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Abstract

What proportion of all 2 � 2 � 2 contingency tables exhibit Simp-

son's Paradox? An approximate answer is obtained for large sample

sizes and extended to 2� 2� ` tables. Several conditional probabilities

of the occurrence of Simpson's Paradox are also derived. Given that

the observed cell frequencies satisfy a Simpson reversal, the posterior

probability that the population parameters satisfy the same reversal is

obtained. This Bayesian analysis is applied to the well{known Simp-

son reversal of the 1995{1997 batting averages of Derek Jeter and

David Justice.
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1 Introduction

The celebrated Simpson's Paradox occurs when two random events A and B

are conditionally positively (negatively) correlated given a third eventC, and

also given its complement�C, but are unconditionally negatively (positively)

correlated. That is, either

P(A \ B j C) � P(A j C) P(B j C); (1.1)

P(A \ B j �C) � P(A j �C) P(B j �C); (1.2)

P(A \ B) � P(A) P(B); (1.3)

with at least one inequality strict, or the three inequalities are replaced by

their opposites. We shall refer to (1.1)-(1.3) as apositive Simpson reversal,

and to their opposites as anegative Simpson reversal.

As an example of this phenomenon, Julious and Mullee (1994) report

a study of two treatments for kidney stones in which the �rst treatment

was more e�ective for both large stones and small stones but appearedless

e�ective when the data were aggregated over both classes of stones.

Although a Simpson reversal at �rst appears paradoxical, many exam-

ples occur throughout the literature, especially in the social and biomedical
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sciences. See, for example, Bickel et al. (1975), Blyth (1972) and the ref-

erences available athttp://en.wikipedia.org/wiki/Simpson's_paradox .

Thus one may ask:Just how likely is a Simpson reversal?We shall address

several versions of this question.

First, if [ pijk j i; j; k = 1; 2] are the eight cell probabilities in the 2� 2� 2

table corresponding to the dichotomiesA or �A, B or �B , and C or �C, where
P

i;j;k pijk = 1, then (1.1)-(1.3) can be expressed equivalently as

p111p221 � p121p211; (1.4)

p112p222 � p122p212; (1.5)

(p111 + p112)(p221 + p222) � (p121 + p122)(p211 + p212): (1.6)

Question 1.1. Assume that the array of cell probabilities[pijk ] is random

and distributed uniformly over the probability simplex

S8 �

(

[pijk ]

�
�
�
� pijk � 0;

X

i;j;k

pijk = 1

)

(1.7)

(a 7{dimensional set in R8). What is the probability that [pijk ] satisfy a

positive or negative Simpson reversal, i.e., satisfy the inequalities (1.4)-(1.6)

or their opposites? (The answer is about 0.0166|see Section2.)

It follows that if [ M ijk j i; j; k = 1; 2] are the cell counts and [^pi;j;k ] �

[M i;j;k =n] the corresponding cell frequencies in a 2� 2� 2 contingency table,
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then for large n �
P

i;j;k M ijk , approximately 1.66% of all possible such

frequency tables exhibit a Simpson reversal.

In Section 3, related questions involving conditional prior probabilities

of a Simpson reversal are addressed, such as the following: Given that the

eventsA and B are negatively correlated (as in (1.3)), what is the conditional

prior probability that they are positively correlated under both C and �C (as

in (1.1) and (1.2))? For example, if one treatment is less e�ective than

another in the aggregate over large and small kidney stones,what is the

prior probability that it is actually more e�ective for both large and small

kidney stones considered separately? More precisely:

Question 1.2. Again assume that[pijk ] is uniformly distributed over S8.

Given that [pijk ] satis�es (1.6), what is the probability that [pijk ] satis�es

(1.4) and (1.5)? Conversely, given that[pijk ] satis�es (1.4) and (1.5), what

is the probability that [pijk ] satis�es (1.6)? (The answers are surprisingly

easy to obtain.)

Lastly, if it is assumed that

[M ijk ]
�
� [pijk ] � M8(n; [pijk ]); (1.8)

the multinomial distribution with 8 cells, n total observations, and cell prob-

abilities [pijk ], then we can pose the following inferential question.

