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Abstract

Greenwood (1946), using an L 2 distance, and others have ad-
dressedthe question of detecting a too-linear ¯t of the occurrence
times T0 < T1 < ¢¢¢ < Tn of a sequenceof random events. Two
convenient distances are intro duced here, then applied to the more
challenging problem of detecting too-linear subsequences,where the
multiple subsequencee®ectmust be taken into account. Two inter-
pretations of \linear subsequence"are considered.
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1 In tro duction

How might onedetect regularities in a sequence

T n ´ (T0 < T1 < ¢¢¢< Tn )

of supposedly random event occurrencetimes, for example the consecutive
arrival times of the signalsfrom an astronomical radio source?As a model
of non-regularity ´ randomnessit may be assumedthat T0; T1; : : : ; Tn are
the event occurrencetimes of a homogeneousPoissonprocess,so that the
interarrival times T1 ¡ T0; : : : ; Tn ¡ Tn¡ 1 are i.i.d. exponential( ¸ ) random
variableswith ¸ > 0 unknown. We de¯ne regularity of the sequenceT n to
mean(approximate) linearity, that is, there exist a and b> 0 such that

Ti ¼ a + ib; i = 0; 1; : : : ; n:

Looselyspeaking,we wish to test randomnessvs. linearity.
Our primary goal is to detect and test the statistical signi¯cance of a

\to o-linear subsequence"of T0; T1; : : : ; Tn . In the astronomicalcontext, the
existenceof such a subsequencewould provide evidenceof non-randomness
of the emitting source. In Section 2 we begin with the easierproblem of
testing randomnessvs. linearity of the entire sequenceT0; T1; : : : ; Tn , a prob-
lem consideredby Greenwood (1946). The ideasdeveloped in Section2 are
applied in Section3 to the more challengingproblem of detecting too-linear
subsequences,for which two di®erent interpretations of linearity of a subse-
quenceare considered.A simulated exampleis analyzedin Section4, while
computational algorithms are described in Appendix A. Section5 contains a
brief history of the linear sequenceproblem.

2 Testing a sequence

Becausethe valuesof T0 and the scaleparameter ¸ are irrelevant, our prob-
lem reducesto that of testing randomnessvs. linearity of the standardized
(zeroed and scaled)arrival times

0 ´ U0 < U1 < ¢¢¢< Un¡ 1 < Un ´ 1;

where
Ui =

Ti ¡ T0

Tn ¡ T0
; i = 0; 1; : : : n:
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In turn, linearity of U0; U1; : : : ; Un is equivalent to equality of the standardized
interarrival times ´ standardizedspacingsV1; : : : ; Vn , where

Vi = Ui ¡ Ui ¡ 1 > 0; i = 1; : : : ; n:

Note that
P n

i=1 Vi = 1.

Under the null model given by a homogeneousPoissonprocess,it is well-
known (e.g., Kendall and Moran (1963,x2.8)) that the distribution of

U n ´ (U1; : : : ; Un¡ 1)

is the sameas that of the order statistics basedon an i.i.d. sampleof size
n ¡ 1 from the Uniform[0,1] distribution, while the distribution of

V n ´ (V1; : : : ; Vn )

is the Dirichlet distribution Dn (1; : : : ; 1) on the unit simplex

Sn =
n

vn ´ (v1; : : : ; vn ) j v1; : : : ; vn > 0;
X n

i=1
vi = 1

o
;

in R n (see Figure 1). Let ~V n = (V1; : : : ; Vn¡ 1) and ~vn = (v1; : : : ; vn¡ 1).
The pdf of ~V n under the general Dirichlet distribution Dn (®1; : : : ; ®n ) is
determinedby

~f n (~vn ; ®1; : : : ; ®n ) =
¡(

P n
i=1 ®i )Q n

i=1 ¡( ®i )

³ Y n¡ 1

i=1
v®i ¡ 1

i

´ ³
1 ¡

X n¡ 1

i=1
vi

´ ®n ¡ 1
(1)

for ~vn 2 ~Sn , where®1; : : : ; ®n > 0 and

~Sn ´
n

(v1; : : : ; vn¡ 1) j v1; : : : ; vn¡ 1 > 0;
X n¡ 1

i=1
vi < 1

o

Thus under the uniform Dirichlet distribution D n (1; : : : ; 1), the distributions
of V n and ~V n are uniform (constant) on Sn and ~Sn , respectively.1

By (1), the (n ¡ 1)-dimensionalLebesguemeasureof ~Sn is given by

Leb( ~Sn ) =
1

¡( n)
´

1
(n ¡ 1)!

:

1Note that both Sn and ~Sn are (n ¡ 1)-dimensional sets.
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e3

(1,0,0)

(0,1,0)

(0,0,1)

(1/3, 1/3, 1/3)

Figure 1: The unit simplex Sn (n = 3).

