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1. Introduction

The introduction of statistical models represented by directed acyclic graphs (DAGSs) has
proved fruitful in the construction of expert systems, in allowing efficient updating
algorithms that take advantage of conditional independence relations (Pearl, 1988,
Lauritzenet al. 1993), and in inferring causal structure from conditional independence
relations (Spirtes and Glymour, 1991, Spirtes, Glymour and Scheines, 1993, Pearl and
Verma, 1991, Cooper, 1992). As a framework for representing the combination of causal
and statistical hypotheses, DAG models have shed light on a number of issues in statistics
ranging from Simpson’s Paradox to experimental design (Spirtes, Glymour and Scheines,
1993). The relations of DAGs with statistical constraints, and the equivalence and
distinguishability properties of DAG models, are now well understood, and their
characterization and computation involves three properties connecting graphical structure
and probability distributions: (i) a local directed Markov property, (ii) a global directed
Markov property, (iii) and factorizations of joint densities according to the structure of a
graph (Lauritizenet al, 1990).

Recursive structural equation models are one kind of DAG model. However, non-
recursive structural equation models are not DAG models, and are instead naturally
represented by directed/clic graphs in which a finite series of edges representing
influence leads from a vertex representing a variable back to that same vertex. Such
graphs have been used to model feedback systems in electrical engineering (Mason,
1953, 1956), and to represent economic processes (Haavelmo, 1943, Goldberger, 1973).
In contrast to the acyclic case, almost nothing general is known about how directed cyclic
graphs (DCGs) represent conditional independence constraints, or about their equivalence
or identifiability properties, or about characterizing classes of DCGs from conditional

1 Research for this paper was supported by the National Science Foundation through grant 9102169 and the
Navy Personnel Research and Development Center and the Office of Naval Research through contract
number N00014-93-1-0568. We are indebted to Clark Glymour, Richard Scheines, Christopher Meek, and
Marek Druzdel for helpful conversations.
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independence relations or other statistical constraints. This paper addresses all of these
issues. The issues turn on how the relations among properties (i), (i) and (iii) essential to
the acyclic case generalizeor fail to generalizél to directed cyclic graphs and
associated families of distributions. It will be shown that when DCGs are interpreted by
analogy with DAGs as representing functional dependencies with independently
distributed noises or "error variables,” the equivalence of the fundamental global and
local Markov conditions characteristc of DAGs no longer holds, even in linear systems.
For linear systems associated with DCGs with independent errors or noises, a
characterisation of conditional independence constraints is obtained, and it is shown that
the result generalizes in a natural way to systems in which the error variables or noises
are statistically dependent.

We also present a correct polynomial time (on sparse graphs) discovery algorithm for
linear cyclic models that contain no latent variables. This algorithm outputs a
representation of a class of non-recursive linear structural equation models given
observational data as input. Under the assumption that all conditional independencies
found in the observational data are true for structural reasons rather than because of
particular parameter values, the algorithm discovers causal features of the structure which
generated the data. A simple modification of the algorithm can be used as a decision
procedure (whose runtime is polynomial in the number of vertices) for determining when
two directed graphs (cyclic or acyclic) entail the same set of conditional independence
relations.

The remainder of this paper is organized as follows: Section 2 defines relevant
mathematical ideas and gives some necessary technical results on DAGs and DCGs.
Section 3 obtains results for non-recursive linear structural equations models. Section 4
describes a discovery algorithm. Sectbdescribes an algorithm for deciding when two
graphs (cyclic or acyclic) entail the same set of conditional indepenence relations (or in
the linear case entail the same zero partial correlations), and Séalestribes some

open research problems. All proofs are in Section

2. Directed Graphs and Probability Distributions

A directed acyclic graph (DAG) G with a set of vertice¥ can be given two distinct
interpretations. (We place sets of variables and defined terms in boldface.) On the one
hand, such graphs can be used to represent causal relations between variables, where an
edge from A to B irG means that A is a direct cause of B relativ¥ tA causal graph

is a DAG given such an interpretation.



On the other hand, a DAG with a set of vertigesan also represent a set of probability
measures oveY. Following the terminology of Lauritzeet al. (1990) say that a
probability measure over a set of variab\éssatisfies thdocal directed Markov
property for a directed acyclic graph (or DA®) with verticesV if and only if for every

W in V, W is independent o¥\(Descendants(W})l Parents(W)) given Parents(W),
where Parents(W) is the set of parents of W in G, and Descendants(W) is the set of
descendants of W in G. (A glossary of graph theoretic terminology is given in Séction
Note that a vertex is its own ancestor and descendant, although not its own parent or
child.) A DAG G representsthe set of probability measures which satisfy the local
directed Markov property fdB.

The use of DAGs to simultaneously represent a set of causal hypotheses and a family of
probability distributions extends back to the path diagrams introduced by Sewell Wright
(1934). Variants of probabilistic DAG models were introduced in the 1980’s in Wermuth
(1980), Wermuth and Lauritzen (1983), Kiiveri, Speed, and Carlin (1984), Kiiveri and
Speed (1982), and Pearl (1988n Section 4 we will present assumptions which link the

two interpretations of directed graphs.

Pearl(1988) defines a global directed Markov property that has been shown to be
equivalent to the local directed Markov property for DAGs, and can be used to calculate
the consequence of the local directed Markov property. (See e.g. La@titzed 9903)
Several preliminary notions are required. Vertex X t®Bider on an acyclic undirected
pathU in directed grapl® if and only if there are two adjacent edgedbdirected into

X (e.g. A -~ X < B). Every other vertex od is anon-collider onU. In a directed graph

G, if X and Y are not irZ, then an acyclic undirected pdthd-connectsX and Y given

Z if and only if every collider oty has a descendanth) and no non-collider obl is in

Z. For three disjoint sets, Y, andZ, X andY ared-connectedgivenZ in G if and only

if there is a patlu that d-connects some X X to some Y inY given Z. For three
disjoint setsX, Y, andZ, X andY ared-separatedgivenZ in G if and only ofX is not
d-connected to¥ given Z. A probability distribution P satisfies the global directed
Markov property for directed graph if and only if for any three disjoint sets of variables

2|t is often the case that some further restrictions are placed on the set of distributions represented by a
DAG. For example, one could also require the Minimality Condition, i.e. that for any distribution P
represented by, P does not satisfy the local directed Markov Condition for any proper subgr&ph of

This condition, and others are discussed in Pearl(1988) and Spirtes, Glymour, and Scheines(1993).

3 However, in Section 3 we show that the local and global directed Markov properties are not equivalent for
cyclic directed graphs.



X,Y,andZ, if X is d-separated from givenZ in G, thenX is independent of givenZ
in P.

The following theorems relate the global directed Markov property to factorizations of a
density function. Denote a density function oveby f(V), where for any subset of V,

f(X) denotes the marginal &V). If f(V) is the density function for a probability measure
over a set of variableg and An{) is the set of ancestors of members<oin directed
graphG, say thaf(V) factors according to directed graphG with verticesV if and only

if for every subseX of V,

f(An(X)) = |‘| g, (V, ParentgVv))

VOAN(X)

wheregy is a non-negative function. The following result was proved in Laurgzeah
(1990).

Theorem 1: If V is a set of random variables with a probability measure P that has a
density functiorf(V), thenf(V) factors according to DAG if and only if P satisfies the
global directed Markov property f@3.

As in the case of acyclic graphs, the existence of a factorization according to a cyclic
directed graplG does entail that a measure satisfies the global directed Markov property
for G. The proof given in Lauritzert al. (1990) for the acyclic case carries over
essentially unchanged to the cyclic case. (Lauriegeal. use a different definition of
d-separation that in Secti@nis shown to be equivalent to Pearl’s in both the cyclic and
the acylic case.)

Theorem 2: If V is a set of random variables with a probability measure P that has a
density functionf(V) andf(V) factors according to directed (cyclic or acyclic) gr&gh
then P satisfies the global directed Markov property&ior

However, unlike the case of acyclic graphs, if a probability measure over a set of variable
V satisfies the global directed Markov property for cyclic gr&hand has a density
functionf(V), it does not follow thaf(\VV) factors according tG.



The following weaker result relating factorization of densities and the global directed
Markov property does hold for both cyclic and acyclic directed graphs.

Theorem 3: If V is a set of random variables with a probability measure P that has a
positive density functiori(V), and P satisfies the global directed Markov property for
directed (cyclic or acyclic) grapB, thenf(V) factors according tG.

3. Non-recursive Linear Structural Equation Models

The problem considered in this section is to investigate the generalization of the Markov
properties to linear, non-recursive structural equation models. First we must relate the
social scientific terminology to graphical representations, and clarify the questions.

The variables in a structual equation model (SEM) can be divided into two sets, the
“error” variables and the “substantive” variables. Corresponding to each substantive
variable Xis an equation expressing & alinear function of the direct causes of pus

a unique error variable. (We will not consider non-linear modelSince we have no
interest in first moments, without loss of generality each variable can be expressed as a
deviation from its mean.

Consider, for example, two SEMs &1d S overX = {X,, X,, X,}, where in both SEMs
X, is a direct cause of Xand X, is a direct cause of XThe structural equatiofisn
Figure 1 are common to both &d S.

Xlzal
X2:[31X1+82
X3:B2X2+83

Figure 1: Structural Equations for SEMs § and S,

wheref, and 3, are free parameters ranging over real valuesgardande, are error
variables. In addition suppose tlzgte, ande, are distributed as multivariate normal. In

S, we will assume that the correlation between each pair of distinct error variables is
fixed at zero. The free parameters qfag 6 = <f3, P>, wheref is the set of linear
coefficients f3,, B,} and P is the set of variances of the error variables. We will use
2,(6,) to denote the covariance matrix parameterized by the véctor model S, and

4 We realize that it is slightly unconventional to write the trivial equation for the exogenous varjainle X

terms of its error, but this serves to give the error variables a unified and special status as providing all the
exogenous sources of variation for the system.



occasionally leave out the model subscript if the context makes it clear which model is
being referred to. If all the pairs of error variables in a SEM S are uncorrelated, we say S
is a SEM withuncorrelated errors.

S, contains the same structural equations,ab8 in S we will allow the errors between
X, and X to be correlated, i.e., we make the correlation between the errogsamidXX

a free parameter, instead of fixing it at zero, as,inrsS, the free parameters abe= <[3,
P>, wherep is the set of linear coefficient${,3,} and P’ is the set of variances of the
error variables and the correlation betwegande,. If the correlations between any of
the error variables in a SEM are not fixed at zero, we will call it a SEM auitrelated
errors.>

If the coefficients in the linear equations are such that the substantive variables are a
unique linear function of the error variables alone, the set of equations is said to have a
reduced form. A linear SEM with a reduced form also determines a joint distribution
over the substantive variables. We will consider only linear SEMs which have
coefficients for which there is a reduced form, all variances and partial variances among
the substantive variables are finite and positive, and all partial correlations among the
substantive variables are well defined (e.g. not infinite).

It is possible to associate with each SEM with uncorrelated errors a directed graph that
represents the causal structure of the model and the form of the linear equations. For
example, the directed graph associated with the substantive variables i, S X, -

X,, because Xis the only substantive variable that occurs on the right hand side of the
equation for X%, and X is the only substantive variable that appears on the right hand side
of the equation for X We generally do not include error variables in the causal graph
associated with a SEM unless the errors are correlated. When the distinction is relevant to
the discussion, we enclose measured variables in boxes, latent variables in circles, and
leave error variables unenclosed.

5We do not consider SEMs with other sorts of constraints on the parameters, e.g., equality constraints.



Figure 2. SEM S with correlated errors

The typical path diagram that would be given fgrisSshown inFigure 2. This is not
strictly a directed graph because of the curved line between error vamgablese,,

which indicates that,ande, are correlated. It is generally accepted that correlation is to
be explained by some form of causal connection (see section 4.1 below), and accordingly
we assume that curved lines are an ambiguous representation of a causal connection.

Interpreted causally, the error variable for a variable X represents all causes of X other
than the substantive variables explicitly included in the model. Thus the error variable is
really an additive amalgamation of perhaps hundreds of other variables that are left
unmeasured. To say that two error variaglende, are correlated and have an unknown
causal connection is to say that one or more of the variablésaVmake uge, is
identical with, or causally connected to one or more of the variablésatVmake u,.
Whether Vis a cause of \Wor W is a cause of Yor there is a latent variable C that is a
cause of both Vand W (Figure 3), or some combination of these, in all cases there is a
latent common cause of the substantive variableand X for which €,and e, are the

error variables. Thus we will convert SEMs with correlated errors into SEMs without
correlated errors by adding a latent common cause (which possibly represents an
amalgam of many latents) of the appropriate substantive variables and replacing the
previously correlated error variables with uncorrelated ones. (This method of handling
correlated errors is also used in Koster 1995.) We illustrate this prodégsiia 3.

Lete, be a linear combination of the set of variablesande, be a linear combination of

the set of variable®V/. (We do not preclude the possibility thatandW overlap.) In

Figure 3, we indicate that is a function of the variables W with braces. The variables

in V- andW can be re-partitioned into three disjoint subsets (one eaeli,fey, and T)

such that no variable in any of the subsets is causally connected to a variable in either of
the other subsets. By the Causal Independence assumption (introduced indseption

g,’, and T are independent.
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Figure 3. Correlated to Uncorrelated Errors

Applying this procedure to,JFigure 2) results in a model,Swhich we can associate

with a directed graphHigure 4). S and S represent the same causal relations, and for
every covariance matriX,,0), there is a covariance matix,(0’) = Z,,0), and vice-
versa. Henceforth, we will consider only SEMs with uncorrelated errors. However the
theorems in this section can be applied to SEMs with correlated errors by using this
transformation technique. A SEM is said torbeursive (an RSEM) if its directed graph

is acyclic; otherwise it imon-recursive.t

6 Note that this use of cyclic directed graphs to represent feedback processes represents an extension of the
causal interpretation of directed graphs.
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Figure 4. S’: Correlated Errors Replacedby Latent Common Cause

A linear SEM (or its corresponding DAG) containing disjoint sets of variables, and

Z linearly entails thatX is independent of givenZ if and only ifX is independent of
given Z for all values of the linear coefficients not fixed at zero, and all distributions of
the exogenous variables in which they are jointly independenpyhet be the partial
correlation of X and Y give#. A linear SEM (or its corresponding DAG) containing X,

Y, andZ, where X£Y and X and Yare not inZ, linearly entails thatpxy.z = 0 if and

only if pxy.z = 0 for all values of the linear coefficients not fixed at zero and all
distributions of the exogenous variables in which they are jointly independent. It follows
from Kiiveri and Speed (1982) that if the error variables are jointly independent, then any
distribution that forms a linear, recursive SEM with a directed g@&phtisfies the local
directed Markov property foG. One can therefore applysgparation to the DAG in a
linear, recursive SEM to compute the conditional independencies and zero partial
correlations it linearly entails. The d-separation relation provides a polynomial (in the
number of vertices) time algorithm for deciding whether a given vanishing partial
correlation is linearly entailed by a SEM with a given DAG.