Question 1.3. Again assume that[pijk ] is uniformly distributed overS8. If
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the observed cell frequencies[p̂i;j;k ] exhibit a Simpson reversal, what is the

posterior probability that [pijk ] satisfy the same Simpson reversal?

This question is addressed in Section 4 as a Bayesian decision problem

under both the uniform prior and the Je�rey's invariant prior on S8 for

the multinomial sampling model. In fact, the method can be applied for

all Dirichlet prior distributions on S8, which class is rich enough to include

informative priors, i.e., those that actually re
ect prior information.

These three questions will also be addressed for the more general case

where the third (conditioning) factor C has more than 2 levels. Section 4

also contains several illustrative examples, including ananalysis of the well-

known Simpson reversal of the batting averages of baseball stars Derek Jeter

and David Justice. Some related topics are discussed in Section 5.

Simpson's Paradox is usually attributed to Simpson (1951).However,

according to Good and Mittal (1987, p.695), the underlying idea goes back

at least as far as Pearson et al. (1899) and Yule (1903). Good and Mittal

(1987) attribute the term \Simpson's Paradox" to Blyth (1972).

2 The prior probability of Simpson's Paradox

Suppose that factorsA and B each have 2 levels while factorC has` levels,

` 2 f 2; 3; : : :g. As in Section 1 we could denote the 2� 2 � ` table of

population cell probabilities by [pijk ]. However, to avoid triple subscripts, we

instead representpijk by p4k+2 i + j � 6 for i; j = 1; 2 and k = 1; : : : ; `. Thus a
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positive Simpson reversaloccurs when

p1p4 � p2p3 ; (R+
1 )

p5p8 � p6p7 ; (R+
2 )

...

p4`� 3p4` � p4`� 2p4`� 1 ; (R+
` )

but

 
`X

k=1

p4k� 3

!

�

 
`X

k=1

p4k

!

�

 
`X

k=1

p4k� 2

!

�

 
`X

k=1

p4k� 1

!

; (R+
`+1 )

with at least one inequality strict. A negative Simpson reversaloccurs when

these`+1 inequalities are replaced by their opposites, which events we denote

by R�
1 ; : : : ; R�

` ; R�
`+1 . Thus:

f positive Simpson reversalg =
`+1\

k=1

R+
k ; (2.1)

f negative Simpson reversalg =
`+1\

k=1

R�
k ; (2.2)

f Simpson0s Paradoxg =

 
`+1\

k=1

R+
k

!

[

 
`+1\

k=1

R�
k

!

: (2.3)

The array of cell probabilitiesp � [p1; : : : ; p4` ] for the 2� 2 � ` table lies
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in the probability simplex

S4` :=
n

p
�
�
� p1 � 0; : : : ; p4` � 0; p1 + � � � + p4` = 1

o
; (2.4)

a (4` � 1)-dimensional set inR4` . The general Dirichlet distribution on S4` ,

denoted byD4` (� ), has probability density function proportional to

4`Y

r =1

p� r � 1
r ; (2.5)

where � = ( � 1; : : : ; � 4` ) and each � r > 0 (cf. Hartigan (1983, p. 97)).

Because
T `+1

k=1 R+
k and

T `+1
k=1 R�

k are essentially disjoint events inS4` ,

� ` (� ) := Pr (Simpson's Paradox underD4` (� )) (2.6)

= P�

 
`+1\

k=1

R+
k

!

+ P�

 
`+1\

k=1

R�
k

!

: (2.7)

=: � +
` (� ) + � �

` (� ): (2.8)

The following classical representation (cf. Wilks (1962,x7.7) or Hartigan

(1983, p. 97)) of the general Dirichlet distribution in terms of indepen-

dent gamma random variables simpli�es the calculation of probabilities of

events in S4` that involve R+
1 ; : : : ; R+

` ; R+
`+1 and/or R�

1 ; : : : ; R�
` ; R�

`+1 , such

as
T `+1

k=1 R+
k and

T `+1
k=1 R�

k .

Proposition 2.1. Let V1; : : : ; V4` be independent random variables withVr �
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Gamma(� r ; 1) for r = 1; : : : ; `. Then

p :=

 
V1

P 4`
r =1 Vr

; : : : ;
V4`

P 4`
r =1 Vr

!

