The Dimensionality of Mixed Ancestral Graphs
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First we will introduce some graph terminology. The conceptsdefined here are
illustrated in Figure 1. A graph consists of two parts, a set of velicasd a setof edges
E. Each edge i& is between two distinct verticesVh There are two kinds of edgeskn
directed edges A- B or A — B, and double-headed edges-AB; in eithercaseA andB
areendpoints of the edge; further, A and B are said taadgacent. In Figure 1 the satf
vertices is {A,B,C,D,E} and the set of edges is {AB,B - C,C- D, E - D}. Fora
directededgeA - B, A is the tail of the edgeandB is the head of the edge,A is a
parent of B, and B is ahild of A.

An undirected path U betweenX, and X, is a sequencef edges<E,,...,E.> such
that oneendpointof E, is X ;, oneendpointof E_ is X, andfor eachpair of consecutive
edges E E,, in the sequence, E E,,, and one endpoint of Equals one endpoint & ,.
In Figure 1, Ao B - C ~ D is anexampleof an undirectedpath betweenA andD. A
directed path P between Xand X, is a sequence of directed edges,<EE > suchthat
the tail of E is X,, the head of Eis X, andfor eachpair of edgesE;, E,,; adjacentn the
sequencek;, # E,,,, andthe headof E is the tail of E,,,. For exampleB - C - Disa
directed path. Arertex occurs on a path if it is anendpointof one of the edgesin the
path. The set of verticem A « B - C - Dis{A, B, C, D}. A pathis acyclic if no
vertex occurs more than once on the patte following is alist of all the acyclic directed
paths in Figure 1: B- C,C- D,E- D,B- C - D.

A graphis a directed graph if it containsno double-headeddges.Agraphis a
directed acyclic graph (DAG) if it containsno double-headeédges,and no directed

cycles.

A vertexA is anancestor of B (andB is adescendant of A) if andonly if either
there is a directegathfrom A to B or A = B. Thusthe ancestorelationis the transitive,
reflexive closure of the parentrelation. The following table lists the child, parent,

descendant and ancestor relations in Figure 1.



Vertex Children Parents Descendants | Ancestors
A O O {A} {A}
B {C} 0 {B,C,D} {B}
C {D} {B} {C.D} {B.C}
D O {C,E} {D} {B,C,D,E}
E {D} O {D.E} {E}

A vertex X is acollider on undirected path U if and only if U contains a subpath

XoZo¥Yos XoZorYos XeZorY o« X « Z otherwiseif X isonU itisa
non-collider on U. For example, D is a collidenC -~ D —~ E andC is a non-collider
onB - C - D. X isanancestor of a set of verticesZ if X is an ancestorof some

member oZ.

For disjoint sets of vertice¥, Y, andZ, X isd-connected to Y givenZ if and only

if there is an acyclic undirected pdthbetweensomememberX of X, andsomemember

Y of Y, such that evergollider on U is an ancestoof Z, andeverynon-collideron U is

not inZ. For disjoint sets of verticeX,, Y, andZ, X is d-separated from Y givenZ if

and only ifX is not d-connected %6 givenZ.

Figure 1

For example, the path A B - C d-connectsA andC given [J; it alsod-connectsA

andC given{D}, {E}, or{D,E}. E - D ~ C d-connectsE and C given {D}, given
{D,B}, {D,A}, or {D,A,B}. The following is a list of all the pairwise d-separation




relations in Figure 1 (where each paifaiowed by a list of all of the setsthat d-separate
them):

{A} and {C} are d-separated given: {B}, {B,D}, {B,E}, {B.D,E}

{A} and {D} are d-separated given: {B}, {C}, {B,C}, {B,E}, {C,E}, {B,C,E}
{A} and {E} are d-separated giverid, {B}, {C}, {B.C}, {B,D}, {C.D}, {B,C,D}
{B} and {E} are d-separated givert, {A}, {C}, {A,C}, {C,D}, {A.C,D}.

In a graph G, with a set of vertic¥scontainingO, if A andB arein O, thenthereis
aninducing path betweenA andB given O if andonly if thereis a pathU betweenA
andB suchthateverymemberof O thatis on U is a collider, and every collider is an
ancestor of A or B. (I¥ = O, we will simply say that there &sninducing path betweenA
andB.) It hasbeenshownin Vermaand Pearl(1990)hatin a DAG G, A andB are d-
separated given some subse©YfA,B} if and only if there is no inducing pathetweenA
and B giverO.

A MAG (or mixed ancestral graph) is a graphwith two kinds of edges:directed
edges(e.g. A -~ B), andbi-directededges,(e.g. C - D). The MAG that represents
DAG G (also called MAG(®) with asetof observedvariablesO) canbe constructedn

the following way:

* Place the edge A B in MAG(G,0) if and only if A is anancestorof B in G, and
there is an inducing path between A and B gi@en G.

* Place the edge A B in MAG(GO) if and only if A is not an ancestoif B in G,

B is not an ancestor of A in G, and there is an inducing path between A and B given

OinG.

