — . 0.
Pr(Tn) = Pry [h"—'v? (nVn,en) ? i'nLR vV ny en) ]

= Py V> VP (12)

The probability (12) canbe approximated either by simulating Q ", Vi under
H or by applying either of the following two results.

Y oq

. i1 -
V> n in=1 B(1; 5); (13)

Pro of. The Gaussmultiplication formula for the gammafunction (cf. Weis-
stein) statesthe following:

LY oni1

@A™ i(ngy= i3 M T if (14)

"Bartlett's test for equality of variancesrejects equality if Qinzl V; is too small.
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Thus from (1), forr = 1;2;::: we have

Youo o i+ DIi(n)

E V = 15
- TUGSVINE o)
. i1, | i
BNORE LIRS L
e g il+ 0
- ninY ”ili(r;rl)i 1+¢fl‘_
i=1 i r+1_+r']_
h_ Y nj 1 .If
= E ni" B(1;, ) (16)

i=1

Becausesad sideof (13) is bounded,its distribution is uniquely determined
by its momerts ( Carleman'sTheorem), sothe result follows from the equality

of (15) and (16). a
Prop osition 2. (Darling (1953,p. 249).) If V, » D,(1;:::;1) then
X n 3 ) ’
i, logVi %aN n(logn+ °);n(%¢ i 1) (17)
1=
for large n, where® % :577216t¢¢ is Euler's constart. a

Example 1. With n = 10, considerthe obsened sequences

e}

TlO
o}

VlO

(13;21; 24, 33,40, 55,59, 63, 72, 85, 87);
(:108 :0405:122 :0946:203 :054 :054 :122 :1757 :027).

Becauselzp 10(9) = 1:054 the restriction (6) is violated, so (5) cannot be
applied to calculate the p-value p,(T$,). Howewver, pmax(T ) is readily ob-
tained from (9): Vg, = & ¥%:027,s0

Pmax(T o) Y4 [1i 10(027)f = 0:05Q
Also, the normal approximation (17) yields the appraximate p-value
PR (T 9o) ¥4 0:057

in good agreemehwith pmax(T ). Both arefairly small and indicate a fairly
good t to the certral point e, in S,. This provides someevidencethat the
obsened sequenceT §, is too linear to have occurred at random. a
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3 Testing subsequences

Continuing Example 1, considerthe subsequence
TS (21,4055, 72)
of T$,. As a sequencen its own right this hasn = 3, V3, = £ %,:294,and

Prax(TO) %2 [1] 3(:294)F = 0:014 (18)

which at rst sight provides stronger evidencethat this particular subse-
guenceis too linear. Similarly, if we considerthe two speci ¢ subsequences

TS ~  (13;21;33 40,5563 72 85),
TS (13,2433 40,5563 72 85);

thenn = 7,V3, = V&, = & ¥:097,and
Pmax(T9) = Pmax(TSY Y41 7(:097)F = 0:00% (19)

which appearsto provide evenstrongerevidencethat ead of theseparticular
subsequencess too linear to have occurred at random.

Thereare, howewer, two dixculties with (18) and (19). First, eat of these
p-valuesis calculated under the randomnessanodel that the subsequencé-
self follows a homogeneoudPoisson process,which, if the subsequencen-
dicesdo not form an arithmetic progression,is quite incompatible with the
randomnessmodel that the ertire sequencer 1o follows a homogeneou$P.
Secondthe p-valuesfor the subsequencedo not adjust for the \m ultiple sub-
sequence'e®ect{ that is, the original sequencehas multiple subsequences,
someof which may be expectedto be nearly linear merely by chance. We
now attempt to compensatefor theseditculties.

Considera (k + 1)-subsequence
T%, (T370 < T% < Ce< T3/4<)

of the original sequencel , ~ (To; T1;:::; Tn) where, as before, we assume
a homogeneoug$oissonprocessfor T, asa model of non-regularity © ran-
domness. Heren , 3,2 k< n,and %" (% < % < ¢C< %) isa

(k + 1)-subsequencef (0;1;:::;n) with j3% = k+ 1. For xed k there are
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lﬂﬁ sud (k+ 1)-subsequenced-irst we considerthe alternative that a sin-
gle presgci ed (k+1)-subsayuene is too linear to have occurred at random.
Next we considerthe alternative that at least one (k+1)- subsquene is too

linear to have occurred at random.