� D4` (� ): (2.9)

Thus R+
1 ; : : : ; R+

` ; R+
`+1 can be expressed in terms ofV1; : : : ; V4` as follows:

V1V4 � V2V3 ; (R+
1 )

...

V4`� 3V4` � V4`� 2V4`� 1 ; (R+
` )

 
`X

k=1

V4k� 3

!

�

 
`X

k=1

V4k

!

�

 
`X

k=1

V4k� 2

!

�

 
`X

k=1

V4k� 1

!

: (R+
`+1 )

Remark 2.1. It follows from this representation that the eventsR+
1 ; : : : ; R+

`

are mutually independent under any Dirichlet distribution on S4` ; the same

is true for R�
1 ; : : : ; R�

` .

By simulating the independent gamma random variablesV1; : : : ; V4` we

can apply Proposition 2.1 to approximate the prior probability of a Simpson

reversal under any Dirichlet distribution D4` (� ) on S4` .

When � = ( �; : : : ; � ) with � > 0 we writeD4` (� ) asD4` (� ), a symmetric

= exchangeable distribution onS4` . Note that D4` (1) is the uniform distribu-

tion on S4` , while D4` (0:5) is the Je�rey's invariant prior for the multinomial

model (cf. Hartigan (1983, p.100); Davison (2003, p.575)).

We now approximate the prior probability of Simpson's Paradox under
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D4` (� ) for several values of� . Here V1; : : : ; V4` are i.i.d. Gamma(�; 1) ran-

dom variables, hence exchangeable, so the positive and negative Simpson

reversals
T `+1

k=1 R+
k and

T `+1
k=1 R�

k have the same prior probabilities. Thus

from (2.7),

� ` (� ) := Pr (Simpson's Paradox underD4` (� )) (2.10)

= 2 P�

 
`+1\

k=1

R+
k

!

(2.11)

=: 2� +
` (� ): (2.12)

Table 1: 99% con�dence intervals for� ` (� ) under the symmetric Dirichlet
prior D4` (� ). The con�dence intervals are based on 107 Monte Carlo simu-
lations of the i.i.d. Gamma(�; 1) random variablesV1; : : : ; V4` (see (2.9)).

Table 1 displays 99% con�dence intervals for� ` (� ) based on 107 Monte

Carlo simulations ofV1; : : : ; V4` . The following features are noteworthy:
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(a) [� = 1]: As stated earlier, this case corresponds to theuniform prior

on the probability simplex S4` . The 99% con�dence interval for� 2(1) is

0:0166� :00010, so the prior probability of Simpson's Paradox in a 2�

2� 2 table under the uniform prior is 0.0166 (correct to three signi�cant

�gures).

(b) [� = 0:5]: This case corresponds to theJe�rey's prior on S4` . The 99%

con�dence interval for � 2(0:5) is 0:0267� :00013, so the prior probabil-

ity of Simpson's Paradox in a 2� 2 � 2 table under the Je�rey's prior

is about 0.0267. That this exceeds the value 0.0166 under theuniform

prior is expected because the Je�rey's prior puts more of itsmass near

the boundary of S4` , where the Simpson reversals tend to be most pro-

nounced. (See, for example, Blyth (1972, p.365).)

(c) For each �xed `, � ` (� ) decreases as� increases. This can be explained

as follows. Ifp � D4` (� ) then for eachr = 1; : : : ; 4`,

E� (pr ) =
1
4`

; (2.13)

Var� (pr ) =
4` � 1

(4`)2(4�` + 1)
= O

�
1
�

�
; (2.14)

(cf. Wilks (1962, p.179)). Thus as� increases, the distribution ofp

moves away from the boundary ofS4` and concentrates around its cen-

tral point (1 =4`; : : : ; 1=4`), where the inequalities inR+
1 ; : : : ; R+

`+1 and

R�
1 ; : : : ; R�

`+1 become equalities, so the Simpson reversals should become
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less likely.

(d) For each �xed � , � ` (� ) decreases as̀ increases. This might be expected,

because a reversal from̀positive conditional correlations to one negative

unconditional correlation seems increasingly unlikely for large `.