Someexamplesof MAGs areshownin Figure2, whereO = {A,B,C,D}. (In cases
where the distinction betweenlatent variablesand measuredvariablesis important, we

enclose latent variables in ovals.)
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It hasbeenshownin Spirteset al. (1993)thatin a MAG G, A andB ared-separated
given some subset of {A,B} if and only if there is no inducing path between A and=B
(In Spirtesetal. 1993 the proof is for inducing path graphs,but the proofs carry over
unchanged for MAGS.)

Thus a MAG M may be consideredto representany DAG G such that M =
MAG(G,0). MAG(G,O) representghe following featuresof a DAG G with latent

variables:
» the ancestor relations among the membe@ iof G;
» the d-separation relations among the membe@iofG.
Although we will not prove it in this paper, MAGs have the following useful features:

* DAG G, in Figure 2 is an example of a DAG sublat as the samplesizeincreases
without limit, the differencebetweenthe BIC of MAG(G,,0) andthe BIC of any
DAG G’ that containsonly variablein O increaseswithout limit almost surely.
Hencein somecasesa maximumlikelihood estimateof the MAG parameterss a
better estimator of some of tipepulationparametershanthe maximumlikelihood

estimate of any DAG parameters.

* In the large samplelimit, for multi-variate normal, any (possibly latent variable)
DAG with a maximum BIC score is representgdthe MAG with the highestBIC
score among all MAGs.



In general,eachMAG representsnany different latent variable models.A MAG can
thus also be considereda representatiorof a set of conditional independenceelations
among variables i@ (which in some casesannotbe representetby any DAG containing
just variables irD.) A MAG imposes no restrictions on the set of distributibmepresents
other than the conditionalindependenceelationsthat it entails. (The classof MAGs is
neithera subsetnor a supersebf other generalization®f DAGs such as chain graphs,

cyclic directed graphs, or cyclic chain graphs.)

It is not thecasethat an arbitrarygraphis a MAG, i.e. theremay be no DAG G such
that M = MAG(GQ). The following theorem states necessary suifficient conditionsfor
M to bea MAG. Let the canonical graph G(M) for a MAG M be constructedn the
following way: If O is the set of vertices i, thenthe setof verticesin G(M) isO O T,
where T, O T if there is an edge X X; in M, for X;, X, in O, thereareedgesX; — T,;
- X;in G(M) if and only if there is an edgg X X;in M, andanedgeX; - X, in G(M)
only if there is an edge X X in M.

Lemma l: If M is a MAG, then G(M) has the sana@cestorelationsamongmembersof

O as M does.

Proof. By the algorithnfor constructingG(M), the setof directededgesin G(M) is a
supersetof directed edgesin M. Henceif thereis a directed path in M, thereis a

corresponding directed path in G(M).

Suppose there is a directed path P in G(M) betweamd&X in O. P doesnot contain
any member of , because by the algorithm for constructing G(M), every edge containing a
memberof T, of T is out of T, . Henceevery edgeon P is a directededge between
members oD. By the algorithmfor constructingG(M), thereis a correspondinglirected

edge in M. Hence there is a directed path betweamdX in G(M). [l

Note that G(M) is acyclic becausehereis no directedcyclesfrom a memberof O to
itself in M, and hence no directed cycles from a menobé to itself in G(M). Also there
is no directed cycle from a memberTofo itself in G(M), because there are no edgesa
member ofl in G(M).



Lemma 2: If M = MAG(G) has vertice®, then M and G have the same ancestor relations

among members @.

Proof. Suppose there is a directed path P froto X; in M. Then by thealgorithmfor
constructingMAGs, eachvertexalongP is an ancestorof its sucessoon the pathin G.

Hence Xis an an ancestor of ¥ G.

Suppose there is a directed path P frortoX in G. Then ifX, and X, areon P, and
there is no other member Ofbetween Xand X on P, there is an inducing path relatioe
O in G betweenX, and X,. It follows that thereis an edgeX, - X, in M. The

concatenation of these edges in M is a directed path fraonXin M. [

Theorem 1. A graph M is a MAG if and only if:

1. Ifthere is an inducing path betweepaXdX; in M, thenX; andX; areadjacentn
M.

2. Ifthere is an edge X~ X; in M, then Xis not an ancestor of Y1 M, but X; is an

ancestor of ?(in M.

3. Ifthere is an edge % X;in M, thenX; is not anancestorf X; andX; is not an

ancestor of ?(in M.

Proof. Suppose that M satisfies 1), &nd 3). We will show thatthereis somegraph
G(M) such that MAG(G(M)) = M.