Linear non-recursive structural equation models (linear SEMs) are commonly used in the
econometrics literature to represent feedback processes that have reached equilibrium.
Corresponding to a set of non-recursive linear equations is a cyclic graph, as the
following example from Whittaker (1990) illustrates.
X1=¢€x1
X2 =€x2
X3=B31X1 +B34Xa + &x3
X4=B42X2 +P43X3 +exa
EX1, EX2, EX3, X4 are jointly independent and normally distributed

’Cox and Wermuth (1993), Wermuth and Lauritzen(1990) and (indirectly) Frydenberg(1990) consider a
class of linear models they céllock recursive The block recursive models overlap the class of SEMs, but
they are neither properly included in that class, nor properly include it. Frydenberg (1990) presents
necessary and sufficient conditions for the equivalence of two block recursive models.
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X, — > X3

!

Xy X,

Figure 5: Example of Non-recursive SEM

Theorem 4 Theorem 5, and Theorem 6 state that the set of conditional independence
relations and zero partial correlations entailed by a SEM can be read off of the
d-separation relations in the associated graph, even in the case of cyclic graphs. (Theorem
4 was independently proved by J. Koster in Koster (1995).)

Theorem 4: The probability measure P over the substantive variables of a linealL'SEM
(recursive or non-recursive) with jointly independent error variables satisfies the global
directed Markov property for the directed (cyclic or acyclic) gré&pbf L, i.e. if X, Y,

andZ are disjoint sets of variables@andX is d-separated frofvi givenZ in G, thenX

andY are independent givehin P.

Theorem 5: In a linear SEML with jointly independent error variables and directed
(cyclic or acyclic) graplG containing disjoint sets of variabl&s Y andZ, if X is not
d-separated frorf givenZ in G thenL does not linearly entail that is independent of

Y givenZ.

Applying Theorem andTheorem 5o a linear SEM with the directed graphFigure 5,
the conditional independence relations linearly entailed are just Mdependent of X
and X is independent of Xgiven X3 and X.

Theorem 6: In a linear SEML with jointly independent error variables and (cyclic or
acyclic) directed grapf® containing substantive variables X, Y aadwhere X#£ Y and

Z does not contain X or Y, X is-separated from Y gived in G if and only ifL linearly
entails thapxy.z = 0.

As in the acyclic case, d-separation provides a polynomial time procedure for deciding
whether a linear SEM with a cyclic graph linearly entails a conditional independence or
vanishing partial correlation.

In DAGs the global directed Markov property entails the local directed Markov property,
because a variable V is-skparated from its non-parental non-descendants given its
parents. However, this is not always the case in cyclic graphs. For exanfplgpyra 5
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X4 is not d-separated from its non-parental non-descendagivEn its parents Xand
X3, so the local directed Markov property does not lfold.

4, The Discovery Problem

Suppose that we are given data sampled from a population whose causal structure is
correctly described by some non-recursive structural equation rivbdisl it possible to
discover the causal graph bf from the data, or at least recover some features of the
causal graph from the data? In Spiresl. (1995) the problem of discovering features of

the causal graph is considered under the assumption that it is acyclic, but that there may
be latent variables (i.e. there may be unmeasured variables that are the direct cause of at
least two measured variables.) Here we will consider the problem of discovering features
of the causal graph under the assumption that it may be cyclic, but there are no latent
variables. Future research is needed on the problem of discovering the causal graph when
it may be cycliandthere may be latent variables.

In order to make inferences about causal relations from a sample distribution, it is

necessary to introduce some axioms that relate probability distributions to causal

relations. The two assumptions that we will make are the Causal Independence and
Causal Faithfulness Assumptions, described in the next two subsections.

4.1. The Causal Independence Assumption

The most fundamental assumption relating causality and probability that we will make is
the following:

Causal Independence Assumptiontf A does not cause B, and B does not cause A, and
there is no third variable that causes both A and B, then A and B are uncorrelated.

This assumption allows us to drawcausalconclusion fronstatisticaldata and lies at

the foundation of the theory of randomized experiments. If the value of A is randomized,
the experimenter knows that the randomizing device is the sole cause of A. Hence the
experimenter knows B did not cause A, and that there is no third variable which causes
both A and B. This leaves only two alternatives: either A causes B or it does not. If A and

8 We are indebted to C. Glymour for pointing out that the local Markov condition fails in Whittaker's
model. Indeed, there 130 acyclic graph (even with additional variables) that linearly entails all and only
conditional independence relations linearly entailedFlgure 5 although the directed cyclic graph of
Figure 5is equivalent to one in which the edges fromt¥ X3 and X to X4 are replaced, respectively, by

edges from X to X4 and from X to X3.
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B are correlated in the experimental population, the experimenter concludes that A does
cause B, which is an application of the Causal Independence Assumption.

The Causal Independence Assumption entails that if two error variables, syahds,

in Figure 2 are correlated there is a latent common causgaofiXX responsible for the
correlation. In other words, when,&nd X have correlated errors, we assume that the
distribution over Xand X is the marginal of some other distribution including a finite
number of latent causes of &nd X in which the error variables are uncorrelated, as in
Figure 4. Since we are making the assumption that there are no latent variables, it follows
that the error variables of the causal graph are uncorrelated. The correctness of the
d-separation criterion for deciding which partial correlations are linearly entailed to be
zero by a SEM with an associated gr&pthen follows necessarily from Theorem 6.

4.2.  The Faithfulness Assumption

In addition to the zero partial correlations that are entailedlfdinear parameterizations
of a graph, there may be zero partial correlations that hold only for partieular
parameterizations of a graph. For example, suppagare 6 is the directed graph of a
SEM that describes the relations among Tax Rate, the Economy, and Tax Revenues.

Figure 6. Economic Model

In this case there are no vanishing partial correlation constraints entailed for all values of
the free parameters. But f§; = —(B, x [;), then Tax Rate and Tax Revenues are
uncorrelated. The SEM postulates a direct effect of Tax Rate on Re\@ghuand an
indirect effect through the Econom@,(x 3;). The parameter constraint indicates that
these effectexactlyoffset each other, leaving no total effect whatsoever. In such a case
we say that the populationumfaithful to the graph of the causal structure that generated
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it. A distribution isfaithful to a directed grap® if each partial correlation that is zero in
the distribution is entailed to be zero By

Causal Faithfulness Assumption:lf a distribution P is generated by a SEM with
associated grapB, thenA is independent d8 givenC in P only if G linearly entails that
A is independent dB givenC.

The faithfulness assumption limits the SEMs considered to those in which population
constraints are entailed by structure, not by particular values of the pararifeters
assumes faithfulness, then if A and B awet d-separated give@, thenp,,.# 0,
(because it is not linearly entailed to equal zero for all values of the free parameters.)
Faithfulness should not be assumed when there are deterministic relationships among
variables, or equality constraints upon free parameters, since either of these can lead to
violations of the assumptiorBome form of the assumption of faithfulness is used in
every science, and amounts to no more that the belief that an improbable and unstable
cancellation of parameters does not hide real causal influences. When a theory cannot
explain an empirical regularity save by invoking a special parameterization, most
scientists are uneasy with the theory and look for an alternative.

It is also possible to give a personalist Bayesian argument for assuming faithfulness. For
any graph, the set of linear parameterizations of the graph that lead to violations of linear
faithfulness are Lebesgue measure zero. Hence any Bayesian whose prior over the
parameters is absolutely continuous with Lebesgue measure, assigns a zero prior
probability to violations of faithfulness. Of course, this argument is not relevant to those
Bayesians who place a prior over the parameters that is not absolutely continuous with
Lebesgue measure and assigns a non-zero probability to violations of faithfulness.

The assumption of faithfulness guarantees the asymptotic correctness of the Cyclic
Causal Discovery (CCD) algorithm described in Sectigh It doesiot guarantee that on
samples of finite size this algorithm is reliable.

Given the Causal Independence Assumption, an assumption of no latent variables, a
linearity assumption, and the Causal Faithfulness assumption, it follows that in a
distribution P generated by a causal structure represented by a directe@,gogph= 0

if and only if X is d-separated from Y given Z@ So if we can perform statistical tests

of zero partial correlations then we can use that information to draw conclusions about
the dseparation relations i@, and then to reconstruct as much information al@at
possible. Henceforth we will speak of reconstructing featureG éfom d-gparation
relations, and from zero partial correlation interchangeably, since given our assumptions,
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these are equivalent. (The algorithm is correct for any distribution for which a
d-separation oracle is available, but the only case we know of in which such an oracle is
available is the linear case.)

Of course the number of distinctsgparation relations grows exponentially with the
number of variables in the graph. Therefore it is important to discover the feat@es of
from a subset of the set of alsg:paration relations. The CCD algorithm that we describe
below chooses the subset of d-separation relations that it needs to reconstruct features of
G as it goes along. Therefore we assume that it has accessseparation oraclethat
correctly answers questions about d-separation relatidaslim practice, of course, the

oracle is some kind of statistical test of the hypothesis that a particular partial correlation
is zero in a population that satisfies the global Markov and faithfulness propertizs for

4.3. Output Representation — Partial Ancestral Graphs (PAGS)

In general, it is not possible to reconstruct a unique g@aglven information only about

its d-separation relations, because there may be more than one graph that contains exactly
the same set of -deparation relations. Two directed graghsG " are said to be
d-separatiorequivalentif they both have the same set efeparation relations. The set

of directed graphs-deparation equivalent to a given gr&phs denoted byEquiv(G).
Richardson(1994b) and Richardson(1995) present a polynomial-time algorithm for
determining when two graphs aresdparation equivalent to each other; a simpler
algorithm is presented in Section 5. (Note that there is a stronger sense of equivalence,
which we will call linear statistical equivalence between two graphs which holds when
every distribution described by a linear parameterization of one graph can also be
described by a linear parameterization of the other graph, and vice-versa. In the acyclic
case it is known that -deparation equivalence is equivalent to linear statistical
equivalence, but it is not known if this is so for cyclic graphs.)

The members oEquiv(G) always have certain features in common. We now introduce
the formalism with which we will represent features common to all grapBguiv(G)

for some fixedG. A partial ancestral graph (PAG) is an extended graph, consisting of a
set of vertices/, a set of edges between vertices, and a set of edge-endpoints, two for
each edge, drawn from the set {, >}. In addition pairs of edge endpoints may be
connected by underlining, or dotted underlining. A partial ancestral gragh ¢ontains
partial information about the ancestor relation&jmamely only those ancestor relations
common to all members d&quiv(G). In the following definition, which provides a
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semantics for PAGs we use "*' as a meta-symbol indicating the presence of any one of

{01 ) >}'

Partial Ancestral Graphs (PAGS)®

W is a PAG for Directed Cyclic Graph with vertex set/, if and only if
(i) There is an edge between A and Banf and only if A and B are d-connected in
W given any subsat/ [0 V\{A,B}.
(i) If there is an edge i out of A (not necessarily into B), i.e. A, then A is an
ancestor of B in every graph Equiv(G).
(iii) If there is an edge iW into B, i.e. A3->B, then in every graph Bquiv(G), B is
not an ancestor of A.
(iv) If there is an underlining A*#B* —*C in W then B is an ancestor of (at least
one of) A or C in every graph iBquiv(G).
(v) If there is an edge from A to B, and from C to B, (A—=B C), then the arrow

in Equiv(G) B is not a descendant of a common child of A and C.
(vi) Any edge endpoint not marked in one of the above ways is left with a small circle
thus:o—*.

Observe that condition (i) differs from the other five conditions in providing necessary
and sufficient condtions ofquiv(G) for a given symbol, in this case an edge, to appear

in a PAG. The other five conditions merely state necessary conditions. For this reason
there are in fact many different PAGs for a gr&bhAlthough they all have the same
edges, they do not necessarily have the same endpoints. Some of the PAGs provide more
information than others about causal structure, e.g. they have &svat the end of
edges?

If Wis a PAG for Directed Cyclic Graph, we also say tha¥ representss. Since every
clause in the definition refers only Exuiv(G), it follows that ifW is a PAG for Directed
Cyclic GraphG, andG "TEquiv(G), thenW¥ is also a PAG foG . This is not surprising
since, as the output of the discovery algorithm we present below, the PAG is designed to

9The extended graphs which we introduce here - Partial Ancestral Graphs - use a superset of the set of
symbols used by Partially Oriented Inducing Path Graphs (POIPGs) descaribed inebpilrtgi993) but

the graphicalinterpretation of the orientations given to edges is different. However, it has been shown in
Spriteset al. (1996) that a POIPG can be interpreted directly as a PAG. A direct corollary is that PAGs can
be used to represent the d-separation equivalence class for daeptédgraphs witHatentvariables. It is

an open question whether or not the set of symbols is sufficiently rich to allow us to represgatadion

classes of cyclic graphs with latent variables.

10f one PAG for a grapls has a *>' at the end of an edge, then every other PAG for the same graph either
has a '>' or @' in that location. Similarly if one PAG for a grafhhas a '-' at the end of an edge then
every other PAG for the same graph either has a '-' otriarthat location.
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represent features common to all graphs in tisemhration equivalence class. However,
some PAGs (providing less information) may also represent graphs from different
d-separation equivalence classes. However, any PAG output by the discovery algorithm
we present provides sufficient information so as to ensure that all of the graphs that it
represents lie in one d-separation equivalence class; hence any PAG output by the
discovery algorithm can be thought of as representing a unique d-separation equivalence
class.

The set of features described by a PAG is rich enough to enable us to distinguish between
any two d-separation equivalence classes, i.e. there is some feature common to all graphs
in one dseparation equivalence class that is not true of all graphs in the other
d-separation equivalence class, and this difference can be expressed by a difference in the
PAGs representing those d-separation equivalence classes.

Example:
Supposes is as follows:

A—»X

R
B—&Y
Figure 7

In this case it can be shown tiaguiv(G) contains (only) two graphs:

A—»X A X
Equiv(G) O ><O
B—®»Y B Y

Figure 8

The PAG which the CCD algorithm outputs given as input an oracle for deciding
conditional independence facts@j is:

PAG for Equiv(G)

Figure 9
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Observe that the PAG tells us the following facts almutiv (G):11
(a) X is an ancestor of Y, and Y is an ancestor of X in every grapguiv(G).
(b) In no graph irEquiv(G) is X or Y an ancestor of A or B.
(c) In every graph ifequiv(G) both A and B are ancestors of X and .

Note that not every edge in the PAG appears in every grapguiv(G). This is because

an edge in the PAG indicates only that the two variables connected by the edge are
d-connected given any subset of the other variables. Initfastpossible to show
something stronger, namely that if there is an edge between two vertices in a PAG, then
there is some graph represented by the PAG in which that edge is ptesent.

This example is atypical in that the PAG given by the algorithm containSerapoints;
however it shows how much information a PAG may provide. Notice that the following
are also PAGs fo though they are less informative.

A = X A X
Other PAGs for
Equiv(G)
B Y B
Figure 10

The CCD algorithm we describe does not always give the most informative PAG for a
given graphG in that there may be features common to all graphs in epdration
equivalence class which are not captured by the PAG that the algorithm outputs. In this
sense the algorithm is not complete. However, the algorithresispdration complete’ in

the sense that if the-gseparation oracles for two different graphs cause the algorithm to
produce the same PAG as output then the two graphssagadation equivalent.