BecauseLeb(Sn ) =
p

n Leb( ~Sn ); under Dn (1; : : : ; 1) it follows that

Pr[V n 2 A] =
Leb(A)
Leb(Sn )

=
(n ¡ 1)!

p
n

Leb(A) (2)

for any measurableset A µ Sn .
The spacingsV1; : : : ; Vn are equal i®

V n = en ´ ( 1
n ; : : : ; 1

n ):

Thus the original sequenceT0; T1; : : : ; Tn is nearly linear i® V n 2 A for some
small neighborhood A of en (see Figure 1). If ±(vn ; en ) is a measureof
distancefrom vn 2 Sn to en , then a small value of ±(V n ; en ) indicates that
T0; T1; : : : ; Tn is nearly linear. Thus, if T o

n and V o
n ´ (V o

1 ; : : : ; V o
n ) denotethe

valuesactually observed, the probability

p(T o
n ) ´ Pr[ ±(V n ; en ) < ±(V o

n ; en ) ] (3)

is a p-value that measuresthe signi¯cance of the observed T o
n : a small p-

value indicatesa too-linear ¯t, i.e., one that is too good to have occurred at
random under the homogeneousPoissonprocessmodel.2

By (2) and (3),

p(T o
n ) =

(n ¡ 1)!
p

n
Leb

¡
f vn j ±(vn ; en ) < ±(V o

n ; en )g
¢
; (4)
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f3,i

1

3(3 - 1)

(1,0,0)

(0,1,0)

(0,0,1)

Figure 2: The set f vn 2 Sn j kvn ¡ enk2 < cg for c · 1=
p

n(n ¡ 1) (n = 3).

Thus we needonly determinethe Lebesguemeasurein (4).
First considerthe L 2 distance(seeFigure 2)

±2(vn ; en ) = kvn ¡ enk2 =
X n

i=1

³
vi ¡ 1

n

´ 2

and let p2(V o
n ) denote the corresponding p-value determined by (4) for ±2.

Becausethe volume of the unit ball in R n¡ 1 is3

Ãn ´
¼

n ¡ 1
2

¡
¡

n+1
2

¢;

it follows that

Leb
¡
f vn j kvn ¡ enk2 < cg

¢
= Ãn ¢cn¡ 1

whenever
0 · c ·

1
p

n(n ¡ 1)
;

which is the distancefrom en to each (n ¡ 2)-dimensionalfaceof Sn (Figure

2Such a \to o-goodness-of-¯t" test is analogousto using the lower tail of the chi-square
statistic to seeif Mendel's pea data ¯t his hypothesizedgenetic frequenciestoo well.

3Billingsley (1979, Problem 18.17,p.207).
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2). Thus from (4)

p2(T o
n ) =

(n ¡ 1)!
p

n
¢Ãn ¢kV o

n ¡ enkn¡ 1
2

=
1

p
n

¢2n¡ 1¼
n ¡ 2

2 ¡
³ n

2

´
¢
hX n

i=1

¡
vo

i ¡ 1
n

¢2
i n ¡ 1

2
; (5)

wherethe LegendreDuplication Formula is usedin the secondequality.
The p-value p2(T o

n ) has the disadvantage that (5) is valid only under the
restriction

kV o
n ¡ enk2 <

1
p

n(n ¡ 1)
¼

1
n

; (6)

i.e., only for relatively small L 2-balls in Sn . The generalcaseis complicated.4

For this reasonwe prefer the distance

±max (vn ; en ) = max
i =1 ;:::;n

hvn ; ~un;i i

=

r
n ¡ 1

n
max

i =1 ;:::;n

¡
¹v¡ i ¡ vi

¢

=
1

p
n(n ¡ 1)

¡
r

n
n ¡ 1

vmin ; (7)

whosecorresponding p-value is easierto obtain. Here ~un;i is the unit vector

~un;i =
fn;i ¡ en

kfn;i ¡ enk2
=

³ q
1

n(n¡ 1) ; : : : ; ¡
q

n¡ 1
n

| {z }
i

; : : : ;
q

1
n(n¡ 1)

´
;

fn;i ´
³

1
n¡ 1 ; : : : ; 0|{z}

i

; : : : ; 1
n¡ 1

´

is the midpoint of the (n ¡ 2)-dimensionalfaceof Sn determinedby setting
the i th coordinate equal to 0 (seeFigure 3),5

¹v¡ i =
1

n ¡ 1

X

j 6= i

vj ;

vmin = min
i =1 ;:::;n

vi :

4SeeMoran (1947), Kendall and Moran (1963, x2.18) and referencestherein.
5Note that kfn;i ¡ en k2 = 1=

p
n(n ¡ 1) = ±max (fn;i ; en ).
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Figure 3: The set f vn 2 Sn j ±max (vn ; en ) < cg (n = 3).