In fact it is easy to show that � ` (� ) decreases at least exponentially fast

in `: From (2.11), Remark 2.1., and the exchangeability ofV1; : : : ; V4` ,

� ` (� ) � 2P�

 
`\

k=1

R+
k

!

=
1

2` � 1
: (2.15)

We conjecture that � ` (� ) decreases at an exponential rate.

Conjecture 2.1. For each � > 0 there existsk1(� ) > 0 such that

� ` (� ) � � 2(� ) � exp
�

� k1(� )
�

`
2

� 1
��

; ` = 2; 3; : : : : (2.16)

As evidence for this conjecture we estimated� ` (� ) for � 2 f 0:5; 1g and

` 2 f 2; 3; : : : ; 30g, again based on 107 Monte Carlo simulations ofV1; : : : ; V4` .

Denote by ^� ` (� ) the point estimate of� ` (� ) thus obtained. We found that for

` > 10, �̂ ` (� ) � 0 to the accuracy of our simulation, so we restrict attention

to ` 2 f 2; 3; : : : ; 10g.

In Figure 2 we plot log(^� ` (� )=�̂ 2(� )) against (`=2)� 1 for the cases� = 0:5

and � = 1. The bracketing intervals represent 99% con�dence intervals
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Figure 1: Point estimates ^� ` (� ) for the prior probability of Simpson's paradox
under the symmetric Dirichlet prior D4` (� ) plotted against the number of
levels, ` 2 f 2; 3; : : : ; 10g, of the third factor C. The plot on the left treats
the case� = 0:5 while that on the right has � = 1.
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Figure 2: The values of log(^� ` (� )=�̂ 2(� )) are plotted against (̀ =2)� 1, for the
cases� = 0:5 and � = 1. The bracketing intervals represent 99% con�dence
intervals for log(� ` (� )=� 2(� )).

for log(� ` (� )=� 2(� )). The plotted points agree well with the conjectured

exponential rates of convergence, with Pearson'sr 2 � 0:98 for both � =

0:5 and 1. Because the widths of the intervals increase as the probabilities

decrease, however, our conjecture cannot be entirely guaranteed. Finally,

point estimates fork1(� ) can be obtained by averaging

�
log(�̂ ` (� )=�̂ 2(� ))

(`=2) � 1

across` 2 f 3; 4; : : : ; 10g. These estimates arêk1(0:5) � 1:85 and k̂1(1) �

2:27.
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3 Some conditional probabilities of Simpson

reversals

In Section 2 we approximated the unconditional prior probability � ` (� ) (re-

call (2.11)) of the occurrence of Simpson's Paradox in a 2� 2� ` table under

several symmetric Dirichlet priorsD4` (� ) on the probability simplex S4` . We

now consider the following fourconditional prior probabilities of Simpson

reversals underD4` (� ); these may be of interest in real-life applications.

� ` (� ) := P�

 
`\

k=1

R+
k

�
�
�
� R+

`+1

!

= � ` (� ) ; (3.1)


 ` (� ) := P�

 

R+
`+1

�
�
�
�

`\

k=1

R+
k

!

= 2 ` � 1� ` (� ) ; (3.2)

� ` (� ) := P�

 
`\

k=1

R+
k

�
�
�
� R�

`+1

!

=
1

2` � 1
� � ` (� ) ; (3.3)

� ` (� ) := P�

 

R�
`+1

�
�
�
�

`[

k=1

R+
k

!

=
1 � � ` (� )
2 � 1

2` � 1

: (3.4)

Result (3.1) follows easily from the de�nition of conditional probability,

from (2.11), and from the symmetry of the priorD4` (� ) which implies that

P� (R+
k ) = P� (R�

k ) =
1
2

; k = 1; : : : ; ` + 1: (3.5)

Result (3.2) follows from (3.1) by Bayes' formula, independence, and sym-
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metry.

Result (3.3) is derived as follows:

P�

 
`\

k=1

R+
k

�
�
�
� R�

`+1

!

= 2 P�

 

R�
`+1 \

`\

k=1

R+
k

!

= 2

"

P�

 
`\

k=1

R+
k

!