Two definitions are required to state the algorithm. Two vertices, X and Y in a PAG are
p-adjacentif there is an edge between them, X*—*Y in the PAGFor PAG V¥,
AdjacenciegW,X) is a function giving the set of variables Y s.t. there is an edge X*—*Y

in Y. Y is a dynamic object in the algorithm that changes as the algorithm progresses,
and hencéAdjacenciegW,X) also changes as the algorithm progresses. A trace of the
algorithm on a simple example is given in sectda

LThis is not an exhaustive list. For example, the presence of the dotted line connecting the arrowheads on
the A —>X, and B—>X edges, tells us that in no graph in Eqh)ivdre both of these edges present.
Likewise with the dotted line connecting the arrowheads of the B—>Y, and A—>Y edges.

12see footnotd 0.

BHere as elsewhere *' as a meta-symbol indicating any of the three ends -,



4.4. The Cyclic Causal Discovery (CCD) Algorithm

The overall strategy for discovery is shown in Figure 11.

. Discovery d-separation
d-s?gcrjagon » PAG equivdence
Algorithm class

Figure 11

CCD Algorithm

Input: An oracle for answering questions of the form: "Is X d-separated from Y given set
Z, (X,YOZ) in graphG?"

Output: A PAG forG.

1A a) Form the complete undirected PAG i.e. for each pair of variables A and B,
contains the edge é—o B.
b) n=0.
repeat
repeat
select an ordered pair of variables X and Y that are
p-adjacentn W such that the number of vertices in

AdjacenciegW,X)\{Y} is greater than or equal to n;
repeat
select a subse® of AdjacenciegW,X)\{Y} with n
vertices;
if X and Y are dseparated giveS delete edge %—o
Y from W and seSepsefX,Y) = S andSepsetY,X) =
S;
until every subsetS of AdjacencieqW,X)\{Y} with n
vertices has been selected or some subsets been found
for which X and Y are &eparated gives§;
until all ordered pairs of qadjacent vertices X and Y such that
AdjacenciegW,X)\{Y} has greater than or equal to n vertices have
been selected;
n=n+1;
until for each ordered pair of p-adjacent vertices XAljacenciegW,X)\{Y}
has less than n vertices.

18
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1B. For each triple of vertices A,B,C such that the pair A,B and the pair B,C are each
p-adjacent if¥ but the pair A, C are not p-adjacentnorient A—[B[+—[ as
A—>B<—C if and only if B is not irBepsetA,C>; orient A3—[BO—[C as
AO—I[BO—[C if and only if B is inSepsetA,C>.

1C. For each triple of vertices <A,X,Y> ¥ such that
(a) Ais not p-adjacent to X or Y H,
(b) X and Y are p-adjacent H,
(c) X O SepsexA,Y>
() If Sepse A,Y > g Sepset< A, X > then orient Xo—L as X<—Y

(ii) Else if SepsexA,X> is not a subset dbepsetA,Y>, then orient Xo—[lY as X<—
Y if A and X are d-connected giveepsetA,Y>

1D. For each vertex V in¥ form the following set: XILocal(W,V) if and only if X is
p-adjacent to V inW¥, or there is some vertex Y such that X¥<—V in V.
(LocalW,V) is calculated once for each vertex V and does not change as the
algorithm progresses.)
m=1.
repeat
repeat
select an ordered triple <A,B,C> such that AB<—C but A and C
are not padjacent, and.ocal(W,A)\(SepsetA,C> [ {B,C}) has
greater than or equal to m vertices.
repeat
select a seT [ Local(W,A)\(SepsetA,C> 1 {B,C}) with m
vertices, and test if A and C are d-separated given
T 0O SepsetA,C> [ {B} then orient the triple A~—~B<—C as
A—>B<—C, and record T O SepsetA,C>0 {B}in
SupSepsetA,B,C>.
until every subset O Local(W,A)\(SepsetA,C> 1 {B,C}) with m
vertices has been selected or a d-separating set for A and C has
been recorded iBupSepsetA,B,C>.
not padjacent, and.ocal(W,A)\(SepsexA,C>[J {B,C}) have greater
than or equal to m vertices have been selected.
m = m+1.
until each ordered triple <A,B,C> such that AB<—C but A and C are not
p-adjacent, is such thaiocal(W,A)\(SepsetA,C> [0 {B}) has fewer than m
vertices.



20

TE. If there is a quadruple <A,B,C,D> of distinct vertices such that

(iif) B and D are padjacent irt¥
then orient B3oD as B—D in W if D is not in SupSepsetA,B,C>
else orient BioD as B3+D in W if D is in SupSepsetA,B,C>

IF. For each quadruple <A,B,C,D> of distinct vertices such that

(ii) D is not p-adjacent to both A and C ¥
if A and D are d-connected give&upSepsetA,B,C> [ {D}, then orient B3—oD as B
—>DinWy

45. Soundness and Completeness

Theorem 7: (Soundness) Given as input an oracle for d-separation relations in the (cyclic
or acyclic) directed grap@, then the output is a PA@ for G.

Theorem 7 is proved by showing that each section of the algorithm makes correct
inferences from the answers of the&paration oracle applied ®

In practice, an approximation to a d-separation oracle can be implemented as a statistical
test that the corresponding partial correlation vanishes. As the sample size increases
without limit, if the significance level of the statistical test is systematically lowered, then
the probabilities of both Type | and Type Il error for the test approach zero, so that the
statistical test is correct with probability one. Of course, this does not guarantee that the
CCD algorithm as implemented is reliable on realistic sample sizes. The reliability of the
algorithm depends upon the following factors:

1. Whether the Causal Independence Assumption holds (i.e. there are no latent
variables).

2. Whether the Causal Faithfulness Assumption holds.

3. Whether the distributional assumptions made by the statistical tests hold.
4. The power of the statistical tests against alternatives.

5. The significance level used in the statistical tests.

In the future, we will test the sensitivity of the algorithm to these factors on simulated
data.



21

Theorem 8: (d-separation Completeness) If the CCD algorithm, when given as input
d-separation oracles for the gra@s G, produces as output PAG%;, W, respectively,

then W, is identical toW, if and only if G; andG, are dseparation equivalent, i.e.
G, OEquiv(G1) and vice versa.

The proof is based on the characterization -aeparation equivalence in Richardson
(1994b). (It follows directly from Theorem 7 that @ and G, are dseparation
equivalent thert/; is identical toW,.)

4.6. Trace of CCD Algorithm

The following illustrates the operation of the algorithm given as input a d-separation

oracle for the following graph:
A —X

)
B—®Y
Figure 12

Initial PAG WY:
X

B¥—o0
Figure 13

Section TA:

Since A and B are d-separated given the empty set, the algorithm removes the edge
between A and B and recor8gpsetA,B> = SepsexB,A> =[J. This is the only pair of
vertices that are d-separated given a subset of the other variables. Hence #ftierefA
follows:

A X
B
Figure 14

Section B

Since XJSepsetA,B> and Y(SepsetA,B>, Aoc—oX0—oB and Ao—oY 0—oB are oriented
respectively as A—>X<-B and A—>Y<-B. The statedbfat the end of {B is shown in
Figure 15.



A—>i<
Rt
Figure 15

Section CNo orientations are performed in this case.
Section D
Since A and B are-deparated given {X,Y}, the algorithm recor8apSepsetA,X,B> =

A>—z. X
B —>l

-

Figure 16

Section JE

p-adjacent, thus it satisfies the conditions in section fE. Sinc8wpSepsetA,X,B>,
the edge X—oY is oriented as Y-eX. Since X1 SupSepsetA,Y,B>, this edge is further
oriented as Y—X.

Section{[F — Performs no orientations in this case, hence the PAG that is output is:

A—> X
PAG W >< |
B Y

—

Figure 17

4.7. Complexity of CCD Algorithm

Let MaxDegreeg) = M§1V><|{x | Y « X, orX < Yin G},
and MaxAdjG) = I\4I§V><|{X | Xis p-adjacentto Y in any PAG f@|

The number of d-separation tests performed by Step A of the CCD algorithm will, in a
worst case, be bounded as follows:
Total numb§r of. < Ztén)i(n_z) < (k+Dn*(n- 2)k+1.
oracle consultations inAf 2 [ ki

1=0

22
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where n = number of vertices i, k=MaxAdj(G). Since MaxAdjG) <
(MaxDegreeG))2, with MaxDegreeG) = r this step i@(n“z*g). It should be stressed that

even as a worst case complexity bound this is a very loose one; the bound presumes that
there is a graph in which every pair of non-adjacent vertices in the graph are only
d-separated given all vertices adjacent to one of them.

Step B performs no additional tests of d-separation.

Step YC performs at most oneséparation test for each triple satisfying the conditions
given. Thus this step is G{n

In a worst case the number of tests of d-separation that Step D performs is bounded by

Total number of (n)m n-3) _ (m+Dn*(n-3)™"*
oracle consultations irDf ~ \3 ,ZO( i ) B ml

where m ZMSIVX|{X | Local(W,X)} in TD. Since m< (MaxDegreeG))?, this step is
O(n"**). Again this is a loose bound.

Step E performs no tests ofsdparation, while step {F performs at most one test for
each quadruple satisfying the conditions. Hence this step i4),Qthough in many
graphs there may be very few quadruples satisfying all four conditions).

5. d-separation Equivalence

Since the CCD algorithm is-separation complete, the orientation rules in the algorithm
may be used to construct esdparation equivalence algorithm. We present an algorithm
that, given as input a Directed Cyclic or Acyclic gr&pmwill produce as output the same
PAG that the CCD algorithm outputs given only-aeparation oracle faé. However,

this algorithm, unlike the CCD algorithm, runs in time polynomial in the number of
vertices, even if MaxDegre@| is not kept fixed. Thus this algorithm can be used to test
for d-separation equivalence of two graphs in polynomial time. Let Chikdydrg the set

of children of members of in G.

Cyclic PAG-from-Graph Algorithm
Input: Directed Cyclic or Acyclic grapks

Output: The CCD PAG¥ for G.

fla Form the complete undirected PA¥% whch has an edge-o between every pair of
vertices in the vertex s&t



For each ordered pair of vertices <A,B> form the following sets:

Sa g = Children(A)n An({A,B})

Tap = (Parentsga g O {A}) O Sag)\(Descendants(Children(A)Children(B))C {A,B})
For each ordered pair <A,B>:

If A and B are dseparated givelia g then recordl o g in SepsetA,B> and Sepset
<B,A> and remove the edges/B from W.

else if A and B are-deparated givefig o then recordl'g 5 in SepsetA,B> andSepset
<B,A> and remove the edge/oB from V.

b For each triple of vertices A,B,C such that the pair A,B and the pair B,C are each
p-adjacent if¥ but the pair A, C are not p-adjacentnorient AG—[B[—[T as

A—>B<—C if and only if B is not irBepsetA,C>; orient A3—[BO—[C as

AL—[BO—[C if and only if B is inSepsetA,C>.

fic For each triple of vertices <A,X,Y> i such that
(a) Ais not p-adjacentto X or Y
(b) X and Y are p-adjacent
(c) X O SepsetA,Y>
Orient Xo—L¥ as X<—Y if A and X are d-connected giv8epsetA,Y>

9d For each triple <A,B,C> or <C,B,A> such that AB<—C, A and C are not
p-adjacent, form the following set:

Qugc = Children(A)n An({A,B,C})
Rasc = (ParentsQ,z .0 {A}) O Q,sc)\(Descendants(Children(A)Children(C))0
{A.ChH

and recorR, ;- 0 {B} in SupSepsetA,B,C>.

felf there is a quadruple <A,B,C,D> of distinct vertices such that

(iif) B and D are padjacent irt¥,
then orient B3oD as B—D in W if D is not in SupSepsetA,B,C>
else orient BfoD as B+D in W if D is in SupSepsetA,B,C>.

24
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1f For each quadruple <A,B,C,D> of distinct vertices such that

(ii) D is not padjacent to both A and C ¥, and
if A and D are d-connected give&upSepsetA,B,C> [ {D}, then orient B3—oD as B
—>DinW.

We do not include the proof that this algorithm is correct, but it is very similar to the
proof that the CCD algorithm itself is correct. The main difference between the two
algorithms lies in the fact the CCD algorithm must search for the Sepset and SupSepset
sets, testing many different candidates, whereas the PAG from graph algorithm is faced
with the much simpler task of constructing these sets, given the graph itself.

Since, byTheorem 8, given two grapl, G, as input, the CCD algorithm will produce

the same PAG as output if and onlyGf and G, are dseparation equivalent, the
algorithm given above provides an algorithm for deciding tsemghration equivalence of
two directed graphs. Moreover the algorithm is of complexity’Owhere n is the
number of vertices in the graph. In this respect this algorithm is significantly faster than
the procedure presented in Richardson (1994b) which was O(n

In addition, if a directed cyclic grap@ is provided as input to the PAG-from-graph
algorithm, then it is also possible to tell from the execution of the algorithm, whether or
not there is an directed acyclic graph that-segaration equivalent @: If steps fc—1f
perform no orientations then there is a directed acyclic greggpdration equivalent to

G. This follows from the fact that the combination e$eparation relations that the rules

in c—1f require are not entailed by any directed acyclic graph. (See Richardson 1994,
1994b).

6. Conclusion

These results raise a number of interesting questions whose answers may be of practical
importance. Are there other parameterizations of directed cyclic graphs which entail the
global Markov condition? Is there a polynomial algorithm for determining when two
arbitrary directed graphs (cyclic or acyclic) linearly entail the same set of conditional
independence relations over a common subset of variéidléss we have seen there are
correct, polynomial time algorithms for inferring features of sparse directed graphs
(cyclic or acyclic) from a probability distribution when there are no latent common
causes. There are similarly correct, but not polynomial time, algorithms for inferring
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features of directed acyclic graphs from a probability distribution even when there may
be latent common causes (see Spirtes, 1992, Spirtes, Glymour and Scheines, 1993, and
Spirtes, Meek, and Richardson 1995). Are there comparable algorithms for inferring
features of directed graphs (cyclic or acyclic) from a probability distribution even when
there may be latent common causes?
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7. Proofs

A directed graph is an ordered pair of a finite set of vertidésand a set of directed
edgesE. A directed edge from A to B is an ordered pair of distinct vertices <A,B% in
(depicted as A- B) in which A is thetail of the edge and B is theead the edge inut

of A andinto B, and A isparent of B and B is ahild of A; also A and B aradjacent

A sequence of edge<£s... Ex> in a directed grapl® is anundirected path if and only

if there exists a sequence of vertic&4 <. Vn+1> such that for ki < n either /,Vj+1>

= Ej or <Vj+1,Vi> = Ej andE; # Ej+1. A sequence of edge€s...Ex> in a directed graph
G is adirected path if and only if there exists a sequence of vertic¥s, <.,Vh+7> such
that for 1< i < n <V;,Vi+1> =Ej. A (directed or undirected) path is acyclic if no vertex
occurring on an edge in the path occurs more than once. If there is an acyclic directed
path from A to B or B = A then A is aancestorof B, and B is alescendantof A. A
directed graph iacyclic if and only if it contains no directed cyclic patis.