Thus ±max (vn ; en ) increasesfrom 0 to 1p
n(n¡ 1)

as vmin decreasesfrom 1
n to

0, that is, as vn movesfrom the center of Sn to its boundary. Because(see
Figure 3) the set f vn j ±max (vn ; en ) < cg is similar to Sn in the linear ratio

c
kfn;i ¡ enk2

= c ¢
p

n(n ¡ 1); (8)

it follows from (4), (7), and (8) that the p-value pmax (T o
n ) corresponding to

±max is simply6

pmax (T o
n ) =

(n ¡ 1)!
p

n
Leb

¡
f vn j ±max (vn ; en ) < ±max (V o

n ; en )g
¢

=
h
±max (V o

n ; en ) ¢
p

n(n ¡ 1)
i n¡ 1

= [1 ¡ n V o
min ]n¡ 1: (9)

A third distance(seeFigure 4)

±LR (vn ; en ) =
1

nn
¡

nY

i =1

vi (10)

6It follows from (3), (7) and (9) that the minimum spacing Vmin » 1
n Beta(1; n ¡ 1).

Jon Wellner points out that this result appearsin Darling (1953,p.252, ¯nal display), who
calls it \a result of considerableage".
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(1,0,0)

(0,1,0)

(0,0,1)

(1/3, 1/3, 1/3)

Figure 4: The set f vn 2 Sn j ±LR (vn ; en ) < cg (n = 3).

is suggestedby the likelihood ratio statistic for testing

H : V n » Dn (1; : : : ; 1) vs: K : V n » Dn (®; : : : ; ®); ® > 1: (11)

From (1), for ® > 1 the Dn (®; : : : ; ®) pdf is unimodal with mode at v n = en

and the UMP test for (11) rejects H if
Q n

i=1 Vi is too large,7 equivalently, if
±LR (V n ; en ) is too small. From (3), the associated p-value is given by

pLR (T o
n ) = PrH [ ±LR (V n ; en ) < ±LR (V o

n ; en ) ]

= PrH

hY n

i=1
Vi >

Y n

i=1
V o

n

i
: (12)

The probability (12) canbeapproximated either by simulating
Q n

i=1 Vi under
H or by applying either of the following two results.

Prop osition 1. (Glaser (1976,Corollary 3.1).) If V n » Dn (1; : : : ; 1) then
Y n

i=1
Vi » n¡ n

Y n¡ 1

i=1
B(1; i

n ); (13)

whereB(1; i
n ), i = 1; : : : ; n ¡ 1 are independent beta random variables.

Pro of. The Gaussmultiplication formula for the gammafunction (cf. Weis-
stein) states the following:

(2¼)
n ¡ 1

2 ¡( nz) = nnz¡ 1
2

Y n¡ 1

i=0
¡

¡
z + i

n

¢
: (14)

7Bartlett's test for equality of variancesrejects equality if
Q n

i =1 Vi is too small.
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Thus from (1), for r = 1; 2; : : : we have

E
³ Y n

i=1
Vi

´ r
=

[¡( r + 1)]n ¡( n)
¡ (n(r + 1))

(15)

=
[¡( r + 1)]n nn

Q n¡ 1
i=0 ¡

¡
1 + i

n

¢

nn(r +1)
Q n¡ 1

i=0 ¡
¡
r + 1 + i

n

¢

= n¡ n
Y n¡ 1

i=1

¡( r + 1)¡
¡
1 + i

n

¢

¡
¡
r + 1 + i

n

¢

= E
h
n¡ n

Y n¡ 1

i=1
B(1; i

n )
i r

: (16)

Becauseeach sideof (13) is bounded,its distribution is uniquely determined
by its moments ( Carleman'sTheorem),sothe result followsfrom the equality
of (15) and (16). ¤

Prop osition 2. (Darling (1953,p. 249).) If V n » Dn (1; : : : ; 1) then

¡
X n

i=1
logVi ¼ N

³
n(log n + ° ); n( ¼2

6 ¡ 1)
´

(17)

for large n, where° ¼ :577216¢¢¢ is Euler's constant. ¤

Example 1. With n = 10, considerthe observed sequences

T o
10 = (13; 21; 24; 33; 40; 55; 59; 63; 72; 85; 87);

V o
10 = (:108; :0405; :122; :0946; :203; :054; :054; :122; :1757; :027):

Because1=
p

10(9) = 1:054 the restriction (6) is violated, so (5) cannot be
applied to calculate the p-value p2(T o

10). However, pmax (T o
10) is readily ob-

tained from (9): V o
min = 2

74 ¼ :027,so

pmax (T o
10) ¼ [1 ¡ 10(:027)]9 = 0:059:

Also, the normal approximation (17) yields the approximate p-value

pLR (T o
10) ¼ 0:057;

in good agreement with pmax (T o
10). Both are fairly small and indicate a fairly

good ¯t to the central point en in Sn . This provides someevidencethat the
observed sequenceT o

10 is too linear to have occurred at random. ¤
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3 Testing subsequences

Continuing Example 1, considerthe subsequence

T o
3 ´ (21; 40; 55; 72)

of T o
10. As a sequencein its own right this hasn = 3, V o

min = 15
51 ¼ :294,and

pmax (T o
3) ¼ [1 ¡ 3(:294)]2 = 0:014; (18)

which at ¯rst sight provides stronger evidencethat this particular subse-
quenceis too linear. Similarly, if we considerthe two speci¯c subsequences

T o
7 ´ (13; 21; 33; 40; 55; 63; 72; 85);

T o
7

0 ´ (13; 24; 33; 40; 55; 63; 72; 85);

then n = 7, V o
min = V 0 0

min = 7
72 ¼ :097,and

pmax (T o
7) = pmax (T o

7
0) ¼ [1 ¡ 7(:097)]9 = 0:001; (19)

which appearsto provide evenstrongerevidencethat each of theseparticular
subsequencesis too linear to have occurred at random.