We proposetwo interpretations of linearity of a subsequence.Consider
the following two examples,both with n = 3, k = 2, and %= (0; 1; 3):

TS = (AL141517),  Tiag = (11,1417),
T = (15,141520); T = (11,14 20)

At rst glance, (11;14;17) appears perfectly linear while (11;14;20) does
not. Howewer, if we take into accoun that 20 occursin the fourth position
in the sequencer 80 rather than the third position wherethere is a gap, so
that the actual subsequencés thought of asT?oo;m) = (11; 14; (9; 20), then
(11; 14; (9; 20) would be consideredo be perfectly linear while (11; 14; (§; 17)
would not. We will considerboth interpretations of linearity of a subse-
guence,calling the secondgap-linearity . For simplicity, in both caseswe use
the distance,ox to measuredeparture from linearity (but seeAppendix B).
Denotethe standarizedspacingsbasedon T s, by

o Tni Tono _ Vo ae + 000+ Vs,

W™= = ; =10k
! Ts/k i Ts/0 V3/0+1 + ¢¢C+ V3/4<
and set
Wy, (WA W 2 S,
Under the Poissonrandomnessmodel, V, » D(1;:::;1) so
Wo» De(%ai Y %0 % 1), (20)

a non-uniform Dirichlet distribution on Sy.

Linearity of a subsquene; multiple subsquenes:

Here, similar to (7), we measurethe departure from linearity of the (k + 1)-
subsequencd s, by

1 K .

K ' ki1

Frax(Wys €) = P
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wheree = (£:::; %) and W2, = minizy ... W If

’ 3, 3,
WS, (W Wre

denotesthe value actually obsened for a speci ¢ (k + 1)-subsequencézand
W72 = mini=; ...« W,”, the probability

min

pmax(T g}) ’ Pr [ ax(W Y ek) < i'max(VV Y ek) ]
= Pr{Wg, > Wi
under (20) is a p-value that measureshe signi cance of the linearity of T,
in the ordinary sense.
Now supposethat the (k + 1)-subsequencéais not pre-speci ed. Then

pIL(TS) ~ Pr min #u(Wye) < min imax(W%ek)
13/4 k+1 ¥i=k+1
= Pr max W2 > max W2 21
13/4 K+1 min J% K+l min ( )

is a p-valuethat measureghe signi canceof a mostlinear (k+ 1)-subsequence

of T2. A small value of p(k) (T?) indicates that a most linear (k + 1)-
subsequencef T is too linear to have occurredat random. The evaluations

of maxiy=k+1 Wi, and pmaX(TO) are discussedn Appendix A and Section4
respectively.

Gap-linearity of a subsgquene; multiple subsgquenes:
For any (k + 1)-subsequencés” (3% < ¥ < ¢¢¢< 34) de ne

M, l
40 Yo Yo i Va1
€y, = i 2 S 22

T % Y Yo i Yo “ (22)

¢ .
For example,if %= (0; 1;3) then ey, = '% 2 whilee, = l%;% . We measure

the departure from gap-linearity of the subsequencd s, by (seeFigure 5)
Frax(Wys €9) = Fmax (Wt €l € €x)
1 k Y

k(kj 1) ki1 ™

12



(0,1,0)

Figure 5: The setfws,2 S¢ | Frax(Wys€3) < cg,n = 4, k= 3; %= (0;1;3;4):

(recall (7)), where,with a* = max(a;0),

(23)

i.e., after adjusting for the T;'s not occurring in the subsequenceThus, for
a speci ¢ (k + 1)-subsequencé; the p-value

h i
p?ﬁax (T g}) ’ Pr h Fnax (W Z e3/z) _< Fnax (W ?/4; 6‘3/4)
|
= Pr Wi, > Wi

under (20) measureghe signi cance of the gap-linearity of T s,
For the special caseof a regular subsquene % i.e.,

Yai Yo= CCC= % i %1 Y (24)

ex = ey, Sothe notions of linearity and gap-linearity coincidefor T, Here
Yo = Y Yo — Y4
W = W7 and W = W/ so

min min
psrﬁax (T g}) = Pmax(T g}) : (25)

13



In this caseW s, hasthe symmetric Dirichlet distribution
W, » Dy(%2;: ;% (26)

but the exact distribution of Wi does not appear to be known. Huillet
(2005,p.1021,eqn. (5)) statesthe asymptotic distribution:

k= W% 1%y, ask! 1; (27)
where,, hasthe Weibull distribution with cdf determinedby

Pr[Y1/2> t] = ¢ t=S1/2; t>0;
Sy, = (1 + Y=

from which g, (T %) = pmax(T$) can be approximated.
Supposenow that the (k + 1)-subsequencéais not pre-speci ed. Then

k ,
2(T9) Pr J3/§nLnl Fnax (Wi ) < min, fmax(W%e%)
= Pr max W > max W/ﬁ1 (28)
j¥4=k+1 j¥i=k+1

is a p-value that measuresthe signi_cance of a most gap-linear (k + 1)-

subsequencef T2. A small value of pmax(TO) indicates that a most gap-
linear (k+ 1)-subsequences too gap-linearto have occurredat random. The
evaluations of maxs=k+1 Wy, and p}(n'%x(TO) are discussedin Appendix A

and Section4 respectively.