7.1. Proof of Theorem 3

Some of the proofs are simplified by using a graphical relation (which we will call
“Lauritzen d-separation”) shown in Lauritzex al. (1990) to be equivalent to Pearl’s
d-separation relation defined in Section 2. Several preliminary definitions are needed to
define Lauritzen eseparation. Amindirected graph is an ordered pair of a finite set of
verticesV, and a set of undirected edgesAn undirected edge between A and B is an
unordered pair of distinct vertices {A,B} M. A sequence of edge<£s...E> in an
undirected graphid is anundirected path if and only if there exists a sequence of
vertices ¥/1,...Vn+1> such that for ¥ i <n{V;,Vi+1} = Ej andE; # Ej+1. Let G(X) be the
subgraph of directed grajih that contains only vertices X, with an edge from A to B

in G(X) if and only if there is an edge from A to B@ Moral(G) moralizes a directed
graphG if and only if Moral(G) is an undirected graph with the same verticeS,and a

pair of vertices X and Y are adjacent in Mo@)(if and only if either X and Y are
adjacent inG, or they have a common child @ In an undirected grapgh, if X, Y, and

Z are disjoint sets of vertices, théhis separated fronv givenZ if and only if every
undirected path between a membeiXoand a member of contains a member &. If

X,Y andZ are disjoint sets of variables,andY arelLauritzen d-separatedgivenZ in

14An undirected path is often defined as a sequence of vertices rather than a sequence of edges. The two
definitions are essentially equivalent for acyclic directed graphs, because a pair of vertices can be identified
with a unique edge in the graph. However, a cyclic graph may contain more than one edge between a pair
of vertices. In that case it is no longer possible to identify a pair of vertices with a unique edge.



28

a directed grapls just whenX andY are separated gived in Moral(G(An(X OY
(0 Z))). We will show that Pearl-deparation and Lauritzensgparation are equivalent
even in cyclic graphs.

Lemma 1 states conditions under which a set of ‘short’ d-connecting paths may be put
together to form a single d-connecting path. Since some of the vertices in the proofs are
defined as satisfying certain properties in the graph, if A and B are vertices, we #rite A

B if and only if A and B are different names for the same vertex. If there is an undirected
pathU containing vertices A and B in directed graphand there is only one subpath of

U between A and B, thed(A,B) is the subpath df) between A and B.

Lemma 1: (Richardson 1994b)

In a directed (cyclic or acyclic) grap@ over a set of vertice¥, if the following
conditions hold:
(a) Ris a sequence of vertices\hfrom A to B,R= < A=Xj,...Xpn+1=B>, such that
i, 0< i < n, Xj # Xj+1 i.e. the X are onlypairwise distinct(i.e. not necessarily
distinct),
(b) Zz O VV{A,B},
(c) Tis a set of undirected paths such that
(i) for each pair of consecutive vertices Ry Xj and X.1, there is a unique
undirected path irf that d-connects Yand X+1 givenZ\{X , Xj+1},
(i) if some vertex X% in R, is inZ, then the paths in that contain X as an
endpoint collide at X (i.e. both paths are directed intQ)X
(iii) if for three vertices X%_1, Xk, Xk+1 occurring inR, the d-connecting paths h
between X%_1 and X, and X and X1, collide at X% then X has a descendant in
Z,

then there is a patl in G that d-connects X and BEX 41 givenZ.

Proof: LetU” be the concatenation of all of the pathgim the order of the sequenBe

U” may not be acyclic because it may contain vertices more than once. In particular it
may contain the endpoints A and B more than onceUL dte a subsection @/~ which
begins with A, and ends with B, and has no occurences of A or B in between.

We now form the path) by removing all (undirected) cycles frodi. The process here

is simply as follows: If Y=Y, then we remove the subpath associated with the sequence
of vertices <Y,...Y;>. Carry out this process until there are no repetitions amongjthe Y
Let us then rename the sequence of vertices associated agtk\p...Vp>.
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We will call an edge ifJ containing a given vertexjVanendpoint edge if Vj is in the
sequencer and the edge containingj V& either the first or last edge on a pathZin
between Y and its predecessor or successdr;intherwise the edge is amernal edge

It now remains to show thét is a d-connecting path.

First we prove that if VI Z then V is a collider orlJ:

Any edge inU is either an internal edge or an endpoint edge, lbd¢urrs on a path
between two vertices iR, then since the path is d-connecting giv2Ythe
endpoints}, \is a collider on this path. Hence any internal edge betwgand/some
other vertex is into V

If Vi occurs inR, then by condition c(ii) any paths i which contain Y as an
endpoint collide there. Hence any endpoint edges containiage\into V.

Since the edges d are a subset of the internal and endpoint edges,iand all the
edges inJ” that contained Vare into V it follows that V is a collider orlJ.

Next we prove that every collider;\dnU has some descendantdn

Since the edges d are a subset of those i, it follows that if \f is a collider onJ
then there was some edg@ Y- Y where \(_1 = Y1 and \f = Y. Similarly, there
was some edgeg¥- Y k+1 Where (=Yg and f+1 = Yk+1 (h<K).

Suppose that no descendant @EWhis inZ. If Y occurs on a patB; in 7 between
two vertices X and >g+1 in R which was d-connecting gived\{X o, Xqg+1}, then
either there is a subpath Bf that is a directed path frompYto Xq, or there is a
subpath ofP; that is a directed path frompYo Xq+1, Or it is an ancestor of some
element ofZ\{X ¢, Xq+1}. 1> Since we supposed that no descendantjo$ Vh Z, we
must conclude that either there is a subpath,dhat is a directed path from; Yo Xg,

or there is a subpath & that is a directed path from; ¥o Xqy+1. However since V
occurs on an edge of the formpY- Y=V, it follows that there is a subpath Bf
that is a directed path fromjMo Xg+1, and hence Vis an ancestor of 1.
(Alternatively, if Yp is InR, then letx be s.t. )§+1 = Yh. The next step of the argument
then follows.)

But we can now carry out a similar argument with.Xand Xy+2. If the path inT
from Xq+1 t0 Xqg+2, SayPy, is into Xy+1, then the two pathB; andP, in 7, collide at

151t is easy to show if A and B are d-connected gi¥elny some patt®, then every vertex V oR is either
an ancestor o, or on a directed subpath to A, or on a directed subpath to B. For a proof see Lemma 20 of
Richardson(1994).



Xa+1. But in that case, by condition c(iii) of the antecedent, some descendant of

Xa+1 O Z, and hence some descendant pisMn Z, contrary to hypothesis. Hence the
path in7 between X+1 and Xy+2 is out of Xy+1. Let W be the first vertex oR, after
Xa+1- Since the first edge dPy is out of Xy+1 it follows that either there is a collider
on the path that is a descendant of WPgW, Xq+2) is a directed path from W to
Xa+2. But W is a descendant of;,\60 it is not an ancestor of any membeZopfand
hence is not an ancestor of a colliderRan It follows thatP»(W, Xq+2) is a directed
path from W to X2 Hence the path i between X+1 and Xy+2 is of the form:
Xa+1 = ceenen - Xqa+2. By repeating this argument we can show that for every art.

< n, the path inZ'between X.rand Xy+r+1 IS oOf the form: Xy4r— ... > Xq+r+1. But this

is a contradiction since the edge XY k+1 occurs on one of these paths. Hence some

descendant of Ms inZ.

This completes the proof demma 1 [

Lemma 2:In a directed grapl with verticesV, if X, Y, andZ are disjoint subsets df,
andX is d-connected t¥ givenZ in G, thenX is d-connected t¥ givenZ in an acyclic
directed subgraph 3.

Proof. Suppose thdt is an undirected path that d-connects X and Y g&eand C is a
collider onU. LetlengtC,Z) be 0 if C is a member &; otherwise it is the length of a
shortest directed path from C to a membeZ ok etsiz€U) equal the number of colliders
onU plus the sum over all colliders C @hof length(C,Z). U is aminimal d-connecting
path between X and Y gived, if U d-connects X and Y gived and there is no other
pathU’ that d-connects X and Y givehsuch thasiz€U’) < siz€U). If there is a path

that d-connects X and Y givehthere is at least one minimal d-connecting path between

X and Y givenZ.

SupposeX is d-connected t& givenZ. Then for some X irX and Y inY, there is a
minimal d-connecting pattJ between X and Y gived. U in G. First we will show that
no shortest acyclic directed pddy from a collider GonU to a member of intersectd)
except at €by showing that if such a point of intersection exists tiaa not minimal,
contrary to our assumption. See Figure 18.
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Figure 18

Form the patitJ’ in the following way. IfD; intersectd) at a vertex other than @en let
Wy be the vertex closest to X du that is on botlD; andU, and Wy be the vertex
closest to Y orUJ that is on bot; andU. Suppose without loss of generality thak g
after Wy onDj. LetU’ be the concatenation of(X,Wx), Dj(Wy,Wx), andU(Wy,Y). It
is now easy to show that’ d-connects X and Y given, andsiz€U’) < siz€U) because
U’ contains no more colliders th&hand a shortest directed path fromxWb a member
of Z is shorter thaD;. HenceU is not minimal, contrary to the assumption.

Next, we will show that ifU is minimal, then it does not contain a pair of colliders C and
D such that a shortest directed path from C to a membérintersects a shortest path
from D to a member &f. Suppose this is false. SEgure 19.

X —9C 44—V —PpD 4¢—Y X —PpC «—M —» D 4—Y

TN
l l

Figure 19

Let D1 be a shortest directed acyclic path from C to a membgrtbat intersect®,, a
shortest directed acyclic path from D to a membeZ.dfet the vertex o, closest to C
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that is also oD, be R. LetU’ be the concatenation &f(X,C), D1(C,R), D2(D,R), and
U(Y,D). It is now easy to show th&at’ d-connects X and Y gived andsiz€U’) <
sizgU) because C and D are not colliderst&nthe only collider orlJ’ that may not be
onU is R, and the length of a shortest path from R to a memhérisfless than the
length of a shortest path from D to a membeZ oHenceU is not minimal, contrary to
the assumption.

For each collider C on a minimal pdaththat d-connects X and Y giveh, a shortest
directed path from C to a member Hfdoes not intersedil except at C, and does not
intersect a shortest directed path from any other collider D to a memBettdbllows

that the subgraph consisting dfand a shortest directed acyclic path from each collider
onU to a member oZ is acyclic.[]

Lemma 3:In a directed (cyclic or acyclic) grafh, disjoint sets of variables, Y andZ,
X andY are Pearl d-connected givénif and only ifX andY are Lauritzen d-connected
givenZ.

Proof: First we will show that Pearl d-connection enta#siritzen d-connection. IK
andY are Pearl d-connected givE&rthen there is some Pearl d-connecting [patiom a
vertex X(OX to a vertex YIY. The adjacencies in the moralized undirected graph
Moral(G (An({X} O{Y} [Z))) are a superset of the adjacencieG,imence there is a path
P* in Moral(G (An({X} O{Y}J2Z))) corresponding toP inG. SinceP is Pearl
d-connecting the only vertices B @& that can be irZ occur orP in colliders of the
form A-B~C. A and C are not id because they are non-colliders®nSince B1Z, A
and C are adjacent in Mor&t). Thus, for any vertex BZ on P” it is possible to form a
pathQ* from P* by replacing the A—B—C sub-path i with the edge A—C. Since no
vertex inZ occurs onQ", X and Y are not separated in Mo@K(An({X} 0O{Y}0Z2))),
henceX andY are Lauritzen €connected gived.

Next we will show that Lauritzen d-connection entails Pearl d-connectighaldY are
Lauritzen d-connected given then there is some pa@ in the moralized undirected
graph MoralG(An(X[Y[DZ))) connecting a vertex XX to a vertex YJY, on which
there is no vertex id. The edges in Moray(An(X[1Y[Z))) are a superset of the edges
in G(An(XYD2Z)), but whenever there is an A—C edge in Md&AN(XUYDZ)))
which is not present iG(An(XY[Z)) then there is some vertex B such that B—C

in G, and B is an ancestor @ of some vertex inXOYOZ (since every vertex in
G(An(XYOZ)) is an ancestor 1Y [Z.)
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Form an undirected path in G as follows. Replace each undirected edgeoby a
directed edge irG if such exists (if there is more than one then pick one). If there is an
undirected edge A—C o which is not present i then replace A—C by a subpath

A - B~ C where BlAncestorsKOY[Z); by the construction of the moralized graph
there is guaranteed to be such a B. Note that since such vertices B are in
Moral(G(An(XOYO Z))), it follows that every vertex onP occurs in
Moral(G(An(XOY UZ))).

Index the vertices on the pakhas follows: <\§,...Vn+1> (SO Vo=X, Vp+1=Y). Now
construct the following sets:

Ty = {Vi | iDAN(X)\An(Z)} and Ty = {Vi | ViOAN(Y \An(Z)}.

Let a be the largest k s.t. MITx, (if Tx =0, leta = 0). Letf3 be the smallest k greater
thana s.t. WO Ty, (if Ty =0, let = n+1).

We will now show that every vertex,Von P(Vq,Vp), except for \§ and \g, is an
ancestor oZ. Suppose some vertex o <k<p) is not an ancestor &, then since every
vertex Vi onP occurs in MoralG(An(XOY UZ))), ViDAn(XOYUOZ). If ViJANn(Z) then
ViJAn(X0Y). However, if \{ DAn(X)\An(Z) then (T, soa is not the largest k s.t.
Vi OTx. Similarly if ViDAn(Y)\An(Z) then \(nOT vy, sof is not the smallest k s.t.
VkOTy. Hence YO An(2).

Since \GOTyx, VqOAN(X) hence there is a directed p&th in G from Vg to some vertex
X" in X. (If o = 0 then this is trivially true sincegQ#V =X0X.) Further, since YOTy,
VqOAN (Z), so no vertex irZ occurs on the patBy. Likewise there is a directed path
Dg inG from Vg to some vertex Yin Y, and no vertex i@ occurs on the patbg.

We now construct a sét of paths as follows: For each edge-Wi+1 or Vj Vj+1 On
Q(Vq,Vp) put the (one-edge) path betweepnavid \f+1 into 7. If the directed patBg is
of length greater than 0 then put ddglinto 7, and similarly forDp.

We will now show that7 satisfies the conditions for Lemma With the sequence
R=<X"Vq,...Vg,Y > (in the cases in which deX=X" omit X", similarly if VY=Y~
omit Y").

Condition (a): (Pairwise distinctness.) This follows directly from the fact that there is an
edge between yand \+1.



Condition (b):ZOV\{X",Y"). This follows sinceX, Y andZ are pairwise disjoint.

Condition (c(i)): A directed patR in 7 between each pair of consecutive vertices which
d-connects giveZ\{endpoints ofP}. This holds trivially for \4,Vj+1 since there is an
edge between Vand \{+1. The pathDy d-connects X" and Y since, as we showed
above, it is a directed path no vertex of which iZinIn the case in which §¢&X=X",

this case does not arise.) Similarly the dathis d-connecting give# since no vertex on
the path is irZ.

Condition(c(ii)): If some vertex W iR is inZ then the paths id that contain W as an
endpoint collide at W. The vertices ory,V..Vg onP are either (a) vertices that were
present on the pat@ in Moral(G(An(X[Y 1JZ))), or (b) they are vertices that were added
when edges (A—C) not present@were replaced by unshielded colliders{B — C),

(or both, since the path is not guaranteed to be acyclic). Any vertex in category (a) is
not in Z, since if it were then the original pa@hwould not have been connecting in
Moral(G(An(XOY[Z))) givenZ. The vertices ¥ and \i are not inZ, since \4 and \§

are either not ancestors @f or in the case in which g&X or Vg=Y are elements of
X0OY; in both cases ¥, Vg OZ. Hence if \{ Z, then \{ occurs as a collider (possibly
more than once) on the pa@hhence all paths iff that contain Yas an endpoint collide
at V.