Thereare,however, two di±culties with (18) and (19). First, each of these
p-valuesis calculatedunder the randomnessmodel that the subsequenceit-
self follows a homogeneousPoissonprocess,which, if the subsequencein-
dicesdo not form an arithmetic progression,is quite incompatible with the
randomnessmodel that the entire sequenceT 10 follows a homogeneousPP.
Second,the p-valuesfor the subsequencesdo not adjust for the \m ultiple sub-
sequence"e®ect{ that is, the original sequencehas multiple subsequences,
someof which may be expected to be nearly linear merely by chance. We
now attempt to compensatefor thesedi±culties.

Considera (k + 1)-subsequence

T ¾ ´ (T¾0 < T¾1 < ¢¢¢< T¾k )

of the original sequenceT n ´ (T0; T1; : : : ; Tn ) where, as before, we assume
a homogeneousPoissonprocessfor T n as a model of non-regularity ´ ran-
domness. Here n ¸ 3, 2 · k < n, and ¾ ´ (¾0 < ¾1 < ¢¢¢ < ¾k) is a
(k + 1)-subsequenceof (0; 1; : : : ; n) with j¾j = k + 1. For ¯xed k there are
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¡ n+1
k+1

¢
such (k + 1)-subsequences.First we considerthe alternative that a sin-

gle prespeci¯ed (k+1)-subsequence is too linear to have occurred at random.
Next we considerthe alternative that at least one (k+1)- subsequence is too
linear to have occurred at random.

We proposetwo interpretations of linearity of a subsequence.Consider
the following two examples,both with n = 3, k = 2, and ¾= (0; 1; 3):

T o
3 = (11; 14; 15; 17); T o

(0;1;3) = (11; 14; 17);

T 0
3

0
= (11; 14; 15; 20); T 0 0

(0;1;3) = (11; 14; 20):

At ¯rst glance, (11; 14; 17) appears perfectly linear while (11; 14; 20) does
not. However, if we take into account that 20 occurs in the fourth position
in the sequenceT 0

3
0 rather than the third position where there is a gap, so

that the actual subsequenceis thought of as T 0 0

(0;1;3) = (11; 14; (¢); 20), then
(11; 14; (¢); 20) would beconsideredto beperfectly linear while (11; 14; (¢); 17)
would not. We will consider both interpretations of linearity of a subse-
quence,calling the secondgap-linearity . For simplicity, in both caseswe use
the distance±max to measuredeparture from linearity (but seeAppendix B).

Denote the standarizedspacingsbasedon T ¾ by

W ¾
i =

T¾i ¡ T¾i ¡ 1

T¾k ¡ T¾0

=
V¾i ¡ 1+1 + ¢¢¢+ V¾i

V¾0+1 + ¢¢¢+ V¾k

; i = 1; : : : ; k;

and set
W ¾ ´ (W ¾

1 ; : : : ; W ¾
k ) 2 Sk :

Under the Poissonrandomnessmodel, V n » Dn (1; : : : ; 1) so

W ¾ » Dk(¾1 ¡ ¾0; : : : ; ¾k ¡ ¾k¡ 1); (20)

a non-uniform Dirichlet distribution on Sk .

Linearity of a subsequence; multiple subsequences:

Here, similar to (7), we measurethe departure from linearity of the (k + 1)-
subsequenceT ¾ by

±max (W ¾; ek) =
1

p
k(k ¡ 1)

¡

r
k

k ¡ 1
W ¾

min ;

11



whereek = ( 1
k : : : ; 1

k ) and W ¾
min = mini =1 ;:::;k W ¾

i . If

W o
¾ ´ (W ¾o

1 ; : : : ; W ¾o
k )

denotesthe value actually observed for a speci¯c (k + 1)-subsequence¾and
W ¾o

min = mini =1 ;:::;k W ¾o
i , the probability

pmax (T o
¾) ´ Pr [ ±max (W ¾; ek) < ±max (W o

¾; ek) ]

= Pr [ W ¾
min > W ¾o

min ]

under (20) is a p-value that measuresthe signi¯canceof the linearity of T ¾

in the ordinary sense.
Now supposethat the (k + 1)-subsequence¾is not pre-speci¯ed. Then

p(k)
max (T o

n ) ´ Pr
·

min
j¾j= k+1

±max (W ¾; ek) < min
j¾j= k+1

±max (W o
¾; ek)

¸

= Pr
·

max
j¾j= k+1

W ¾
min > max

j¾j= k+1
W ¾o

min

¸
(21)

is a p-valuethat measuresthe signi¯canceof a most linear (k+ 1)-subsequence
of T o

n . A small value of p(k)
max (T o

n ) indicates that a most linear (k + 1)-
subsequenceof T o

n is too linear to have occurredat random. The evaluations
of maxj¾j= k+1 W ¾

min and p(k)
max (T o

n ) are discussedin Appendix A and Section4
respectively.