� P�

 
`+1\

k=1

R+
k

!#

=
1

2` � 1
� � ` (� );

where we use the fact that�R�
`+1 = R+

`+1 almost surely, the independence of

R�
1 ; : : : ; R�

` (Remark 2.1.), and the symmetry ofD4` (� ).

Result (3.4) is derived by Bayes formula, then complementation.

Remark 3.1. Four additional results can be obtained from (3.1)-(3.4) by

complementation. Furthermore, these eight results yield eight more by inter-

changingR+
k and R�

k throughout, which is valid by the symmetry ofD4` (� ).

Because the conditional probabilities in (3.1)-(3.4) are simple linear func-

tions of � ` (� ), they can be evaluated using the entries in Table 1. For ex-

ample, the answers to the two parts of Question 1.2. are included in the

following examples:

(i) [ � 2(� ) (` = 2)]: If it is known that Treatment 1 (T1) is less e�ective

than Treatment 2 (T2) in the aggregate over large and small kidney

stones, then under the uniform priorD8(1) (resp. the Je�rey's prior

15



D8(0:5)) the probability that T1 is more e�ective than T2 for large

and small stones separately is� 2(1) = � 2(1) � 0:0166 (resp.� 2(0:5) =

� 2(0:5) � 0:0267).

(ii) [ � 3(� ) (` = 3)]: If it is known that T1 is less e�ective than T2 in

the aggregate over large, medium, and small stones, then under D12(1)

(resp. D12(0:5)) the probability that T1 is more e�ective than T2 for

large, medium, and small stones separately reduces to� 3(1) = � 3(1) �

0:00566 (resp.� 3(0:5) = � 3(0:5) � 0:0116).

(iii) [ 
 2(� ) (` = 2)]: If T1 is more e�ective than T2 for large and small

stones separately, then underD8(1) (resp. D8(0:5)) the probability

that T1 is less e�ective in the aggregate is
 2(1) = 2 � 2(1) � 0:0332

(resp. 
 2(0:5) = 2� 2(0:5) � 0:0534).

(iv) [ 
 3(� ) (` = 3)]: If T1 is more e�ective than T2 for large, medium,

and small stones separately, then underD12(1) (resp. D12(0:5)) the

probability that T1 is lesse�ective in the aggregate reduces to
 3(1) =

4� 3(1) � 0:0226 (resp. 
 3(0:5) = 4� 3(0:5) � 0:0464). (Observe that

(3.1) and (3.2) together imply that 
 `(� ) decreases with̀ at a much

slower rate than does� ` (� ).)

(v) [ � 2(� ) (` = 2)]: If T1 is more e�ective than T2 in the aggregate over

large and small stones, then underD8(1) (resp. D8(0:5)) the probability
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that T1 is more e�ective for large and small stones separately is only

� 2(1) = 1 =2 � � 2(1) � 0:483 (resp.� 2(0:5) = 1=2 � � 2(0:5) � 0:473).

(vi) [ � 3(� ) (` = 3)]: If T1 is more e�ective than T2 in the aggregate over

large, medium, and small stones, then underD12(1) (resp. D12(0:5))

the probability that T1 is more e�ective for large, medium, and small

stones separately reduces to� 3(1) = 1 =4� � 3(1) � 0:244 (resp.� 3(0:5) =

1=4 � � 3(0:5) � 0:238).

(vii) [ � 2(� ) (` = 2)]: If T1 is more e�ective than T2 for large or small stones

or both, then under D8(1) (resp. D8(0:5)) the probability that T1 is

more e�ective in the aggregate is� 2(1) � 0:656 (resp.� 2(0:5) � 0:649).

(viii) [ � 3(� ) (` = 3)]: If T1 is more e�ective than T2 for at least one of

large, medium, or small stones, then underD12(1) (resp. D12(0:5)) the

probability that T1 is more e�ective in the aggregate reduces to� 3(1) �

0:568 (resp.� 3(0:5) � 0:565). ((3.4) implies that � ` (� ) converges to 1/2

as ` ! 1 .)
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4 The posterior probability of Simpson's Para-

dox

We now return to Question 1.3: Given that the observed cell frequencies

[p̂i;j;k ] in a 2� 2 � ` contingency table exhibit a Simpson reversal, how likely

is it that the population cell probabilities [pi;j;k ] satisfy the same Simpson

reversal?