Condition(c(iii)): If for three consecutive véces <A,B,C> in the sequende the
d-connecting paths between A and B, and between B and/Callide at B then B has a
descendant i@. We have already shown that every vertexod P(Vq,Vp), except for
Vg and g is an ancestor &f. Thus it is sufficient to show that the pathsZimo not
collide at Vi or Vg. However, this follows immediately from the fact thag is a
directed path from Y to X, andDg is a directed path from §/to Y". (In the cases in
which Vy=X, Vg is the first vertex in the sequenReso the case does not arise, similarly
if V=Y, then i is the last vertex in the sequence.)

We can now apply.emma 1to construct an acyclic d-connecting path from X" to Y~
givenZ. [

Since Lauritzen éeparation and Peardsgparation are equivalent, henceforth we will
simply refer to “d-separation” when the context makes clear which definition is being
used.
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Theorem 3 If V is a set of random variables with a probability measure P that has a

positive density functiori(V), and P satisfies the global directed Markov property for
directed (cyclic or acyclic) grapB, thenf(V) factors according tG.

Proof. Assume that probability measure owérsatisfies the global directed Markov
property for directed (cyclic or acyclic) gragh Let X, Y, andZ be three arbitrary
disjoint sets of vertices . Since by Lemma ,3Pearl d-separation and Lauritzen d-
separation are equivalent, we will now show that for any disjoint sets of variRp&s
andT included in AnK O Y [0 Z2), if R andS are separated givehin Moral(G(An(X O

Y O 2))), thenR andS are independent giveh. If R, S, andT are included in A [

Y O0Z),then AnR 00 SO T) is included in AnK O Y O Z). Any pair of vertices A and
B adjacent in MoralG(An(R [0 S [0 T))) is also adjacent in Mor&d(An(X O0'Y [ 2)))
becaus&s(An(R O S T)) is a subgraph ds(An(X OO0 Y O Z)). Hence MoralG(An(R

0 SO T))) is a subgraph of MoraR(An(X O Y [ Z))). It follows that ifR andS are
separated givenl in MoralG(An(X 0O Y [0 Z))) they are also separated in
Moral(G(An(R O S O T))). But by the global directed Markov propertyRfandS are
separated givem in Moral(G(An(R OO S T))) thenR andS are independent giveh It
follows from the Hammersly-Clifford Theorem (see Lauritzgnal. 1990) that the
density functiorf(An(X [ Y [0 Z)) can be factored as

f(An(XOYDOZ)) = o, (V, ParentgVv))

VOAn(XUYDOZ)

where eaclyy is a positive function, i.e., the density function factors accordid to

7.2. Proof of Theorem 4

Theorem 4: The probability measure P over the substantive variables of a lineal.SEM

(recursive or non-recursive) with jointly independent error varaibles satisfies the global

directed Markov property for the directed (cyclic or acyclic) gr&pbf L, i.e. if X, Y,
andZ are disjoint sets of variables@andX is d-separated froi givenZ in G, thenX
andY are independent givehin P.

Proof. Let Err (X) be the set of error variables corresponding to a set of substantive

variablesX. In order to distinguish the density function #érfrom the density function
for the error variables we will udg to represent the density function (including marginal
densities) for the latter arfg,, to represent the density function of the forme¥ I the
set of variables i, then by hypothesis,
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fErr (Err (V)) = |_| fErr (‘E)

eErr (V)

It is possible to integrate out the error variables n&rim(An(X)) and obtain

fer (Err (An(X))) = |_| fen (€)

eLErr (An(X))

Because for each variable XA, X is a linear function of its parents @ plus a unique
error variableey, it follows thatex is a linear functiomgx of X and the parents of X iG.
HenceErr (An(X)) is a function of AnX). Following Haavelmo (1943) it is possible to
derive the density function for the set of variablesX@®rgy replacing eachy in fgyr(€x)
by gx (X,Parents(X)) and multiplying by the absolute value of the Jacobian:

fy(An(X)) = T fer (9x(X, Parentx))) x|J|

XOAN(X)

whereJ is the Jacobian of the transformation. Because the transformation is linear, the
Jacobian is a constant. All of the terms in the multiplication are non-negative because
they are either a density function or a positive constant. It follows from Theorem 2 that if
X andY are dseparated gived thenX andY are independent giveh 1

7.3. Proof of Theorem 5

Theorem 5 In a linear SEML with jointly independent error variables and directed
(cyclic or acyclic) graplG containing disjoint sets of variabl¥s Y andZ, if X is not
d-separated fronf givenZ in G thenL does not linearly entail that is independent of

Y givenZ.

Proof. Suppose thaX is not d-separated froM given Z. By Lemma 2 if X is not
d-separated frof givenZ in a cyclic graphG, then there is some acyclic subgra&ph

of G in which X is not d-separated from givenZ. Geiger and Pearl (1988) have shown
that if X is not d-separated frovhgiven Z in a directed acyclic graph, then there is some
distribution represented by the directed acyclic graph in wKichnot independent of

given Z, and it has been shown (Spirtes, Glymour and Scheines, 1993) that there is in
particular a linear normal distribution P in whixhis not independent of givenZ. If P
satisfies the global directed Markov property @rit also satisfies it foG because every
d-connecting path i5’ is a d-connecting path i@. Hence there is some linear normal
distribution represented &y in which X is not independent of givenZ. O
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7.4. Proof of Theorem 6

Theorem 6. In a linear SEML with jointly independent error variables and (cyclic or
acyclic) directed grapt® containing substantive variables X, Y aadwhere X# Y and

Z does not contain X or Y, X is-separated from Y genZ in G if and only ifL linearly
entails thapyxy.z = 0.

Proof. (This proof for cyclic or acyclic graphs is based on the proof for acyclic graphs in
Verma and Pearl, 1990.) Lkt be a linear SEM with the same directed gr&xmd that

is the same als except that the exogenous variables are jointly normally distributed with
the same variances as the corresponding variablesBg Theorem 4 an@iheorem 5L’
linearly entails that X is independent of Y giv&nf and only if X is dseparated from Y
given Z in G. Hence for all values of the linear coefficients and all joint normal
distributions over the exogenous variablegy .z = 0 if and only if X is d-separated from

Y givenZ in G. Because the value of a partial correlation in a linear SEM depends only
on the values of the linear coefficients and the variances of the exogenous vdrtiables,
linearly entailsoxy.z = O if and only if X is d-separated from Y givEnn G and hence

L also linearly entails thadxy.z = 0 if and only if X is dseparated from Y gived in G.

O

7.5. Proof of Theorem 7

Theorem 7: (Soundness) Given as input an oracle for testing d-separation relations in the
directed (cyclic or acyclic) grapB, then the output is a PAS for G.

Proof. The proof proceeds by showing that each section of the CCD algorithm makes
correct inferences from theskparation oracle fag, to the structure of any graph in
Equiv(G).

Section YA
Lemma 4: Given a PAGY for graphG with vertex seV, if at least one of the following
holds:

() X is a parent of Y irG, or

(i) Y is a parent of X inG, or

(iii) there is some vertex Z which is a child of both X and Y, such that Z is an ancestor

of either X or Y (or both)

then X and Y are {adjacent i, i.e. X and Y are d-connected given any subset
SOV\{X,Y} of the other vertices irG.



Proof. If (i) holds then the path XY d-connects X and Y given any subSetV\{X,Y},
hence X and Y are p-adjacent in any P®Gor graphG. The case in which (ii) holds is
equally trivial: X~ Y is a d-connecting path given any $&tV\{X,Y}.

If (iii) holds there is a common child (Z) of X and Y which is an ancestor of X or Y;
therefore either there is a directed path. X-A1-...Aqp-Y (n=0), or there is a
directed path >Z A1 - ...An— X. Suppose without much loss of generality that it is
the former. LetS be an arbitrary subset of the other variab&sS\(\{X,Y}). There are
two cases to consider:

Case 1Sn {Z, A;...An}# ; in this case X% Z ~Y is a d-connecting path.
Case 2: Sn {Z, A;...Ap}=0;then X Z-A1-...Ap- Y is a dconnecting path.]

Lemma 5: In a graphG, with verticesV, if the following hold6
(i) X is not a parent of Y i
(if) Y is not a parent of X ir§5, and
(ii) there is no vertex Z s.t. Z is a common child of X and Y, and an ancestor of X or Y,
then for any se, X and Y are d-separated givendefined as follows:
S = Children(X)n An({X,Y} O Q)
T = (Parentst O { X}) O S)\(Descendants(Children(X)Children(Y)) I {X,Y}).

Proof. Every vertex inS is an ancestor of X or Y d@. Every vertex inT is either a
parent of X, a vertex iB, or a parent of a vertex i, hence every vertex i is an
ancestor of X or Y o®. We will now show that if (i), (ii), and (iii) hold then X and Y are
d-separated given.

Suppose, on the contrary that there is a path d-connecting X and YTgilzehW be the
first vertex on the path from X to Y. (It follows from (i) and (ii) that?W.) There are
two cases to consider:

Case 1The path contains XW...Y.

Subcase A:W is not a descendant of a common child of X and Y. If W is not a
descendant of a common child, then]W(Since W is a parent of X). Thus since W is
a non-collider on the path, the path is not d-connecting given

16 .e. None of the conditions in the antecederitefma 4 hold.
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Subcase BW is a descendant of a common child of X and Y. In this case since X is a
child of W, it follows that X is a descendant of some common child Z of X and Y. But
this is contrary to the assumption that (iii) holds.

Case 2The path contains XW... Y.

Subcase AW is not a descendant of a common child of X and Y. Let V be the next
vertex on the path.

Sub-subcase aThe path contains XW ~V...Y. If this path is d-connecting then
some descendant of W isTn but then some descendant of W is an ancestor of X
or Y orQ. Hence W is an ancestor of X, Y Qr So if some descendant of W is in
T, then W is inS. Moreover, since W is (by hypothesis) not a descendant of a
common child, V£ Y.

Now V is a parent of W, and WS. Moreover V is not a descendant of a common
child since in that instance W would also be a descendant of a common child,
contrary to hypothesis. XV #Y, so VUT. Thus V occurs as a non-collider, but V

O T, hence the path fails to d-connect givien

Sub-subcase bThe path contains XW - V...Y. If some path Xoc W-V...Y d-
connects givefl then W is either an ancestor of Y or some vertek.irlowever if

W is an ancestor of some vertexTinthen W is an ancestor of X, Y @, since
every vertex il is an ancestor of X, Y &. Hence WIS, and thus since W is (by
hypothesis) not a descendant of a common child of X and Y, aht\V)¢ Y, W

OT. Since W occurs as a non-collider on this path, it follows that any path
X W V.Y fails to d-connect gived. (This allows for the possibility that V =

Y).

Subcase B:W is a descendant of a common child. Thus Descendants(W¥ [J,
since descendants of W are also descendants of common children of X and Y and so
cannot occur i .

Since no descendant of W has been conditioned on, if W occurs on a d-connecting
path then W is a non-collider. We can show that any other vertex on such a d-
connecting path must be a non-collider. Suppose that there is a collider on the path,
then take the first collider on the path after W, let us say <A, B, C>, so that the path
now takes the form: XW-V -... -~ ... 5 A-B~C...Y. Since <A, B, C> is the first
collider after V, it follows that B is a descendant of W. But if the path is d-connecting
then some descendant of B, say D, has been conditioned onJi:E. But then since
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D is a descendant of B, and B is a descendant of MD&3cendants(W) which is a
contradiction since Descendants(W)I = [J.

As there are no colliders on the path it follows that W is an ancestor of Y. But then W
is a descendant of a common child of X andand an ancestor of Y. But this
contradicts (iii).

This completes the proof demma 5[]

Corollary 1: Given a graplG, and PAGY for G, X and Y are p-adjacem W if and
only if at least one of the following holds @
() X is a parent of Y, or
(i) Y is a parent of X, or
(ii) there is some vertex Z which is a child of both X and Y, such that Z is an ancestor
of either X or Y (or both).
Proof. 'If' is proved byLemma 4. 'Only if* follows fromLemma 5 withQ = [0 by
contraposition[]

We have obtained necessary and sufficient conditions on a Grémha pair of vertices

to be padjacenin any PAG forG. Thus it makes sense to speak of a pair of vertices X,
Y beingp-adjacent in graph G, where this means that at least one of (i), (ii) and (iii)
holds.

The previous Corollary tells us that a pair of vertices aaeljpcent inG if and only if

they are padjacent in every PAG fdg. For this reason we will often refer to a pair of
variables as p-adjacent without specifying whether we are referring to the graph or the
PAG.

Corollary 2: In a graphG, if X and Y are dseparated by some $@tthen X and Y are
d-separated by a sEtin which every vertex is an ancestor of X or Y. Furthermore, either
T is a subset of the vertices p-adjacent to X or X is an ancestor @.Y in

Proof. Since X and Y are-deparated by some gt X and Y are not fadjacent inG.
Apply Lemma 5 with Q =. In that case

S = Children(X)n An({X,Y})

T = (Parentsb O {X}) O S)\(Descendants(Children(X)Children(Y)) {X,Y})

It follows from Lemma Sthat X and Y are d-separated givenEvery vertex irS is an
ancestor of X or Y. Every vertex ihis either a parent of X, a vertex$or a parent of
a vertex inS, and hence every vertexTnis an ancestor of X or Y.
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We will now show that eitheT is a subset of the vertices p-adjacent to X or X is an
ancestor of Y irG. Every vertex irl is either a parent of X, a child of X, or a parent V of
some vertex C it5, where C is also a child of X. Any vertex in the first two categories is
clearly padjacent to X. Since C is B C is an ancestor of X or Y. If C is an ancestor of
X, then V is padjacent to X. If C is an ancestor of Y, then X is an ancestoriof Y.

Lemma 6. In a graphG, if A and B are not p-adjacent, then either A and B are
d-separated given a sdta of vertices p-adjacent to A or by a 3gf of vertices
p-adjacent to B.

Proof. By Corollary 2, if A and B are notadjacent then A and B are d-separatedryi
Ta Where:

Sa = Children(A)n An({A,B})
Ta =(Parentsg [0 {A}) O S\(Descendants(Children(A)Children(B))O {A,B}),

Case 1:A is not an ancestor of B. From Corollary 2, since A is not an ancestofTaf B,
0 {X | X p-adjacent to A}.

Case 2 B is not an ancestor of A. It follows again by symmetry that A and B are
d-separated givehg, whereTg is defined symmetrically td in Case 1.