Gap-linearity of a subsequence; multiple subsequences:

For any (k + 1)-subsequence¾´ (¾0 < ¾1 < ¢¢¢< ¾k) de¯ne

e¾ =
µ

¾1 ¡ ¾0

¾k ¡ ¾0
: : : ;

¾k ¡ ¾k¡ 1

¾k ¡ ¾0

¶
2 Sk : (22)

For example,if ¾= (0; 1; 3) then e¾ =
¡

1
3; 2

3

¢
, while e2 =

¡
1
2; 1

2

¢
. We measure

the departure from gap-linearity of the subsequenceT ¾ by (seeFigure 5)

~±max (W ¾; e¾) = ±max (W ¾ + ek ¡ e¾; ek)

=
1

p
k(k ¡ 1)

¡

r
k

k ¡ 1
~W ¾

min

12



c

(1,0,0)

(0,1,0)

(0,0,1)

es = (1 4, 1 2, 1 4)

Figure 5: The set f w¾2 Sk j ~±max (w¾; e¾) < cg, n = 4; k = 3; ¾= (0; 1; 3; 4):

(recall (7)), where,with a+ = max(a;0),

~W ¾
min = min

i =1 ;:::;k

µ
W ¾

i +
1
k

¡
¾i ¡ ¾i ¡ 1

¾k ¡ ¾0

¶ +

: (23)

Here ~±max can be viewed as measuringthe departure from linearity of

(T¾0 ; (¢); T¾1 ; (¢); : : : ; (¢); T¾k ¡ 1 ; (¢); T¾k );

i.e., after adjusting for the Ti 's not occurring in the subsequence.Thus, for
a speci¯c (k + 1)-subsequence¾, the p-value

~p¾
max (T o

¾) ´ Pr
h

~±max (W ¾; e¾) < ~±max (W o
¾; e¾)

i

= Pr
h

~W ¾
min > ~W ¾o

min

i

under (20) measuresthe signi¯canceof the gap-linearity of T ¾.

For the special caseof a regular subsequence ¾, i.e.,

¾1 ¡ ¾0 = ¢¢¢= ¾k ¡ ¾k¡ 1 ´ ½; (24)

ek = e¾ so the notions of linearity and gap-linearity coincide for T ¾. Here
~W ¾

min = W ¾
min and ~W ¾o

min = W ¾o
min so

~p¾
max (T o

¾) = pmax (T o
¾): (25)
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In this caseW ¾ has the symmetric Dirichlet distribution

W ¾ » Dk(½;: : : ; ½) (26)

but the exact distribution of W ¾
min does not appear to be known. Huillet

(2005,p.1021,eqn. (5)) states the asymptotic distribution:

k
1+ ½

½ W ¾
min

d! Y½ as k ! 1 ; (27)

whereY½ has the Weibull distribution with cdf determinedby

Pr [ Y½ > t] = e¡ t=s½; t > 0;

s½ = ¡(1 + ½)=½½;

from which ~p¾
max (T o

¾) = pmax (T o
¾) can be approximated.

Supposenow that the (k + 1)-subsequence¾is not pre-speci¯ed. Then

~p(k)
max (T o

n ) ´ Pr
·

min
j¾j= k+1

~±max (W ¾; e¾) < min
j¾j= k+1

~±max (W o
¾; e¾)

¸

= Pr
·

max
j¾j= k+1

~W ¾
min > max

j¾j= k+1
~W ¾o

min

¸
(28)

is a p-value that measuresthe signi¯cance of a most gap-linear (k + 1)-
subsequenceof T o

n . A small value of ~p(k)
max (T o

n ) indicates that a most gap-
linear (k + 1)-subsequenceis too gap-linearto have occurredat random. The
evaluations of maxj¾j= k+1

~W ¾
min and ~p(k)

max (T o
n ) are discussedin Appendix A

and Section4 respectively.

Remark. A generalizationof the distance measure±LR for testing that a
subsequenceT ¾ of T n is gap-linear is presented in Appendix B.