Remark. A generalizationof the distance measuret; r for testing that a
subsequencd 5, of T, is gap-linearis preserted in Appendix B.

4 Monte Carlo for multiple subsequences

Denotethe test statistics obtained in (21) for multiple subsequencénearity
and in (28) for multiple subsequencgap-linearity by

i Y . Yo
thik 3/5]1%)_(1 Wmln and ik ;D%ﬁ Wm|n1 (29)
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09 091 092 093 094 095 096 097 098 0.99 0.999

0.500 0.500 0.500 0.500 0.500 0.500 0.500 0.500 0.500 0.500 0.500
0.327 0.327 0.328 0.328 0.328 0.329 0.329 0.330 0.331 0.331 0.333
0.232 0.233 0.234 0.234 0.235 0.236 0.237 0.239 0.241 0.243 0.247
0.169 0.170 0.171 0.173 0.174 0.176 0.177 0.179 0.181 0.184 0.191
0.124 0.125 0.126 0.128 0.130 0.132 0.134 0.136 0.138 0.143 0.150
0.090 0.091 0.093 0.094 0.096 0.098 0.100 0.102 0.106 0.110 0.122
0.064 0.065 0.066 0.067 0.069 0.071 0.073 0.075 0.079 0.084 0.095
0.042 0.043 0.044 0.045 0.047 0.048 0.050 0.053 0.056 0.062 0.073

O© O ~NO UL WNX

Table 1: Simulated quartiles for t, n = 10.

09 091 092 093 094 095 096 097 0.98 0.99 0.999

0.500 0.500 0.500 0.500 0.500 0.500 0.500 0.500 0.500 0.500 0.500
0.330 0.330 0.330 0.330 0.331 0.331 0.331 0.331 0.332 0.332 0.333
0.239 0.239 0.240 0.240 0.241 0.242 0.242 0.243 0.244 0.245 0.248
0.179 0.179 0.180 0.181 0.182 0.183 0.184 0.185 0.187 0.190 0.194
0.134 0.135 0.136 0.137 0.138 0.140 0.141 0.143 0.145 0.148 0.155
0.099 0.100 0.101 0.102 0.103 0.105 0.107 0.109 0.112 0.116 0.126
0.070 0.071 0.072 0.073 0.075 0.076 0.078 0.080 0.083 0.089 0.102
0.045 0.046 0.048 0.049 0.050 0.051 0.053 0.056 0.059 0.063 0.075

O© 0O ~NO O WwNX

Table 2: Simulated quartiles for t;,, n = 10.

respectively. Recursiwe algorithms for calculating t,«, thx and nding cor-
responding most linear or most gap-linear (k + 1)-subsequenceare given in
Appendix A.

Let t7, and ty, denotethe correspnding obsened valuesbasedon the
obsened sequenceT?. To obtain the asseiated p-values pﬁ'f%x(Tﬂ) and
P (T ©) we simply simulate a large number of random sequenced , under
the Poissonrandomnessmodel and calculate the test statistics t;,.« and thx
for eat simulated sequenceThe distributions of the simulated valuesof the
two test statistics approximate their true distribution under the randomness
model and thus yield estimated p-valuesfor t7, and ty,,.

This Monte Carlo method can be time-consuming, but the simulated
quartiles neededfor deriving the p-valuesof the tests can be calculatedand
stored beforehand, so the actual time neededfor performing a test for an
obsened sequencewill be very short.
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K tiox pad(T %0) mostlinear (k + 1)-subsequence
2 0500 < 0:001 (21,40,59)

3 0.319 0.35 (40,55,72,87)

4 0.238 0.04 (24,40,55,72,87)

5 0.153 0.29 (13,24,40,55,72,85)

6 0.119 0.15 (13,21,33,40,55,63,72)

7 0.097 0.06 (13,21,33,40,55,63,72,85)

8 0.056 0.19 (13,21,33,40,55,59,63,72,85)

9 0.042 0.10 (13,21,24,33,40,55,59,63,72,85)

Table 3: t;0x computed for the sequenceT 3, in (30), the correspnding p-
value, and a most linear (k + 1)-subsequencénot necessarilyunique).

ti0x and tipx underthe randomnessnodel are shavn in Table 1 and Table 2.
The obsenedtest statistics t3,, and t3,, calculatedfor the examplesequence

T, = (13;21; 24; 33, 40,55, 59, 63, 72 85, 87) (30)

are listed in Table 3 and Table 4. The p-valuesfor t3,, and t3,, and, for
ead k, a most linear (k + 1)-subsequencef T 9, are alsodisplayed.