Case 3:B is an ancestor of A and A is an ancestor of B. Now any vertexT¥ is either

a child of A, a parent of A or a parent of some vertex Sainwhich is itself a child of A.
Clearly vertices in the first two categories are p-adjacent to A; as before, vertices in the
last category are-pdjacent to A if C is an ancestor of A. Any vertexSiis an ancestor

of A or B. Since A is an ancestor of B, and B is an ancestor of A, it follows that every
vertex inSy is an ancestor of A, hence every verteX jnis p-adjacent to A. (Note that it

is also the case that every verteX'is p-adjacent to B}l

Suppose that the input to the algorithm is a d-separation oracle for a directe® gfaph
find a set which d-separates some pair of variables A and@® time algorithm tests
subsets of the vertices which ar@agjacent to A if¥, and subsets of vertices which are
p-adjacent to B i to see if they d-separate A and B. Since the vertices which are
p-adjacent to A and B i@ are at all times a subset of the verticesdpacent to A and B

in W17 it follows from Lemma 6that step A is guaranteed to find a set whiceparates

A and B, if any set d-separates A and E&in

IThis is because if a pair of vertices X,Y aragjacent inG then no set is found which d-separates them,
and hence the edge between X and Wiis never deleted.
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Section B

The next lemma gives an important property of d-separating sets that are found through a
search which never tests a set unless it has already tested every proper subset of that set
(as in the CCD algorithm.)

Lemma 7: Suppose that in a grah, Y is not an ancestor of X or Z B If there is a set
S, ROS, such that YIS and every proper subsé&t s.t. ROTLS, not containing Y,
d-connects X and Z, i@ , thenS d-connects X and Z iG.

Proof. Let T* = An({X,Z} OR)nS. Now, ROT", andT" is a proper subset &, so by
hypothesis there is a d-connecting pah,conditional onT*. By the definition of a
d-connecting path, every elementns either an ancestor of one of the endpoints, or
T*. Moreover, by definition, every element T is an ancestor of X or Z &®. Thus
every element on the path is an ancestor of X or Z d®. Since neither Y nor any
element inS\T™ is an ancestor of X or Z @&, it follows that no vertex iS\T" lies onP.
SinceT” (S the only way in whichP could fail to d-connect gives would be if some
element oS\T” lay on the path. Hendestill d-connects X and Z give®i[]

In a graphG , if X and Y are d-separated givBnand are d-connected given any proper
subset of5, thenS is aminimal d-separatingset for X and Y irG.

The following corollary is useful here:

Corollary 3: In a graphG, if Sis a minimal d-separating set for X and Y, then any vertex
in Sis an ancestor of X or Y iG.

Proof. The corollary follows immediately from Lemma, #with R =0 via
contrapositior.]

This shows that the non-collider orientation rule in B is correct. If A and B, and B and C
are padjacent, buSepsgiA,C) contains B, then we know from the search procedure that
A and C are not d-separated given any subs8epgefA,C). It follows that B is an
ancestor of A or C. Hence[A-[B[3—[C should be oriented ag A B[+ [T in the PAG.

The following Lemma shows the correctness of the orientation rule in B:

Lemma 8: In a graphG, if A and B are p-adjacent, B and C aradjacent, and B is an
ancestor of A or C then A and C are d-connected given aigy sd¢t A,B,Cl S.

Proof. Without loss of generality, let us suppose that B is an ancestor of C. It is sufficient
to prove that A and C are d-connected conditionab.ofhere are two cases to consider,
depending upon whether or not some (proper) descendant of B.is in



43

Case 1 Some (proper) descendant of B isSnlt follows from Lemma 4 and the
p-adjacency of A and B that given any §&such that A, B, S, there is a d-
connecting path from A to B and likewise a d-connecting path from B to C,
conditional onS. Since some descendant of B isSjrbut B itself is not irf, it follows
again by a simple applicatidcemma 1that A and C are-donnectegsince it does not
matter whether or not the path from A to B and the path from B to C collide at B.

Case 2 No descendant of B is i8. It follows from Lemma 4that there is a path d-
connecting A and B. Since no descendant of B has been conditioned on the directed
path B- ... - C is d-connecting. SincelEs, it follows from Lemma lhat A and C

are d-connected gived [

It follows by contraposition that if A and B areagdjacent, B and C are p-adjacent, A and
C are d-separated giv&epsetA,C>, and B1SepsetA,C>, then B is not an ancestor of
A or C, hence Al—[B[3—[C should be oriented as A>B<—~C in the PAG.

Section JC

Lemma 9: In a graphG, suppose X is an ancestor of Y. If there is aSstich that A and
Y are d-separated giv&h) X and Y are d-connected giv&nhand XS, then A and X are
d-separated giveh

Proof. Let X be an ancestor of Y. L&be any set such that X and Y are d-connected
givenS, XS, and A and Y are-deparated b Suppose, for a contradiction, that A and
X are d-connected give It then follows that there is a d-connecting pBtfrom A to

X. There are now two cases:

Case 1 Some descendant of X is $1 Since XJS, and some descendant of X is3nit
follows from Lemma 1that we can put together the d-connecting path from A to X and
the d-connecting path from X to Y giveé®) to form a d-connecting path from Ato Y
givenS. This is a contradiction since we assumed that A and Y weeparated gives.

Case 2:No descendant of X is i8. In this case since X is an ancestor of Y, there is a d-
connecting directed path X... - Y. Again, by Lemma lwe can put together the d-
connecting path from A to X and the d-connecting directed path from X to Y. This is
again a contradiction since we assumed that A and Y weeparated gives.

We have now shown that under the conditions in the antec&leng d-separating set
for A and X.[

Lemma 10: Let A, X and Y be three vertices in a graph such that X and Y are

p-adjacent. If there is a s&such that
() XOS,
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(i) A and Yare dseparated give®, and
(i) A and X are d-connected gives)
then X is not an ancestor of Y.

Proof. Suppose that there is such a Setf X and Y are p-adjacent then X and Y are
d-connected by every subset of the other variables. In particular X and Y are d-connected
givenS. SinceS d-separates A and Y but d-connects A and X, it follows ftamma 9

that X is not an ancestor of [¥.

Step YC simply applies Lemma.XRuppose that <A,X,Y> is a triple such that:
(i) A is not p-adjacent to X or Y,
(i) X and Y are padjacent irn¥,
(i) X OSepsetA,Y>.

1C(i) is justified in the following way. Suppose tHaepsexA,Y> [ SepsetA,X>.
Recall that the search procedure used in YA to $adsexA,X> tests every subset of
SepsexA,X> to see if it dseparates A and Xefore testingsepsetA,X>. In particular,

if SepsekA,Y> [0 SepsetA,X>, then A and X are d-connected givBapsetA,Y>, so
takingS = SepsetA,Y>, we can apply Lemma 10 orient X(3-[Y as X<—Y.

TC(ii) is justified in the following way. Suppose that A and X are d-connected given
SepsexA,Y>. Since X[ SepsetA,Y>, settingS = SepsetA,Y>, we can again apply
Lemma 10to orient XG3-1Y as X<—Y.

The condition in TC(ii) thaBepsetA,X> [ SepsetA,Y> is not needed to make YC(ii)
correct (as evidenced by the fact that it plays no role in the justification of the rule); it is
included in order to avoid carrying out a redundant test of d-separation. If
Sepset< A, X > g Sepsei AY >, then A and X are not d-connected given
SepsexA,Y>. (This is because YSepsetA,X>. Hence XFLI¥ will eventually by
another application of C(i) be oriented as X—>Y in the PAG. It follows that X is an
ancestor of Y inG. By Lemma 9 since X is an ancestor of Y (@&, A and X are not
d-connected giveBepsetA,Y>.) If SepsetA,Y> = SepsetA,X> then there is no need

to test whether A and X are d-connected gisepsetA,Y>, because it is already known
that they are not d-connected (by definitiorBefpsetxA,X>).

It is a feature of this orientation rule that X and Y may be arbitrarily far from A. Rules of
this type are needed by a cyclic discovery algorithm, because, as was shown in
Richardson (1994b), two cyclic graphs may agree ‘locally’ eeplaration relations, but
disagree on some d-separation relation between distant variables. (Whether or not such
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rules will ever be used on real data, in which ‘distant’ variables are generally found to be
independent by statistical tests is another question.)

Section D

This section searches to find ‘extra’ d-separating sets for unshielded colliders. In the
acyclic case a triple of verticed X [}, where X and Y are-pdjacent, Y and Z are
p-adjacent, but X and Z are nefadjacenkither has the property that every d-separating

set for X and Z contains Y, or that every d-separating set for X and Z does not contain
Y.18 However, in the cyclic case it is possible for X and Z to be d-separated by one set
containing Y, and one set not containing Y. We already know fremma 8that if X

and Z are d-separated by some set which does not contain Y, then Y is not an ancestor of
X or Z. What can we infer if in addition X and Z are alsseparated by a set which
contains Y? This is answered by the next Lemma and Corollary.

Lemma 11: If in a graphG, Y is a descendant of a common child of X and Z then X and
Z are d-connected by any set containing Y.

Proof. Suppose that Y is a descendant of a common child C of X and Z. Then the path
X - C<Z d-connects X and Z given any set containinglY.

Corollary 4: If in a graphG, X and Y are p-adjacent, Y and Z aradjacent, but X and

Z are not p-adjacent, Y is not ancastor of X or Z, and there is some Sesuch that
YOS, and X and Z are-deparated give§, then Y is not a descendant of a common child
of X and Z.

It follows from Lemma 12that if <X,Y,Z> is a triple such that X and Z are d-connected
given any set containing Y, and d-separated by some set not containing Y, then Y is a
descendant of a common child of X and Z.

Lemma 12: If in graphG, Y is not a descendant of a common child of X and Z, then X
and Z are d-separated by the Betlefined as follows:

S = Children(X)n An({X,Y,Z})
T = (Parentsg O { X}) O S)\(Descendants(Children(X)Children(2))0 {X,Z})

Further, if X and Y, and Y and Z aregajacent then MT.

Proof. It follows from Lemma 5 with Q={Y} that X and Z are eseparated given.
All that remains is to show thatlYT. There are three cases to consider here:

18This is also true even in the acyclic case with latent variables.
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Case 1:Y is a child of X. If Y is a child of X, then since Y is an ancestor of Y] § In
both cases since Y is not a descendant of a common child of X andiTZ, Y

Case 2:Y is a parent of X. Since Y is a parent of X and Y is not a descendant of a
common child of X and Z, ¥T.

Case 3:X and Y have a common child C that is an ancestor of X or Y. Since C is a child
of X and an ancestor of X or Y,[(S. Since Y is a parent of C, and Y is not a descendant
of a common child of X and Z thenX¥YT. O

Lemma 13:In directed graplG, if X and Z are d-separated by some Rethen for all
setsQ O An(R [0 {X,Z})\{X,Z}, X and Z are d-separated bir [] Q.

Proof. Suppose for a contradiction that there is a patliconnecting X and Z giveR [

Q. It follows that every vertex oR is an ancestor of either X, Z, & 0 Q. Since

Q O ANn(R O {X,Z}) it follows that every vertex orP is an ancestor of X, Z d&®. Let A

be the collider furthest from X da which is an ancestor of X and ri®t(or X if no such
collider exists), let B be the first collider after A 8rwhich is an ancestor of Z and it
(or Z if no such collider exists). Clearly the paths-X.-A, and B-...-Z are
d-connecting giver, since by the definition of A and B, no vertex on these paths is in
R. In addition the subpath & between A and B is also d-connecting gifResince every
collider is an ancestor d®, and no non-collider lies iR, since, by hypothesiB
d-connects giveR O Q. It follows, byLemma 1 that there is a path d-connecting X and
Z givenR. This is a contradictionl

The search in section D considers in turn each tripleB<—C in ¥, A and C are not
p-adjacent, and attempts to find a Rethich is a subset dfocal(W,A)\{C} such that A

and C are d-separated givieri] {B} [ SepsetA,C>. It follows from Lemma 11that if

there is some set which d-separates A and C, and contains B, then B is not a descendant
of a common child of A and C. It then follows frdlmmma 12that in this case there is

some subset, the sktgiven in the Lemma, which contains B, d-separates A and C and in
which every vertex is either a parent of A, a child of A, or a parent of a child of A and so

T O Local(W,X). SinceSepsetA,C> is a minimal d-separating set for A and C, it
follows thatSepsetA,C> [0 An({A,CHA,C} ( O An(T O{A,C}) . Hence byLemma

13, T [0 SepsetA,C> also d-separates A and C.

The reader may wonder why {D tests sets of the form SepsetA,C>, (where

T O Local(W,A)), instead of just testing sets of the foiini] Local(W,A)); Lemma 12
shows that a search of the latter kind would succeed in finding a d-separating set for A
and C which contained B. The answer is that from LemmaédXnow that any set
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T O Local(W,A) which d-separates A and C is such tAatl] SepsetA,C> also
d-separates A and C, but the reverse is not true. In particular the smallesuséatthat

T O SepsexA,C> d-separates A and C may be considerably smaller than the smallest set
T which d-separates A and C alone, hence the search is significantlyaster.

We require one more lemma to explain why we initialize m = 1, and do ndt teiSt:

Lemma 14: In directed grapl@, if X and Y are padjacent, Y and Z aregdjacent, X
and Z are not fadjacent, Y is not an ancestor of X or Z, &id a minimal d-separating
set for X and Z then X and Z are d-connected gi&én{Y}.

Proof. According toCorollary 1, if X and Y are p-adjacent then eitherX, Y - X or

X - C<Y, where C is an ancestor of X or Y. Thus under the hypothesis that Y is not an
ancestor of X it follows that X is an ancestor of Y. Moreover, it follows that there is a
directed pathP from X to Y, on which every vertex except X is a descendant of Y, and
hence on which every vertex except X is not an ancestor of X or Z. (In the cage X

the last assertion is trivial. In the other case it merely states a property of the path
X -5 C-...Y, where Cis a common child of X and Y.) Likewise there is a Qatifom Z

to Y on which every vertex except Z is not an ancestor of X or Z.

If Sis a minimal d-separating set every vertexSirs an ancestor of X or Z, (and

X,Z [0S). Hence no vertex oR or Q is in S. It follows thatP d-connects X and Y given

S, andQ d-connects Y and Z gived It then follows fromLemma 1that these paths can

be joined to form a single d-connecting path, hence X and Z are d-connecte® given
{Y}$. O

This completes the proof that step D of the algorithm will succeed in finding a set which
d-separates A and C, and contains B, for each tripleB<—C in the PAG, if any such
set exists.

Section JE

and D is not irSupSepsetA,B,C>, in which case B-[D is oriented as B=D.

19n some cases the cardinality of the smallestBefl (SepsetA,C>) may be greater than the cardinality

of the smallesT; but this is not true in general, and since we only intend to discover linear models this is
insignificant. (With discrete models conditioning on a large set of variables in a conditional independence
test may reduce dramatically the power of the test.)
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p-adjacent, and W is an ancestor of \Gnthen any se® such that VIS, and X and Z
are dseparated b§ also contains W.

Proof. Suppose there were some d-separating et X and Z which contained V and

did not contain W. Then, since W is an ancestor of V an®\but WIS, it follows by
Lemma 1 that we could put together a d-connecting path from X to W and from W to Z
to form a new d-connecting path (irrespective of whether or not these paths collide at W).
Such d-connecting paths between X and W, and between W and Z ex@&ir(ilary 1)

since X is p-adjacent to W and W is p-adjacent to Z. This is a contradiction.

algorithm orients B-H[D as B3—D, this inference can be justified as follows. If D is in
SupSepsetA,B,C> then it follows fromLemma 7and the nature of the search of
SupSepsetA,B,C>D that D is an ancestor of {BJ] SepsetA,C>. SinceSepsetA,C>

is a minimal d-separating set for A and C, every vertexepsetA,C> is an ancestor of

A or C. Thus if D is infSupSepsetA,B,C>, then D is an ancestor of A,C or B. However,
since there are arrowheads at D on the edges from A to D, and C to D, it follows that D is
not an ancestor of A or C, and hence D is an ancestor of B. Thus it is correct to orient
BL-D as B4+—-D.