4 Mon te Carlo for multiple subsequences

Denotethe test statistics obtained in (21) for multiple subsequencelinearity
and in (28) for multiple subsequencegap-linearity by

tn;k ´ max
j¾j= k+1

W ¾
min and ~tn;k ´ max

j¾= k+1
~W ¾

min ; (29)
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k 0.9 0.91 0.92 0.93 0.94 0.95 0.96 0.97 0.98 0.99 0.999
2 0.500 0.500 0.500 0.500 0.500 0.500 0.500 0.500 0.500 0.500 0.500
3 0.327 0.327 0.328 0.328 0.328 0.329 0.329 0.330 0.331 0.331 0.333
4 0.232 0.233 0.234 0.234 0.235 0.236 0.237 0.239 0.241 0.243 0.247
5 0.169 0.170 0.171 0.173 0.174 0.176 0.177 0.179 0.181 0.184 0.191
6 0.124 0.125 0.126 0.128 0.130 0.132 0.134 0.136 0.138 0.143 0.150
7 0.090 0.091 0.093 0.094 0.096 0.098 0.100 0.102 0.106 0.110 0.122
8 0.064 0.065 0.066 0.067 0.069 0.071 0.073 0.075 0.079 0.084 0.095
9 0.042 0.043 0.044 0.045 0.047 0.048 0.050 0.053 0.056 0.062 0.073

Table 1: Simulated quantiles for tn;k , n = 10.

k 0.9 0.91 0.92 0.93 0.94 0.95 0.96 0.97 0.98 0.99 0.999
2 0.500 0.500 0.500 0.500 0.500 0.500 0.500 0.500 0.500 0.500 0.500
3 0.330 0.330 0.330 0.330 0.331 0.331 0.331 0.331 0.332 0.332 0.333
4 0.239 0.239 0.240 0.240 0.241 0.242 0.242 0.243 0.244 0.245 0.248
5 0.179 0.179 0.180 0.181 0.182 0.183 0.184 0.185 0.187 0.190 0.194
6 0.134 0.135 0.136 0.137 0.138 0.140 0.141 0.143 0.145 0.148 0.155
7 0.099 0.100 0.101 0.102 0.103 0.105 0.107 0.109 0.112 0.116 0.126
8 0.070 0.071 0.072 0.073 0.075 0.076 0.078 0.080 0.083 0.089 0.102
9 0.045 0.046 0.048 0.049 0.050 0.051 0.053 0.056 0.059 0.063 0.075

Table 2: Simulated quantiles for ~tn;k , n = 10.

respectively. Recursive algorithms for calculating tn;k , ~tn;k and ¯nding cor-
responding most linear or most gap-linear (k + 1)-subsequencesare given in
Appendix A.

Let to
n;k and ~to

n;k denote the corresponding observed valuesbasedon the

observed sequenceT o
n . To obtain the associated p-values p(k)

max (T o
n ) and

~p(k)
max (T o

n ) we simply simulate a large number of random sequencesT n under
the Poissonrandomnessmodel and calculate the test statistics ~tn;k and ~tn;k

for each simulated sequence.The distributions of the simulated valuesof the
two test statistics approximate their true distribution under the randomness
model and thus yield estimatedp-valuesfor to

n;k and ~to
n;k .

This Monte Carlo method can be time-consuming, but the simulated
quantiles neededfor deriving the p-valuesof the tests can be calculatedand
stored beforehand,so the actual time neededfor performing a test for an
observed sequencewill be very short.
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k t10;k p(k)
max (T o

10) most linear (k + 1)-subsequence
2 0.500 < 0:001 (21,40,59)
3 0.319 0.35 (40,55,72,87)
4 0.238 0.04 (24,40,55,72,87)
5 0.153 0.29 (13,24,40,55,72,85)
6 0.119 0.15 (13,21,33,40,55,63,72)
7 0.097 0.06 (13,21,33,40,55,63,72,85)
8 0.056 0.19 (13,21,33,40,55,59,63,72,85)
9 0.042 0.10 (13,21,24,33,40,55,59,63,72,85)

Table 3: t10;k computed for the sequenceT o
10 in (30), the corresponding p-

value, and a most linear (k + 1)-subsequence(not necessarilyunique).

As an example, for n = 10 and k = 2; : : : ; 9 the simulated quantiles of
t10;k and ~t10;k under the randomnessmodel areshown in Table1 and Table2.
The observedtest statistics to

10;k and ~to
10;k calculatedfor the examplesequence

T o
10 = (13; 21; 24; 33; 40; 55; 59; 63; 72; 85; 87) (30)

are listed in Table 3 and Table 4. The p-values for to
10;k and ~to

10;k and, for
each k, a most linear (k + 1)-subsequenceof T o

10 are alsodisplayed.
It was found in (18) that the (unadjusted) p-value associated with the

4-subsequence(21; 40; 55; 72) is 0:014. From Table 3 with k = 3, however, it
is seenthat a most linear 4-subsequenceof T o

10 is (40; 55; 72; 87) with p-value
0:35adjustedfor the multiple subsequencee®ect.From Table4 with k = 3, a
most gap-linear4-subsequenceof T o

10 is (24; 33; 59; 85) with adjustedp-value
0:05, showing substantially greater signi¯cance.

Likewise,in (19) the unadjusted p-valuesassignedto the 8-subsequences
T o

7 and T o
7

0were0:001. From Table3 with k = 7, it is seenthat T o
7 is detected

asa most linear 8-subsequencesof T o
10, as is T o

7
0, each with adjusted p-value

0:06. From Table 4 with k = 7, a most gap-linear 8-subsequenceof T o
10 is

(13; 21; 33; 40; 55; 59; 63; 87) with adjusted p-value 0:12.