It was found in (18) that the (unadjusted) p-value asseiated with the
4-subsequencé?l; 40; 55, 72) is 0:014. From Table 3 with k = 3, howe\er, it
is seenthat a most linear 4-subsequencef T 9, is (40; 55, 72, 87) with p-value
0:35adjustedfor the multiple subsequence®ect.From Table4 with k = 3,a
most gap-linear4-subsequencef T 9, is (24; 33,59, 85) with adjusted p-value
0:05, shaving substartially greater signi cance.

Likewise,in (19) the unadjusted p-valuesassignedo the 8-subsequences
T9 and T 9°were0:001. From Table3with k = 7, it is seenthat T $ is detected
asa most linear 8-subsequencesf TS, asis T9° eah with adjusted p-value
0:06. From Table 4 with k = 7, a most gap-linear 8-subsequencef T, is
(13; 21; 33, 40; 55,59, 63, 87) with adjusted p-value 0:12.

All simulations were performedin the statistical softvare R (R Dewvelop-
mernt Core Team,2006). Programsare provided asan R padkageregsubseq
(Di, 2007) for calculating the test statistics t,x and t;x for obsened se-
quencesand nding the correspnding p-values.
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kK tiok Bﬁﬁ%x(Tﬁo) most gap-linear (k + 1)-subsequence
2 0500 < 0:001 (55,59,63)

3 0.331 0.05 (24,33,59,85)

4 0.238 0.12 (24,40,63,72,87)

5 0.186 0.03 (24,33,40,63,72,87)

6 0.129 0.16 (13,21,33,40,59,72,87)

7 0.097 0.12 (13,21,33,40,55,59,63,87)

8 0.079 0.04 (13,21,33,40,55,59,63,72,87)

9 0.052 0.05 (13,21,24,33,40,55,59,63,72,87)

Table 4: tiox computed for the sequenceT 3, in (30), the correspnding p-
value, and a most gap-linear (k + 1)-subsequencénot necessarilyunique).

5 Discussion

Darling (1953) attributes the rst statistical formulation of the problem of
detecting regular sequenceso Greerwood (1946), who proposedthe L, dis-
tance measuret,. Sherman(1950) derived the asymptotic null distribution
of the L, distance,while Kimball (1947) obtained partial asymptotic results
for generallL, distances. Darling (1953) obtained the asymptotic distribu-
tions for a much wider classof distance measures.Unlike the measurest, ax
and 3 g, howewer, exact distributional results are not known for the other
measuresconsideredheretofore.

The question of detecting linear and gap-linear subsequencesloes not
seemto have beenaddressedreviously. Our current computational methods
for the detection of such subsequenceare time-consumingand impractical
for long sequence$ we are currertly able to handle sequencesvith n - 50.
The exact distribution or asymptotic properties of the test statistics and/or
faster algorithms will be neededto handle longer sequences.

Acknowledgemen t. The authorsthank N. Balakrishnan, Jon Wellner, and
Galen Shoradk for helpful commerns and suggestions.

A Algorithms for the test statistics t,.xand .k

The naive approad to computing the test statistics t,x and t,x in (29) is
to enumerate all (k + 1)-subsequence#.of (0;:::;n), calculate W” and

min
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w2 for all correspnding T, then maximize ea(h gver ¥2 This approad
works only for relatively small n, sincethere are EI} sud % If we wish to
considerall k, this is an O(2") procedure. Experimertation with this naive
approad shavs that whenn ;| 20, this procedureis impractical.
Therefore we have designedrecursive dynamic programming approates
to calculate the test statistics t,x and t;« (and in the process nd corre-
sponding most linear and most gap-linear subsequences).