In the case in which A—>D<—C ¥, (A and C are not4adjacent and there is no dotted

d-connected by any s& that contains D, (and does not contain A or C), D is a
descendant of a common child of A and C. Moreover since A and C are d-separated by
some set containing B, B is not a descendant of a common child of A and C. Hence B is

are padjacent, B*~*D should be oriented as B<—D.

Section{F

A and C are eseparated bupSepsetA,B,C>, and B1SupSepsetA,B,C>. Hence by
Lemma 13 if D is an ancestor of B, then A and C are d-separated by
SupSepsetA,B,C> [0 {D}. Hence by contraposition, if A and C are d-connected given
SupSepsetA,B,C> [0 {D} then D is not an ancestor of B. (In fact, it follows that D is

not an ancestor of A,B or C.) Since D is not an ancestor of B, but B and D are p-adjacent
it follows that B is an ancestor of D. Thu§iB-[D should be oriented as B—>D .

2Namely the fact that sectiofiD looks for the smallest superset of {B} SepsetA,C>, which
d-separates A and C.
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This completes the proof of the correctness of the CCD algorithm.

7.6. Proof of Theorem 8

In order to prove the-deparation completeness of the CCD algorithm, all that is required
is to show that whenever the first input to the CCD algorithm isepdration oracle for

G, that results in outpu¥;, and the second input to the CCD algorithm isseplaration

oracle forG, that results in outpu¥,, and¥W; andW¥, are identical, thes, andG, are
d-separation equivalent. We shall do this by proving that when d-separation oracles for
G; andG; are used as input to the CCD algorithm and produce the same PAG as output,
thenG,, andG, satisfy the five conditions of the Cyclic Equivalence Theorem CET(l)-
(V) (given below) with respect to one another. It has already been shown in
Richardson(1994b) that two graps andG, are dseparation equivalent to one another

if and only if they satisfy these 5 conditions.

Before stating the Cyclic Equivalence Theorem we require a number of extra definitions.
In a cyclic graphG, we say triple of vertices <A,B,C> forms anshielded conductor
if:

() A and B are padjacent, B and C aregaljacent, A and C are nofpjacent

(i) Bis an ancestor of Aor C

If <A,B,C> satisfies (i), but B is not an ancestor of A or C, we say <A,B,C> is an
unshielded non-conductor.

In a cyclic graphG, we say triple of vertices <A,B,C> is amshielded perfect non-
conductor if
(i) A and B are padjacent, B and C aregaljacent, but A and C are not
p-adjacent,
(i) B is not an ancestor of A or C, and
(iif) B is a descendant of a common child of A and C.

If <A,B,C> satisfies (i) and (ii) but B is not a descendant of a common child of A and C,
we say <A,B,C> is annshielded imperfect non-conductor

If <X0,X1,...Xn+1> is a sequence of distinct vertices §lt.0 < i <n, Xj and X+1 are
p-adjacent then we will refer to §X1,...X n+1> as antinerary .
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If <Xg,...Xn+1> IS an itinerary such that:

() Ot It < n, <X-1, Xt, Xt+1> is an unshielded conductor,

(i) Ok 1= k< n, Xk-1 is an ancestor of i and X+1 is an ancestor of i and

(iif) X g isnota descendant of 5<and X, is notan ancestor of pf+1,
then <X,X1,X2> and <Xy-1,Xn,Xn+1> aremutually exclusive (m.e.) unshielded
conductors on the itinerary <Xg,...Xn+1>.

If <Xo,...Xp+1> is an itinerary such thati,j 0 < i < j-1<j<n+l X and X are not

p-adjacent in the graph then we say thag <XXn+1> is anuncovered itinerary.. i.e. an

itinerary is uncovered if the only vertices on the itinerary which aadjacent to other
vertices on the itinerary, are those that occur consecutively on the itinerary.

Theorem 9: (Cyclic Equivalence Theorem,Richardson 1994b) Grapl andG, are
d-separation equivalent if and only the following five conditions hold:
CET(l) G1 andG; have the same-adjacencies,
CET(Il) G; andG; have the same unshielded elements i.e.
(lla) the same unshielded conductors, and
(lIb) the same unshielded perfect non-conductors,
CET(Il) For all triples <A,B,C> and <X,Y,Z>, <A,B,C> and <X,Y,Z> are m.e.
conductors on some uncovered itinerag<tA,B,C,...X,Y,Z> in G, if and only if

<A,B,C> and <X,Y,Z> are m.e. conductors on some uncovered itinerary
Q=<AB,C,.. XY, Z>inG,,

CET(IV) If <A, X,B> and <A,Y,B> are unshielded imperfect non-conductors (in
G; andGy), then X is an ancestor of Y @ iff X is an ancestor of Y iG55,

CET(V) If <A,B,C> and <X,Y,Z> are mutually exclusive conductors on some
uncovered itineraryP =<A,B,C,...X,Y,Z> and <A,M,Z> is an unshielded
imperfect non-conductor (iG; andG,), then M is a descendant of B@ iff M

is a descendant of B {B,.

Lemma 16:Given a sequence of vertices s X.Xp+1> in a directed grap having the
property that'lk, 0< k < n, Xi is an ancestor of i1, and X% is p-adjacent to X1 there
is a subsequence of th¢'s§ which we label the j¥s having the following properties:
(@) Xo=Yo
(b) O0j, Y; is an ancestor ofj¥;
(c)Oj,k If j <k, Yj and Y are padjacent in the graph if and only if k = j+1. i.e.
the only Yi's which are padjacent are those that occur consecutively.

Proof. The Yi's can be constructed as follows:
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Let Yo = Xp.
Let Yk+1 = Xy, wheren is the greatest h > j such that X p-adjacent to pdvhere X=Y.

Property (a) is immediate from the construction. Property (b) follows from the transitivity
of the ancestor relation, and the fact that tis dre a subsequence of thesXlt is also
clear, from the construction that if k = j+1 thepand Yy are padjacent. Moreover, if
Yi=Xq2tand Yi=Xp are padjacent, and j <k, then it follows again from the construction
that if Yj+1=Xy, thenf3 <y, so k< j+1. (This is because the are a subsequence of the
Xj's.) Hence Y:+1=Y .0

Lemma 17: Let G; and G, be two graphs satisfying CET(I)—(Ill) Suppose there is a
directed path B-...Dp, in G;. Let Dy be a vertex distinct from L)...,Dp, s.t. Iy is
p-adjacent to Bin G1 andGy,, Dg is not padjacent to B...Dp in G; or G, and 0y is not

a descendant of0n G; or G». It then follows that R is an ancestor of pin G,.

Proof. By induction on n.

Base Case n = 2. Since, by hypothesis,gs not p-adjacent to it follows that
<Dg, D1, D> forms an unshielded conductor@i (since D is an ancestor of ). Hence
this triple of vertices also forms an unshielded conduct@»irby CET(lla). Hence BDis

an ancestor of por D, in G,. Since, by hypothesis{Os not an ancestor ofddn G, it

follows that D, is an ancestor of Din G,.

Induction Case: Suppose that the hypothesis is true for paths of length n. It follows from
Lemma 16that there is a subsequenceq@Do,Da(1),Da(2)...Da=Dn> such that the
only p-adjacent vertices are those that occur consecutively, &gdeach vertex is an
ancestor of the next vertex in the sequence. Moreover, since, by hypothesEsy@
p-adjacent to R...Dp, it follows that Oy1)=D1. SinceG; andG; satisfy CET(l), they
have the same p-adjacencies, hendéithe only vertices that are p-adjacent are those
that occur consecutively in the sequence. Suppose, for a contradiction,ghgtinot

an ancestor of By in G,. Let s be the smallest j such thaj®is not an ancestor of
Da(-1) InGo. (Such a j exists sinceq)=D; and Oy 0)=Do is not a descendant of; [ It
then follows that <R(s.1)Da(s)Da(s+1y> and <D (r-2),Dar-1),Da > are mutually exclusive
conductors on the unshielded itinerarysg)...Dq)> in G,. But these two triples are
not mutually exclusive i, since (.1 is an ancestor of &) in G1; henceG; andG;

fail to satisfy CET(IIl), which is a contradiction.

21 That is, the'f vertex in the sequence of Y vertices isdffevertex in the sequence of X vertices.
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It follows that Dy.1) is an ancestor of g in G,. It then follows from the induction
hypothesis that Dis an ancestor of §&=Dn. 0

Theorem 8 (d-separation Completeness) If the CCD algorithm, when given as input
d-separation oracles for the gra@s G, produces as output PAG%;, W, respectively,

then W is identical toW; if and only ifG, andG, are dseparation equivalent, i.6, []
Equiv(G,) and vice versa.

Proof. We will show that if two graphs;1 andG, arenot d-separation equivalent, then
the PAGs output by the CCD algorithm, given d-separation oraclesfandG, as
input, would differ in some respect.

It follows from the Cyclic Equivalence Theorem thaGif and G, are not d-separation
equivalent, then they fail to satisfy one or more of the five conditions CET()-(V)/1et
and W, denote, respectively, the PAGs output by the CCD algorithm when given
d-separation oracles f@; andG, as input.

Case 1 G; and G, fail to satisfy CET(l). In this case the two graphs have different
p-adjacencies. Let us suppose without loss of generality that there is some pair of
variables, X and Y which are p-adjacent@nand not padjacent irG,. Since X and Y

are padjacent inGy, X and Y are d-connected conditional upon any subset of the other
vertices. Hence there is an edge between X and¥zin

Since X and Y are not-adjacent inG,, there is some subsst (X,YS) such that X and

Y are d-separated (@, givenS. It follows from Lemma 6 that X and Y areskparated

by a set of variable§, such that eithef is a subset of the vertices p-adjacent to X, or

is a subset of the vertices p-adjacent to Y. It follows that in step YA of the CCD algorithm
the edge between X and Y Wy, would be removed. Since edges are not added back in at
any later stage of the algorithm, there is no eddé,metween X and Y. Hendé€, and

Y, are different.

Case 2 G; andG; fail to satisfy CET(Ila). We assume tHai andG, satisfy CET(l). In

this case the two graphs have different unshielded non-conductors. Thus we may assume,
without loss of generality, that there is some triple of vertices <X,Y,Z> such tEat vi

is an ancestor of X or Z, while Y is not an ancestor of either Xior&.

If Y is an ancestor of X or Z then it follows from Lemmatl&at every set which
d-separates X and Z includes Y. HendgSépsefX,Z) in G;. It then follows from the
correctness of the algorithm thatWy, either X—>Y—Z, XO—Y<—Z, or XG-LY [
[Z.
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If Y is not an ancestor of X or Z i@,, then Y is not in any minimal d-separating set for
X and Z. In particular YISepsefX,Z) for G,. Again it follows from the correctness of

andW¥, are different.

Case 3 G; andGs fail to satisfy CET(IIb). We assume th@g andG, satisfy CET(),
CET(lla). In this case the two graphs have different unshielded imperfect
non-conductors, i.e. there is some triple <X,Y,Z> such thérms an unshielded
non-conductor in bot®; andG,, but in one graph Y is a descendant of a common child

of X and Z, while in the other graph it is not. Let us assume that Y is a descendant of a
common child of X and Z i1, while inG; it is not.

It follows from Lemma 11that inG1, X and Z are d-connected given any subset
containing Y. In this case the search in CCD section D will fail to find any set
SupsepsetX,Y,Z>. Hence <X,Y,Z> will be oriented as X>Y<—Z (i.e. without dotted
underlining) inW1. If Y is not a descendant of a common child of X and Z, then it
follows from Lemma 12 and Lemma 1Bat there is some subdebf Local(¥,X), such

that X and Z are d-separated givienl {Y} [0 SepsetX,Z>. Section D will find such a
orientation rule removes or adds dotted underlining, it follows WabndW¥, are
different.

Case 4 G; and G, fail to satisfy CET(Ill). We assume th@&; and G, satisfy CET(l),
CET(lla), CET(lIb). In this case the two graphs have the same p-adjacencies, and the
same unshielded conductors, perfect non-conductors, and imperfect non-conductors.
However, the two graphs have different mutually exclusive conductors. Hence iB:both
and G, there is an uncovered itinerary, §X.Xnp+1> such that every triple
<Xk-1,Xk,Xk+1> (1<k<n) on this itinerary is a conductor, but in one graphy,X,X»>

and <X,-1,Xn,Xn+1> are mutually exclusive, i.e.14{s not an ancestor ofgXand X, is not

an ancestor of X1, while in the other they are not mutually exclusive. Let us suppose
without loss of generality that <pX1,X2> and <X,-1,Xn,Xn+1> are mutually exclusive in

G1, while inG; they are not.

It follows from the definition of m.e. conductors that the verticgs.XXy, inclusive are
not ancestors of ¥ or Xn+1 in G1. Hence {Xi,...Xn} n SepsetXo,Xn+1) =0, since
SepsefXo,Xn+1) IS minimal, and so is a subset of AR(Xn+1). (SepsetXo,Xn+1) iS
calculated for G,.) For the same reason Descendantg({XXp}) n
SepsefXo,Xn+1) = 0. It follows from the definition of a pair of m.e. conductors on an
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itinerary that X is an ancestor of 1 (1 < k < n), thus there is a directed pa&ge
Xk = ... » Xk+1. Since no descendant of; X..,Xp, is in SepsefXo,Xn+1), €ach of the
directed path®y d-connects each vertex Xo its successor g (1< k < n), conditional

on SepsetXp,Xn+1). In addition, since ¥ and X are padjacent thex is some patkp d-
connecting X and X, given SepsefX,Xn+1). Since eachP; is out of X (i.e. the path
goes X - ... » X»p), by applyingLemma 1 with 7 = {Q,P4,...F}, R=<Xp,...Xp>, andS

= SepsetXo,Xn+1) that we can form a path d-connectingg ¥nd X, given
SepsefXo,Xn+1). A symmetric argument shows thai And X,.+1 are also d-connected
given SepsefXo,Xn+1). It then follows that the edgesp®—[X; and X3—[Xn4+1 are
oriented as ¥—>X1 and Xx3<—Xn+ by stage §C of the CCD algorithm (unless they
have already been oriented this way in a previous stage of the algorithm). Thus again, by
the correctness of the algorithm these arrowheads will be presdhit ifBubsequent
stages of the algorithm only add '-' and >' endpoints,ochehdpoints. If either of the
arrowhead at Xor X, were replaced with a '—' the algorithm would be incorrect.)

Since by hypothesis, 9X1,X2> and <X,.1,Xn,Xn+1> are not mutually exclusive i@,
either X is an ancestor of  or Xnis an ancestor of x:;. It follows from the
correctness of the orientation rules in the CCD algorithm that the egges(X; and
XnG—OX h+1 Will not both be oriented asgki—>X; and X <—[Xp+1 in Wo. ThusW; and
W, will once again be different.