It is easy to answer this question under the Bayesian Dirichlet{multinomial

model. As in Section 2, represent the cell probabilities, cell counts, and cell

frequencies as

[pijk ] $ [p4k+2 i + j � 6] =: p; (4.1)

[M ijk ] $ [M4k+2 i + j � 6] =: M ; (4.2)

[p̂ijk ] $ [p̂4k+2 i + j � 6] =: p̂; (4.3)

respectively, wherei; j = 1; 2 andk = 1; : : : ; `. It is well known (cf. Hartigan

(1983, p.97)) that the Dirichlet distributions constitute a conjugate family

of prior distributions for the multinomial model:

M j p � M4` (n; p) and p � D4` (� ) (4.4)
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imply

p j M � D4` (� + M ) : (4.5)

It follows from (4.5) and (2.6)-(2.8) that under this Bayesian model, the

posterior probabilities that p satis�es a positive or negative Simpson reversal

are simply � +
` (� + M ) and � �

` (� + M ), respectively, and the posterior

probability that p satis�es Simpson's Paradox is

� ` (� + M ) = � +
` (� + M ) + � �

` (� + M ): (4.6)

In the symmetric case where� = ( �; : : : ; � ) we denote these probabilities by

� ` (� + M ), etc. As in Section 2, we can apply Proposition 2.1 to estimate

these probabilities by simulating independent gamma random variables.

We now provide several examples wherêp (equivalently, M ) exhibits a

Simpson reversal and obtain estimates of the posterior probability that p

satis�es the same reversal. As before we shall consider two \uninformative"

priors, Je�rey's prior D4` (0:5) and the uniform prior D4` (1). Our method

also provides estimates for these posterior probabilitiesfor any informative

prior D4` (� ), e.g., with � chosen to re
ect prior information about the �rst

and second moments ofp.

Example 4.1.

19



In this small example, factorC has 2 levels (̀ = 2); the multinomial data

M is displayed in Figure 2. The reader should verify thatM exhibits a

positive Simpson reversal.

Table 2: [Example 4.1] Multinomial dataM with a positive Simpson reversal
in a 2 � 2 � 2 contingency table with factorsA, B , and C, each having two
levels. Also shown are the aggregated cell counts for factors A and B when
summed over the two levels of factorC.

Table 3 gives point estimates ^� +
2 (� + M ) for the posterior probability that

the population parametersp also satisfy a positive Simpson reversal under

the priors D8(� ) for � = 0:5 and 1. The point estimates are ^� +
2 (0:5 + M ) =

0:1964 and ^� +
2 (1 + M ) = 0 :1745, respectively, which do not provide strong

evidence for a Simpson reversal in the population. These small posterior

probabilities re
ect both the small sample size and the small estimated prior

probabilities �̂ +
2 (0:5) = 0:01335 and ^� +

2 (1) = 0 :00830 obtained from Table 1.

Example 4.2.

Here Example 4.1 is extended by adding a third level (for simplicity, we

just repeat the second level) of factorC (so ` = 3) in which factors A and

B are again conditionally positively correlated, while theyremain negatively
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Table 3: [Example 4.1] Point estimates and 99% margins of error for the
posterior probability � +

2 (� + M ) of a positive Simpson reversal under the
Dirichlet priors D8(0:5) and D8(1).

correlated when aggregated over all three levels ofC. How will this change

the posterior probability of a positive Simpson reversal?

Table 4: [Example 4.2] Multinomial dataM with a positive Simpson reversal
in a 2 � 2 � 3 contingency table with factorsA, B , and C. Also shown are
the aggregated cell counts for factorsA and B when summed over the three
levels of factorC.

On the one hand the evidence appears stronger, becauseA and B are

positively correlated for three levels ofC rather than for only two levels

as in Example 4.1. On the other hand, the estimated prior probabilities

of a positive Simpson reversal have reduced from ^� +
2 (0:5) = 0:01335 and

�̂ +
2 (1) = 0 :00830 in Example 4.1 to ^� +

3 (0:5) = 0:00586 and ^� +
3 (1) = 0 :00283.