To computet,x de ne

t(k;r;s) = max W7
( ) = Yi=k+l:%=r%=s "

O-r-r+k- s- n:

Thust(k; r; s) is the maximum minimum standardizedspacingover all (k+ 1)-
subsequence¥:with xed endpoints T, and Ts. Fork = 2;:::;nj 1,

tnk = maxt(k;r;s)
r;s

provides the test statistic we want to compute. To obtain t(k;r;s), we use
the following recursiwe relation:
Y K 1 Ya

o) — . L oa . Tmi Tr . Tsi T
tkiris) = | max min tki Lom ¢ === 3

(31)

forall k= 2;:::;nj 1and(r;s) that are compatible with k, and
t(L;r;s)”

providesthe initial valuesfor our recusiw algorithm. Thus, to compute t,«
we needonly 4 loopsfor r, s, k and m respectively. This O(n#) alogrithm is
a substartial improvemert over the naive approad.

The calculation of t; is slightly more complicated. For a consecutie
subsequencd " = (T,;T;41;:::;Ts) of T, de ne

2= (Z5°" 0Z1% 28 G 28T 0) T
:quiTF. O.Tr+1ITr_ 1 TsiTr,Sir

Ts i TrI sir’ Tsi T, : sir T Tsi TrI Sjr
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to be the di®erencevector betweenthe standardized spacingsof T"* and
the standardizedgapsof the corresp)nding index setof T"S. For a general
subsequenceg = (¢p;:::;¢ék) of (O;:::;si r), de ne

Wise=zlsq zis o i= 1k

dij1?

to be the spacingsof the correspnding subsequence
ZI’CI’;S’ (ZI’S er.:::. I‘S)

of Z"S and de ne

Wy risie (WrSc \f\\/rs(,
Note that not all W, ¢ needbe positive. We can represet t; in terms of

\/\\/r:“?]c . _m.i..r.].k W_Y:S;é,
asfollows: by direct comparisonwith (23) we have
1‘H ¥

max A max \f\\/rSC + = 32

j¥i=k+1;%=r;¥%=s min jei=k+1;¢0=0; ¢ék=sSj r min k ( )

To obtain thx ~ MaXgy=k+1 W, , We just needto compute the maximum of
the right-hand sidein (32) over all (r; s) pairs that are compatible with k.

For this reasonwe have introduced W 'S¢, since we have a recursive

relation similar to (31) basedon W'*¢ while we have not found a similar

relation baseddirectly on W* . Speci cally, if we de ne
tis(k;s9) = max Wl sie

jej= k+1;60=0 ;¢ =0
for all (k;s% suchthat 1- k- s°- sj r,in particular
tr.s(1; S() Zso i Zo

for all s®such that 1 - s°- s r, then we have the following recursive

relation:
a

trs(k;s) = L min©t;;s(ki 1,m); trs(1;89 i tr.s(1; m) (33)
for all (k;s9 suchthat 2- k- s°- sj r. Note that the right-hand side of
(32) is just (trs(k;sj r) + 1=k)*. For eadh pair (r;s), it takes 3 loops for
k, s®and m respectively to computet;s(k;si r) for all k. Another 2 loops
for r and s respectively will then give t;, for all k. Overall, this is an O(n°®)
algorithm.
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B  Extension of {1 for testing gap-linearit y

Another distance measurefor detecting gap-linearsubsequences$ 3, of T, is
derived asfollows. Considerthe problem of testing

Ho,: W, » Di(¥; ;%) VS: Ko, : Wo,» Dy(®%;:::;®%); ®> 1, (34)
whereYz = % i %, 1,1 = 1;:::;k. Because
Ens (W) = Eny,(Ws) = ey

and the distribution of W s, is more concenrated about es, under K, than
under Hs, the testing problem (34) can be viewed as testing for randomness
bs gap-linearity of Ts. From (1), the UMP test for (34) rejects Hy, if
X (W*)* is too large, equivalertly, if
Yo ° w Y .
TaWsien) % 0 (W (35)
1= 1=

. Py .
istoo small, where! = ., %= % i %. The obsened p-valueis

la(T3) = PrHy%r@(wymey)<%(wyA,eyo]
Pru. (WA > L WF s (36)

Qu

The momerts of Qs, ” 1 (W* can be readily obtained asin (15),
then the Gaussmultiplication formula applied to obtain its represetation
under Hsy, is

1/2

Q%» 11 ¢ B(a; b); (37)

wherethe B(a ; b)'s are independen beta random variables. Howewer, the
complexity of this product dependson the arithmetic complexity of the inte-
gers¥a;:::;% (and the represemion may not be unique). Usually it is easier
to approximate the p-value (36) by directly simulating Qs, underthe Dirichlet
hypothesisHs, In the symmetric casegiven by (24) and (26), howeer, the
following simple extensionof (13) in Proposition 2 can be obtained:
e K e Uik kil NEY
Qy, - W» ki “¢ - B(*2): (38)
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