Case 5 G; andGs fail to satisfy either CET(IV) or CET(V). We assume t@atandG,
satisfy CET(I)—(II)2 If G1 and G, fail to satisfy either CET(IV) or CET(V), then in
either case we have the following situation: There is some sequence of verGgeanith
Gy <X0,X1,...Xn, Xn+1>, B satisfying the following:

(@) ifi >jthen X and X are padjacent if and only if i = j+1,

(b) X1 is not an ancestor ofgXand X, is not an ancestor ofp%;, and

(c)Ok, 1< k< n, Xk.1, and X+1 are ancestors ofX

In addition there is some vertex V;agjacent to ¥ and X+1in G; andG», not an
ancestor of X or Xp+1 In G1 or G, and not a descendant of a common child gfaKd
Xn+1 In G1 or Gy. As explained in case 3, this implies that in both of the PWeand

2The conditions under which CET(IV) or CET(V) fail are quite intricate precisely because the assumption
that CET(I)-(Ill) are satisfied implies that the graphs agree in many respects.

23 |n the case where CET(IV) fails n=1, while if CET(V) fails, n>1.
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SinceG; andG; fail to satisfy CET(IV) or CET(V), in one graph V is a descendantof X
while in the other graph V is not a descendant of et us suppose without loss of
generality that V is a descendant of i G1, and V is not a descendant of i G,. As

in previous cases it is sufficient to show thatHf and W, are the CCD PAGs
corresponding t&1 andG, respectively, thei’1 andW, are different. We may suppose,
again without loss of generality that V is the closest such vertex to <Xk < n) in
G1, in the sense that the shortest directed palXy — ... -~V in G contains at most the
same number of vertices as the shortest directed pah from any X (1< k<n) to
some other vertex V’ satisfying the conditions on V.

Claim: Let W be the first vertex oR which is p-adjacent to V, (both {& andG, since

by CET(l) G; and @ have the same-adjacencies). We will show that the assumption
that V is the closest such vertex to any (¥ G1) together with the assumption that
andG; satisfy CET(I)-(lll) imply that W is a descendant of ¥ G,. We prove this by
showing that every vertex in the directed subpg(Kx, W)=Xk- ...W in Gy is also a
descendant of Xin G,.

Proof of Claim: By induction on the vertices occurring on the pRtKyk, W).
Base CaseXy. By hypothesis Xis a descendant ofp{n bothG, andG,.

Induction Case: Consider ¥, whereP(Xkx, W)=Xk-Y1-...- Y- ...Y{ZEW. By the
induction hypothesis, for s <r,gYis a descendant of Xin G,. Now there are two
subcases to consider:

Subcase 1Not both X and X,+1 are p-adjacent to,YSuppose without loss thapXs

not p-adjacent to ;Y Since inG; there is a directed pathgX ...Xk-Y1-...Yy, by
Lemma 16it then follows that there is some subsequence of this sequence of vertices,
Q=<Xjy,...Y> such that consecutive verticesQrare padjacent, but only these vertices
are padjacent. Moreover, sincegXs not padjacent to Y, this sequence of vertices is of
length greater than 2, i.©=<Xq,D...Y> where D is the first vertex in the subsequence
after Xo, hence either BXy (1< k <k) or DEY, (1< <r). Since in either case D is a
descendant of Xin both G; and Gy, (either by the induction hypothesis or by the
hypothesis of case 5), bup X6 not a descendant ofp)ih G; or G, it follows that D is not

an ancestor of Xin G1 or G,. Hence we may applyemma 17 to deduce that (Yis a
descendant of D. Hencg ¥ a descendant ofyXsince X is an ancestor of D.

Subcase 2Both Xyand X,.1 are p-adjacent to,YFirst note that irG; the vertex Yis a
descendant of X and X is not an ancestor ofpor Xp+1. It follows that Y; is not an
ancestor of X or Xp+1 in G1 . Moreover, since ¥and X,.+1 are not p-adjacent, XYy,
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Xn+1> forms an unshielded non-conductor . Hence <X, Yy, Xp+1> forms an
unshielded non-conductor &y, since by hypothesis; andG, satisfy CET(lla). So Yis
not an ancestor of por Xn+1 in G1 or Gy. Further, since yis an ancestor of V i, and

V is not a descendant of a common child @faXd X,+1in Gy, it follows that Y is not a
descendant of a common child of &nd Xy+1in G;. Thus <X, Y ,Xp+1> forms an
unshielded imperfect non-conductor . SinceG; and G, satisfy CET(IIb), <X,
Y, Xn+1> forms an unshielded imperfect non-conductoGin Now, if Y, were not a
descendant of Xin G, , then ¥ would satisfy the conditions on V, yet be closer {o X
than V (Y; occurs before V on the shortest directed path frqqoXV in G;). This is a
contradiction, hence Ms a descendant ofitn G..

This completes the proof of the claim. We now show $¥aandW¥, are different.

Consider the edge WAV in W1. In G4, W is an ancestor of V, hence it follows from the
correctness of the algorithm 4 this edge is oriented as oMV or W—LV. In Gy,
however, since Xis not an ancestor of V, but, as we have just showis ¥n ancestor of
W, it follows that W is not an ancestor of V. There are now two cases to consider:

Subcase 1:n =1 and W¥Xj. In this case ¥—>Xi
SupsepsdtXo,V,X2) is the smallest set containin§epsefXo,X2)1{V} which
d-separates gand X%, in the sense that no subsetSaifpsepseiXo,V,X2) which contains
SepsefXo,X2) O{V} d-separates ¥ and Xp. It follows from Lemma 7 (with R =
SepsefXo,X2) {V}) that every vertex inSupsepsetXo,V,X2) is an ancestor of g{ X,

or SepsefX,X2) [{V}. Since every vertex irSepsefX,X>) is an ancestor of gdor Xy,

it follows that every vertex ilsupsepsetXo,V,X») is an ancestor of g{ X, or V. X; is

not an ancestor of g{ X, or V in G,. Hence in step D of the algorithm given a
d-separation oracle f@8, as input X[ SupsepségtXo,V,X2). Thus step JE of the CCD
algorithm will orient WLV in W, as W<V (unless they have already been oriented

this way in a previous stage of the algorithm). TH4sandW¥, are not the same.

<—Xp, In Yy (and LIJ]_).

Subcase 2n > 1, or W is not equal to;X
Claim: X and X1 are d-connected giveSupsepseiXo,V, Xn+) J{W} in G,.

Proof. We have already shown that W is a descendant p&ixd so also of Xin G; and
Go. Since in bothG; andG; X is p-adjacent to X but X; is not an ancestor ofXit
follows that Xy is an ancestor of X Hence in bottls; andG, there is a directed pathy P
from Xg to X; on which every vertex except forpXs a descendant ofX(In the case
Xo- X1, the last assertion is trivial. In the case whegeaKd X have a common child
that is an ancestor ofpor X1, and X is not an ancestor ofpXit merely states a property



of the path - C-...X1, where C is a common child ofpXand X;.) Since W is a
descendant of X it follows that there is a directed p&hfrom X; to W. Concatenating
Po andP, we construct a directed pa# from Xg to W on which every vertex excepp X
is a descendant of X Since X is not an ancestor ofgXXnp+1 or V, it follows that no
vertex onP*, except )%, is an ancestor of g{ Xp+1 or V. Similarly we can construct a
path fromQ"* from Xp+1 to W on which no vertex, exceph¥, is an ancestor of g{ Xn+1
orV.

Since every vertex inSupsepsetXo,V,Xn+1) IS an ancestor of € Xps1 OF
SepsefX o, Xn+1)d{V}, it follows as before that every vertex BupsepsdiXo,V,Xn+1) IS
an ancestor of ¥ Xn+1 or V. Thus no vertex iSupsepsetXo,V,Xn+1) lies onP* or Q
(X0, Xn+1 O SupsepsdiXo,V,Xn+1) by definition). It now follows by Lemma that we
can concatenat®” andQ”* to form a path which d-connectsgXand X,+1 given
Supseps&iXo,V, X n+1) {W}.

It follows directly from this claim that step §F of the CCD algorithm will orient V*—*W
as V—>W in W, (unless they have already been oriented this way in a previous stage of
the algorithm). Henc®1 andW, are different.

Since Cases 1-5 exhaust the possible ways in Wwhi@ndG, may fail to satisfy CET(I)-
(V), this completes the proof that the CCD algorithm locates-#&pdration equivalence
class.]



58

8. Refaences

Aho, A.V., Hopcroft, J.E., & Ullman, J.D., (1974) The Design and Analysis of Computer
Algorithms. Addison-Wesley, Reading Mass.

Basmann, R. (1965) A note on the statistical testability of ‘explicit causal chains’ against
the class of ‘interdependent’ models.JASA, 60, 1080-1093.

Bekker, P.A., Merckens, A., Wansbeek, T.J., (1994) Identification, equivalent models,
and computer algebra. Boston : Academic Press.

Bollen, K., (1989) Structural Equations with Latent Variables. Wiley, New York.

Cox, D.R., and Wermuth, N. (1993) Linear dependencies represented by chain graphs. In
Statistical Science, 1993, 8 No.3 , 204-283.

Dawid, A. P. (1979) Conditional Independence in statistical theory (with discussion)
Journal Royal Statistical Society Ser. B 41, 1-31.

Frydenberg, M., (1990) The chain graph Markov property,Scandinvaian Journal of
Statistics, 17, 333-353.

Fisher, M.F. and Nagin, D. (1978) On the Feasibility of Identifying The Crime Function
in a Simultaneous Model of Crime Rates and Sanction Levels. In Deterrence and
Incapacitation: Estimating the Effects of Criminal Sanctions on Crime, Blumstein, Cohen
and Nagin eds.

Geiger, D. (1990). Graphoids: a qualitative framework for probabilistic inference. PhD
dissertation, Univ. California, Los Angeles.

Geiger, D., and Pearl, J., (1988) Logical and Algorithmic properties of Conditional
Independence. Technical Report R-97, Cognitive Systems Laboratory, University of
California, Los Angeles.

Goldberger, A., Duncan, O. (eds.), (1973) Structural Equation Models in the Social
Sciences (Seminar Press, New York).

Goldberger, A. S. (1964). Econometric Theory. Wiley, New York.

Haavelmo, T., (1943) The statistical implications of a system of simultaneous equations,
Econometrica, 11, 1-12.

Heise D.(1975). Causal Analysis. Wiley, New York.

Huggins, W.H. and Entwistle, D.R.(1968) Introductory Systems and Design, Ginn
Blaisdell, Waltham Massachussetts.

Kiiveri, H. and Speed, T., (1982) Structural analysis of multivariate data: A review,
Sociological Methodology, Leinhardt, S. (ed.). Jossey-Bass, San Francisco.

Kiiveri, H., Speed, T., and Carlin, J., (1984) Recursive causal models, Journal of the
Australian Mathematical Society, 36, 30-52.



59

Koster, J., (1995) Markov Properties of Non-Recursive Causal Models, To appear in the
Annals of Statistics, November 1995.

Lauritzen, S., Dawid, A., Larsen, B., Leimer, H., (1990) Independence properties of
directed Markov fields, Networks, 20, 491-505.

Lee, S. (1987) Model Equivalence in Covariance Structure Modelling. Ph.D. Thesis,
Department of Psychology, Ohio State University.

Mason, S., (1953) Feedback theory-some properties of signal flow graphs, Proceedings of
the IRE, 41.

Mason, S., (1956) Feedback theory-further properties of signal flow graphs, Proceedings
of the IRE, 44.

Muthen, B. (1984) A general structural equation model, with dichotomous, ordered
categorical and continuous latent variable indicators. Psychometrika 49: 115-132.

Pearl, J., (1986) Fusion, propagation, and structuring in belief networks, Atrtificial
Intelligence 29, 241-88.

Pearl, J., (1988). Probabilistic Reasoning in Intelligent Systems, (Morgan Kaufman: San
Mateo, CA).

Pearl, J. and Verma, T. (1991) A theory of inferred causation, in Principles of Knowledge
Representation and Reasoning: Proceedings of the Second International Conference
(Morgan Kaufmann, San Mateo, CA).

Richardson, T. (1994a). Equivalence in Non-Recursive Structural Equation Models.
Proceedings:Compstat 94 , Physica Verlag.

Richardson, T. (1994b). Properties of Cyclic Graphical Models. MS Thesis, Carnegie
Mellon University.

Richardson T.(1995). A polynomial-Time Algorithm for Deciding Markov Equivalence
of Directed Cyclic Graphical Models, Technical Report CMU-PHIL-63, Philosophy
Department, Carnegie Mellon University.

Sobel, M. E. (1993) Comment in Statistical Science Vol.8 3 p.271.

Spirtes, P. Directed Cyclic graphs, Conditional Independence and Non-Recursive Linear
Structural Equation Models. Philosophy, Methodology and Logic Technical Report 35,
Carnegie Mellon University.

Spirtes, P. and Glymour, C., (1990) Causal Structure Among Measured Variables
Preserved with Unmeasured Variables. Technical Report CMU-LCL-90-5, Laboratory
for Computational Linguistics, Carnegie Mellon University.

Spirtes, P., and Glymour, C., (1991) An algorithm for fast recovery of sparse causal
graphs, Social Science Computer Review, 9, 62-72.

Spirtes, P., Glymour, C., and Scheines, R., (1993) Causation, Prediction, and Search,
(Springer-Verlag Lecture Notes in Statistics 81, New York).



60

Spirtes, P., Meek, C., and Richardson, T.,(1996) Causal Inference in the Presence of
Selection Bias, Technical Report CMU-PHIL-64, Philosophy Department, Carnegie
Mellon University.

Stetzl, I. (1986) Changing causal relationships without changing the fit: Some rules for
generating equivalent LISREL models. Multivariate Behavior Research 21, 309-331.

Strotz, R.H. and Wold, H.O.A. (1960) Recursive versus Nonrecursive systems: An
Attempt at Synthesis. Econometrica 28 pp.417-427. (Also in Causal Models in the Social
Sciences, H.M. Blalock Jr. ed., Chicago: Aldine Atherton, 1971).

Verma, T. & Pearl, J., (1990). On Equivalence of Causal Models. Technical Report R-
150, Cognitive Systems Lab., UCLA.

Wermuth, N. (1992) On Block-Recursive Linear Regression Equations, Revista
Brasileira de Probabilidade e Estatistica 6, pp.1-56 (with discussion).

Wermuth, N., (1980) Linear recursive equations, covariance selection and path analysis,
Journal of the American Statistical Association, 75, 963-972.

Wermuth, N. and Lauritzen, S., (1983) Graphical and recursive models for contingency
tables, Biometrika, 72, 537-552.

Wermuth, N. and Lauritzen, S., (1990) On substantive research hypotheses, conditional
independence graphs and graphical chain models, Journal of the Royal Statistical Society,
Series B, 52, 21-50.

Whittaker, J., (1990) Graphical Models in Applied Multivariate Statistics (Wiley, New
York).

Wold, H.O.A. Ends and Means in Econometric Model Building. Basic Considerations
Reviewed. in Probability and Statistics, (The Harald Cramer volume) U. Grenander, ed.,
Stockholm: Almquist & Wiksell, 1959.

Wold, H.O.A., Stotz, R.H. (1960) Recursive versus Non-Recursive Systems: An attempt
at Synthesis, Econometrica 28 pp.417-427.

Wright, S. (1934) The method of path coefficients, Annals of Mathematical Statistics 5,
161-215.