Table 5 gives point estimates ^� +
3 (� + M ) for the posterior probability that

the population parametersp also satisfy a positive Simpson reversal under
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Table 5: [Example 4.2] Point estimates and 99% margins of error for the
posterior probability � +

3 (� + M ) of a positive Simpson reversal under the
Dirichlet priors D12(0:5) and D12(1).

the priors D12(� ) for � = 0:5 and 1. The point estimates are ^� +
3 (0:5 + M ) =

0:2191 and ^� +
3 (1+ M ) = 0 :1973, which are slightlylarger than the estimated

prior probabilities 0.1964 and 0.1745 in Example 4.1. Thus the occurrence of

a positive Simpson reversal in these data with three conditioning levels, rather

than two, is su�cient to overcome the rapid reduction (recall Conjecture

2.1) of the prior probability of a Simpson reversal by the addition of a third

conditioning level.

Example 4.3.

Our third example, a modi�cation of the university admissions example

in Moore (1991, Example 2, p.246), shows the e�ect of increased sample size

on the posterior probability of a positive Simpson reversal.

The estimated prior probabilities of a positive Simpson reversal are again

�̂ +
2 (0:5) = 0:01335 under the Je�rey's priorD8(0:5) and �̂ +

2 (1) = 0 :00830

under the uniform prior D8(0:5). The estimated posterior probability of this
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Table 6: [Example 4.3] Multinomial dataM � N with a positive Simpson
reversal in a 2� 2� 2 contingency table with three factors: Application Status,
Gender, and Department. The multiplierN takes on valuesf 1; 5; 10; 20; 30g.
The third table gives the cell counts for factors \Application Status" and
\Gender" when aggregated over the two levels of \Department".

reversal under the Je�rey's prior, ^� +
2 (0:5+ M �N ), ranges from 0.207 to 0.967

asN ranges from 1 to 30, while under the uniform prior ^� +
2 (1+ M �N ) ranges

from 0.188 to 0.965. Thus the posterior probability for a positive Simpson

reversal is only about 57% for total sample size 130� 5 = 650 but exceeds

90% (95%) when the total increases to 130� 20 = 2600 (130� 30 = 3900).

Example 4.4.

Ross (2004, p.12) noted the occurrence of a Simpson reversalin the com-

parative batting averages of Major League baseball playersDerek Jeter and

David Justice for the three years 1995, 1996, and 1997. The count data M

are presented in Table 8.

The data in Table 8 exhibit a negativeSimpson reversal: Jeter's batting

averages for the three years were .250, .314, and .291, eachsmaller than

Justice's averages of .253, .321, and .329, but Jeter's average aggregated over

the three years was .300, which islarger than Justice's three{year average of
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Table 7: [Example 4.3] Point estimates and 99% margins of error for the
posterior probability � +

2 (� + M �N ) of a positive Simpson reversal under the
Dirichlet priors D8(0:5) and D8(1). This indicates the rate of increase of
� +

2 (� + M �N ) as the sample size multiplierN increases from 1 to 30.

Table 8: [Example 4.4] Batting data for Derek Jeter and DavidJustice over
three consecutive years. H = \hit safely", O = \out". The aggregated data
appear in the fourth table.
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.298. While baseball fans continue to debate who was the better hitter in the

face of this apparent paradox, as in the previous examples wecan estimate

the posterior probability that the innate cell probabiliti es for the 2� 2 � 3

table in Table 8 actually satisfy the negative Simpson reversal suggested by

the data.

Table 9: [Example 4.4] The expected counts [E ijk ] used to construct the
semi-informative Dirichlet priors D12(c1 � ~p) and D12(c2 � ~p).

For this purpose we shall use two \semi{informative" Dirichlet priors

D12(� ) where � is chosen so that the �rst moments ofD12(� ) match the

expectedaverages of Jeter and Justice in each year. It is generally accepted

that the batting average .300 represents the standard for good hitters. (This

is borne out by the three{year aggregated averages of these two players.)

Thus, we expect Jeter to have had (:3) � 48 = 14:4 safe hits in 1995, (:3) �

582 = 174:6 safe hits in 1996, and (:3) � 654 = 196:2 safe hits in 1997; the

other entries in Table 9 are obtained similarly.

