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General stationary space-time correlation function

we fit a convex combination

CSTN(h, u) = (1 − w)CFS(h, u) + wCLGR(h, u)

of the fully symmetric correlation function, CFS(h, u), and a non-

fully symmetric Lagrangian model,

CLGR(h, u) =

(
1 − 1

2v
|hWE − vu|

)

+
,

where h = (hEW, hNS)
′ and v = 300 km·d−1 or 3.5 m· s−1

general stationary correlation model that is physically motivated

and justifiable

no longer spatially isotropic nor fully symmetric



Model fit
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5 Evaluating Predictive Performance

Training and test data

we split the velocity measures into training data (1961–1969) and

test data (1970–1978)

and fit various space-time covariance models to the training data:

separable, fully symmetric, general stationary and empirical,

as previously

each model is used to find one-day ahead kriging predictions for

the test data

at each station, each of the four approaches yields 365 × 9 =

3285 Gaussian predictive distributions

Ft = N (µt, σ
2
t )

for the velocity measures, where µt is the simple kriging predictor

and σ2
t the simple kriging variance



Performance measures: Point predictions

to assess the point predictions, µt, for the observations, xt

we use standard performance measures such as the root-mean-

square error (RMSE) and the mean absolute error (MAE),

RMSE =


 1

3285

3285∑

t=1

(µt − xt)
2



1/2

, MAE =
1

3285

3285∑

t=1

|µt − xt|

RMSE Val Bel Clo Sha Roc Birr Mul Mal Kil Clo Dub

Separable .501 .495 .491 .468 .483 .477 .427 .496 .439 .486 .450
FS .501 .495 .492 .468 .479 .476 .424 .492 .436 .484 .445
Stationary .499 .495 .490 .466 .474 .472 .419 .488 .429 .479 .440
Emp .500 .494 .486 .454 .465 .462 .414 .479 .414 .466 .427

MAE Val Bel Clo Sha Roc Birr Mul Mal Kil Clo Dub

Separable .398 .395 .389 .372 .387 .375 .340 .399 .347 .385 .359
FS .399 .396 .389 .372 .384 .373 .338 .396 .344 .382 .356
Stationary .397 .395 .387 .369 .379 .370 .334 .393 .339 .377 .351
Emp .394 .392 .384 .359 .369 .362 .327 .385 .325 .367 .339



Assessing predictive distributions

Gneiting, Balabdaoui and Raftery (2005) contend that one ought

to aim to maximize the sharpness of the predictive distributions

subject to calibration

calibration:

statistical compatibility between the predictive distributions and the

observations: events predicted to occur with probability p ought to

occur a fraction p of time

joint property of the predictive distributions and the observations

that materialize

sharpness:

refers to the spread of the predictive distributions

property of the predictive distributions only



Assessing calibration

if the predictive distribution, Ft, coincides with the true underlying

data-generating distribution, the probability integral transform or

PIT value (Dawid 1984)

pt = Ft(xt) ∈ [0,1]

has a uniform distribution

PIT histogram: histogram of the pt values

PIT histogram uniform ⇐⇒ prediction intervals at all levels have

proper coverage

Assessing sharpness

sharpness refers to the spread of the predictive distribution

in the case of Gaussian predictive distributions, Ft = N (µt, σ
2
t ), we

use the predictive standard deviation, σt, to measure sharpness



Assessing calibration and sharpness
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Sharp: σ Val Bel Clo Sha Roc Birr Mul Mal Kil Clo Dub

Separable .491 .500 .491 .461 .487 .489 .468 .519 .445 .471 .487
FS .490 .499 .491 .460 .486 .489 .467 .518 .445 .470 .486
Stationary .490 .499 .489 .459 .484 .486 .465 .515 .442 .467 .483
Emp .485 .483 .477 .442 .479 .457 .441 .489 .426 .442 .450



Proper scoring rules

provide summary measures of predictive performance, addressing

calibration and sharpness simultaneously

a scoring rule is a function

s(F, x)

that assigns a numerical score to each pair (F, x), where F is the

the predictive distribution and x is the observation

we consider scores to be negatively oriented penalties, and assume

that forecasters aim to minimize the average score

a proper scoring rule s satisfies

EG s(G,X) ≤ EG s(F,X) for all F,G

thereby encouraging honest quotes



Examples of proper scoring rules

a prominent example is the logarithmic score,

logs(F, x) = − log f(x),

which uses the negative log of the predictive density, f , evaluated

at the observation

meteorologists prefer to work with the continuous ranked proba-

bility score, defined as

crps(F, x) =

∫ ∞

−∞
(F (y) − 1(y > x))2 dy

= EF |X − x| − 1

2
EF

∣∣∣X −X ′∣∣∣

where X and X ′ are independent random variables, both with dis-

tribution F

generalizes the absolute error to which it reduces if F is a point

forecast, and is reported in the same unit as the observations



Performance measures: Predictive distributions

in our case study for the Irish wind data, we average the scores to

obtain LogS and CRPS values,

LogS =
1

3285

3285∑

t=1

logs
(
N (µt, σ

2
t ), xt

)

CRPS =
1

3285

3285∑

t=1

crps
(
N (µt, σ

2
t ), xt

)

for Gaussian predictive distributions

logs(N (µ, σ2), x) = −1

2
ln 2π+ ln σ+

1

2

(
x− µ

σ

)2

crps(N (µ, σ2), x) = σ

(
1√
π
− 2ϕ

(
x− µ

σ

)
− x− µ

σ

(
2Φ

(
x− µ

σ

)
− 1

))

where ϕ and Φ denote the PDF and the CDF, respectively, of a

standard normal random variable



Performance measures: Predictive distributions

LogS Val Bel Clo Sha Roc Birr Mul Mal Kil Clo Dub

Separable .727 .716 .707 .659 .692 .680 .577 .720 .596 .699 .626
FS .728 .716 .709 .661 .682 .677 .570 .712 .589 .694 .617
Stationary .724 .715 .705 .655 .672 .670 .560 .704 .574 .683 .606
Emp .726 .714 .698 .630 .654 .648 .542 .684 .538 .658 .571

CRPS Val Bel Clo Sha Roc Birr Mul Mal Kil Clo Dub

Separable .282 .279 .276 .264 .273 .268 .241 .281 .247 .273 .254
FS .282 .279 .277 .264 .271 .267 .240 .279 .245 .272 .252
Stationary .281 .279 .275 .262 .267 .265 .237 .276 .241 .269 .249
Emp .280 .278 .273 .255 .262 .259 .233 .271 .232 .261 .240



6 Discussion

Geostatistical space-time models and spatio-temporal covari-

ance functions

notions of stationarity, separability and full symmetry for space-

time covariance functions

constructions of valid, positive definite parametric space-time cor-

relation models

full symmetry typically violated in the presence of transport effects

that are associated with prevailing winds or ocean currents

physically motivated correlation model that is not fully symmetric

leads to improved fit for the Irish wind data



Assessing predictive performance

assessed the performance of point predictions by the RMSE and

MAE

when the interest is on predictive distributions, the best methods

maximize the sharpness of the predictive distributions subject to

calibration

to assess predictive distributions, we use the probability integral

transform (PIT) histogram, sharpness measures and proper scor-

ing rules, such as the logarithmic score and the continuous

ranked probability score

the use of more complex and more realistic, non-separable and

non-fully symmetric covariance models results in improved pre-

dictive performance in the Irish wind data
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