All simulations wereperformedin the statistical software R (R Develop-
ment Core Team,2006). Programsare provided asan R packageregsubseq
(Di, 2007) for calculating the test statistics tn;k and ~tn;k for observed se-
quencesand ¯nding the corresponding p-values.
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k ~t10;k ~p(k)
max (T o

10) most gap-linear (k + 1)-subsequence
2 0.500 < 0:001 (55,59,63)
3 0.331 0.05 (24,33,59,85)
4 0.238 0.12 (24,40,63,72,87)
5 0.186 0.03 (24,33,40,63,72,87)
6 0.129 0.16 (13,21,33,40,59,72,87)
7 0.097 0.12 (13,21,33,40,55,59,63,87)
8 0.079 0.04 (13,21,33,40,55,59,63,72,87)
9 0.052 0.05 (13,21,24,33,40,55,59,63,72,87)

Table 4: ~t10;k computed for the sequenceT o
10 in (30), the corresponding p-

value, and a most gap-linear (k + 1)-subsequence(not necessarilyunique).

5 Discussion

Darling (1953) attributes the ¯rst statistical formulation of the problem of
detecting regular sequencesto Greenwood (1946), who proposedthe L 2 dis-
tance measure±2. Sherman(1950) derived the asymptotic null distribution
of the L 1 distance,while Kimball (1947) obtained partial asymptotic results
for generalL p distances. Darling (1953) obtained the asymptotic distribu-
tions for a much wider classof distancemeasures.Unlike the measures±max

and ±LR , however, exact distributional results are not known for the other
measuresconsideredheretofore.

The question of detecting linear and gap-linear subsequencesdoes not
seemto havebeenaddressedpreviously. Our current computational methods
for the detection of such subsequencesare time-consumingand impractical
for long sequences{ we are currently able to handle sequenceswith n · 50.
The exact distribution or asymptotic properties of the test statistics and/or
faster algorithms will be neededto handle longer sequences.

Ac knowledgemen t. The authors thank N. Balakrishnan,Jon Wellner, and
Galen Shorack for helpful comments and suggestions.

A Algorithms for the test statistics tn;k and ~tn;k

The naive approach to computing the test statistics tn;k and ~tn;k in (29) is
to enumerate all (k + 1)-subsequences¾ of (0; : : : ; n), calculate W ¾

min and
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~W ¾
min for all corresponding T ¾, then maximize each over ¾. This approach

works only for relatively small n, sincethere are
¡ n+1

k+1

¢
such ¾. If we wish to

considerall k, this is an O(2n ) procedure. Experimentation with this naive
approach shows that when n ¸ 20, this procedureis impractical.

Thereforewe have designedrecursive dynamic programming approaches
to calculate the test statistics tn;k and ~tn;k (and in the process¯nd corre-
sponding most linear and most gap-linearsubsequences).

To compute tn;k de¯ne

t(k; r; s) = max
j¾j= k+1 ; ¾0= r ; ¾k = s

W ¾
min

for k = 1; : : : ; n ¡ 1 and (r; s) that are compatible with k, that is,

0 · r · r + k · s · n:

Thust(k; r; s) is the maximum minimum standardizedspacingover all (k+ 1)-
subsequences¾with ¯xed end points Tr and Ts. For k = 2; : : : ; n ¡ 1,

tn;k = max
r ;s

t(k; r; s)

provides the test statistic we want to compute. To obtain t(k; r; s), we use
the following recursive relation:

t(k; r; s) = max
r + k¡ 1· m· s¡ 1

min
½

t(k ¡ 1; r; m) ¢
µ

Tm ¡ Tr

Ts ¡ Tr

¶
;

Ts ¡ Tm

Ts ¡ Tr

¾
(31)

for all k = 2; : : : ; n ¡ 1 and (r; s) that are compatible with k, and

t(1; r; s) ´ 1

provides the initial valuesfor our recusive algorithm. Thus, to compute tn;k

we needonly 4 loops for r , s, k and m respectively. This O(n4) alogrithm is
a substantial improvement over the naive approach.

The calculation of ~tn;k is slightly more complicated. For a consecutive
subsequenceT r ;s = (Tr ; Tr +1 ; : : : ; Ts) of T n , de¯ne

Z r ;s = (Z r ;s
0 ´ 0; Z r ;s

1 ; : : : ; Z r ;s
s¡ r ¡ 1; Z r ;s

s¡ r ´ 0)

=
µ

Tr ¡ Tr

Ts ¡ Tr
¡

0
s ¡ r

;
Tr +1 ¡ Tr

Ts ¡ Tr
¡

1
s ¡ r

; : : : ;
Ts ¡ Tr

Ts ¡ Tr
¡

s ¡ r
s ¡ r

¶
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to be the di®erencevector between the standardized spacingsof T r ;s and
the standardizedgapsof the corresponding index set of T r ;s. For a general
subsequence¿ = (¿0; : : : ; ¿k) of (0; : : : ; s ¡ r ), de¯ne