The 12 expected counts in Table 9, denoted by [E ijk ], are then normal-

ized by dividing each by 2330, the total three{year sample size, yielding 12

estimated a priori cell frequencies [~pijk ]. We select the Dirichlet parameters

� � [� ijk ] to be proportional to ~p � [~pijk ], that is, � ijk = c ~pijk for some

c > 0. We consider two values ofc: c = 6 so that
P

� ijk = 6 (as for the
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Je�rey's prior D12(0:5)), and c = 12 (so
P

� ijk = 12 as for the uniform

priorD12(1)). Finally, Monte Carlo estimates of the posterior probabilities

� �
3 (c� ~p + M ) are obtained via Proposition 2.1.

Table 10: [Example 4.4] Point estimates and 99% margins of error for the
posterior probability � �

3 (c�~p + M ) of a negative Simpson reversal under the
semi-informative Dirichlet prior D12(c� ~p), for c = 6 and c = 12.

The estimates ^� �
3 (c� ~p + M ) for c = 6 and c = 12 appear in Table 10.

Each is approximately 0.245, showing the minimal e�ect of the choice of prior

for this sample size (n = 2330). This low prior probability indicates that,

despite the large sample size, these data do not provide convincing evidence

for the occurrence of an innate Simpson reversal for Jeter and Justice over

these three years.

Ross (2004, p.13) makes the following intriguing statementregarding the

occurrence of Simpson's Paradox in these data (only considering the two

years 1995 and 1996): \This bizarre phenomenon seems to occur for some

pair of interesting ballplayers about once a year." Ross (2004) does not de�ne

\interesting" but we might speculate as follows.

If I denotes the number of interesting players, then
� I

2

�
is the number of
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possible occurrences of Simpson's Paradox among them. Under the uniform

prior D8(1) we have estimated the probability of Simpson's Paradox to be

�̂ 2(1) � 0:0166, so we should expect to see about 0:0166�
� I

2

�
occurrences

per year. Thus for I = 12 \interesting" hitters, we would expect about

0:0166�
� 12

2

�
� 1:1 yearly occurrences of Simpson's Paradox, which would

agree with Ross's estimate. ForI = 30 \interesting hitters" (= one for each

of the 30 Major League teams), however, about 0:0166�
� 30

2

�
= 7:22 yearly

occurrences would be expected.

5 Extensions and related topics

(a) To de�ne the occurrence of Simpson's Paradox in a 2� 2� ` contingency

table A � B � C, we have used two{way odds ratios of the formp11p22=p12p21

(see (1.4)-(1.6)) to determine positive or negative dependences in the 2� 2

conditional (givenC) and marginal (aggregated overC) tables for the factors

A and B. Our results can be extended to a 2� 2� 2� ` table A � B � C � D

by considering three{way odds ratios of the form

p111p221p122p212

p121p211p112p222
; (5.1)

which determine positive or negative three{way interactions in the 2� 2 � 2

conditional (given D) and marginal (aggregated overD) tables for A, B ,

and C. From this, positive and negative Simpson reversals can be de�ned
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similarly to R+
1 ; : : : ; R+

` ; R+
`+1 and R�

1 ; : : : ; R�
` ; R�

`+1 , respectively, and their

prior, conditional, and posterior probabilities evaluated as in Sections 2{4.

(b) In order to extend our results from 2� 2� ` tables to r � c� ` tables,

one must select a measure of positive/negative dependence in an r � c table.

There are several such measures, e.g. Kendall's tau, Spearman's rho, and

various measures based on pairwise odds ratios, e.g. Douglas et al. (1990),

so this avenue has not yet been pursued.

(c) For a 2� 2� ` table A� B � C, what is the probability that M � [M ijk ]

satis�es a Simpson reversal under the multinomial modelM j p � M4` (n; p)

in (4.4)? How does this depend on the con�guration of the population pa-

rameters p � [pijk ], e.g., if A, B , and C are mutually independent? The

large{sample normal approximation ofM4` (n; p) may be useful, as may be

the representation ofM4` (n; p) in terms of independent Poisson random vari-

ables.
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