Ŵ r ;s;¿
i = Z r ;s

¿i
¡ Z r ;s

¿i ¡ 1
; i = 1; : : : ; k;

to be the spacingsof the corresponding subsequence

Z r ;s
¿ ´ (Z r ;s

¿0
; Z r ;s

¿1
; : : : ; Z r ;s

¿k
)

of Z r ;s and de¯ne
Ŵ r ;s;¿ ´ (Ŵ r ;s;¿

1 ; : : : ; Ŵ r ;s;¿
s¡ r ):

Note that not all Ŵ r ;s;¿
i needbe positive. We can represent ~tn;k in terms of

Ŵ r ;s;¿
min ´ min

i =1 ;:::;k
Ŵ r ;s;¿

i

as follows: by direct comparisonwith (23) we have

max
j¾j= k+1 ; ¾0= r ; ¾k = s

~W ¾
min = max

j¿j= k+1 ; ¿0=0 ; ¿k = s¡ r

µ
Ŵ r ;s;¿

min +
1
k

¶ +

: (32)

To obtain ~tn;k ´ maxj¾j= k+1
~W ¾

min , we just needto compute the maximum of
the right-hand side in (32) over all (r; s) pairs that are compatible with k.

For this reason we have introduced Ŵ r ;s;¿, since we have a recursive
relation similar to (31) basedon Ŵ r ;s;¿

min while we have not found a similar
relation baseddirectly on ~W ¾

min . Speci¯cally, if we de¯ne

~t r ;s(k; s0) = max
j¿j= k+1 ;¿0=0 ;¿k = s0

Ŵ r ;s;¿
min ;

for all (k; s0) such that 1 · k · s0 · s ¡ r , in particular

~t r ;s(1; s0) ´ Z r ;s
s0 ¡ Z r ;s

0

for all s0 such that 1 · s0 · s ¡ r , then we have the following recursive
relation:

~t r ;s(k; s0) = max
k¡ 1· m· s0¡ 1

min
©

~t r ;s(k ¡ 1; m); ~t r ;s(1; s0) ¡ ~t r ;s(1; m)
ª

(33)

for all (k; s0) such that 2 · k · s0 · s ¡ r . Note that the right-hand sideof
(32) is just (~t r ;s(k; s ¡ r ) + 1=k)+ . For each pair (r; s), it takes 3 loops for
k, s0 and m respectively to compute ~t r ;s(k; s ¡ r ) for all k. Another 2 loops
for r and s respectively will then give ~tn;k for all k. Overall, this is an O(n5)
algorithm.
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B Extension of ±LR for testing gap-linearit y

Another distancemeasurefor detecting gap-linearsubsequencesT ¾ of T n is
derived as follows. Considerthe problem of testing

H¾ : W ¾ » Dk(½1; : : : ; ½k) vs: K ¾ : W ¾ » Dk(®½1; : : : ; ®½k); ® > 1; (34)

where½i = ¾i ¡ ¾i ¡ 1, i = 1; : : : ; k. Because

EH ¾(W ¾) = EH ¾(W ¾) = e¾

and the distribution of W ¾ is more concentrated about e¾ under K ¾ than
under H¾, the testing problem (34) can be viewed as testing for randomness
vs. gap-linearity of T ¾. From (1), the UMP test for (34) rejects H¾ ifQ k

i=1 (W ¾
i )½i is too large, equivalently, if

~±¾
LR (W ¾; e¾) ´

Y k

i=1

³
½i
¹

´ ½i

¡
Y k

i=1
(W ¾

i )½i (35)

is too small, where¹ =
P k

i=1 ½i = ¾k ¡ ¾0. The observed p-value is

~p¾
LR (T o

¾) = PrH ¾[ ±¾
LR (W ¾; e¾) < ±¾

LR (W o
¾; e¾) ]

= PrH ¾

hY k

i=1
(W ¾

i )½i >
Y k

i=1
(W ¾0

i )½i

i
: (36)

The moments of Q¾ ´
Q k

i=1 (W ¾
i )½i can be readily obtained as in (15),

then the Gaussmultiplication formula applied to obtain its representation
under H¾ is

Q¾ »
Q k

i=1 ½½i
i

¹ ¹
¢
Y

B(a´ ; b́ ); (37)

wherethe B(a´ ; b́ )'s are independent beta random variables. However, the
complexity of this product dependson the arithmetic complexity of the inte-
gers½1; : : : ; ½k (and the represention may not be unique). Usually it is easier
to approximate the p-value(36) by directly simulating Q¾ under the Dirichlet
hypothesisH¾. In the symmetric casegiven by (24) and (26), however, the
following simple extensionof (13) in Proposition 2 can be obtained:

Q1=½
¾ ´

Y k

i=1
W ¾

i » k¡ k ¢
Y k¡ 1

i=1
B(½; i

k ): (38)
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