First we will show that if there is an inducing path U betwkeandX; in G(M), then
X; and X are adjacent in M. Let U’ be the path in M corresponding to U (thilabis — X;
occurs on U in G(M), X- X, occurs onJ’ in M, andif X; « T,; - X, occurson U in
G(M) then X « X, occurs on U’ in M.) By definition, every member@fon U in G(M)
is a collider on U. From the algorithm for constructing G(M), it folldiat every member
of O on U’ in M is a collider. Every collider on U in G(M) is an ancestorof X; or X; in
G(M). Because by Lemma 1, G(M) and M have sheneancestorrelations,every collider
on U’ in M is anancestof X; or X; in M. By hypothesisi,if thereis an inducing path

between Xand X in M, X; and X are adjacent in M.



Next we will show that if Xis an ancestor of Xn G(M), and Xand X areadjacentn
M, then the edge between and X is oriented as X X; in M. BecauseG(M) is acyclic,
X; is not anancestoof X; in G(M). By Lemmal, G(M) andM have the sameancestor
relations,so X; is anancestonf X; in M. By 2) and3), the edgebetweenX; and X, is

oriented as X- X;in M.

Finally we will show that if Xis not an ancestor of, ¥ G(M), X is not an ancestor of
X;in G(M),and X and X are adjacent in M, then the edge betwegand X is orientedas
X; o X;in M. By Lemma1l, G(M) and M have the same ancestorrelations among
members 0D, so X is not an ancestor of, ¥1 G(M) and Xis not an ancestor of; in M.
By 3), the edge between &nd X is oriented as X- X; in M.

It follows that MAG(G(M)) = M.

Next we will show that conversely, if M 8MAG, then1), 2), and3) hold. SinceM
is a MAG, there is some graph G such that M = MAG(G).

First we will show 1). Supposen the contrarythat thereis an inducing path between
X; andX; in M, but X; andX; arenot adjacentin M. Becausethereis an inducing path
between Xand X in M, X; and X are d-connected given evesybsetof O\{X ,X} in M.
In Spirtes and Richardson(1996) it was shown that & X ared-connectedjivenZ in
MAG(G), thenX; and X; ared-connectedjivenZ in G. It follows that X; and X; are d-
connectedyiven every subsetof O\{X,,X;} in G. By VermaandPearl(1990)thereis an
inducing pathbetweenX; and X; relativeto O in G. By the methodof constructionof
MAGs, X and X are adjacent in M.

Next we show 2). Supposehatthereis anedgeX; — X; in M, but contraryto the
hypothesis X; is anancestoof X;, or X; not anancestoof X; in M. By the method of
construction of MAGs, in G, Xs ancestor of Xand X is notancestornf X;. By Lemma

2, M has the same ancestor relations as G. This is a contradiction.

Finally, we show 3). Supposethereis anedgeX; - X; in M, but contraryto the
hypothesisthat X; is an ancestorof X; or X; is an ancestorof X, in M. In G, by the
algorithmfor constructionMAGs, X; is not ancestoof X; and X; not ancestorf X;. By

Lemma 2, M has the same ancestor relations as G. This is a contradiction.



A linear parameterization of a MAG G is alinear structuralequationmodelwith

correlated errors parameterized in the following way:

» Each variable An the graphis a linear function of its parentsin the graph,anda

unique error termeg,.

* Two error terms,.and&, havea non-zerocorrelation only if thereis an edgeA

~ B in the graph.

For notational convenience, well assumehatthe variablesin aMAG G areX,,...,X,,
where Xis not an ancestaf X; in G if i > j. We will referto the errorterm of X; asg;,
ratherthane, . A MAG M linearly entails thatX is independenbf Y given Z if and
only if in every linear parameterizatiorof M, X is independentof Y given Z. The

following theorems are proved in Spirtes and Richardson(1997).

Theorem 2: A MAG G linearly entailsX; is independenof X; givenZ if andonly if X;

is d-separated from XivenZ in G.

Theorem 3: A MAG G linearly entailscov(X;,X;|Z) = 0 if andonly if X; is d-separated

from X givenZ in G.

A complete MAG is a MAG in which every pair of variables is adjacent.

Lemma 3: If G is a MAG, there is a complete MAG.Gsuch that G is a subgraph of.G

Proof. Suppose that G is a MAG. Form i6 the following way: if Xis an ancestor of
X;in G, addanedgeX; - X, in G., andif X; is not anancestomnf X; andX; is not an
ancestor of X then add ardgeX; - X, to G.. Every pair of verticesin G is adjacent.
Note that G and Ghave the same ancestor relations. By the method of constra€i@g
if there is an edge X - X; in G, then X is not anancestoof X;. Becausesvery pair of
vertices in G is adjacent, it igrivially true thatif thereis aninducing path betweena pair

of vertices, then there is an edge between that pair of vefiices.



Lemmad4: In a MAG G with an edge X~ X,, if 8(0) is a parameterization of i@ which
Ccovg,g) = 0, andB(c) is a parameterizationf G identicalto 6(0) exceptcov;,g) = c,
then

cove(c)(Xi,X].|An(Xi) O An(Xj)\{X i,Xj}) = cove(o)(xi,XJ|An(Xi) O An(X].)\{X i,XJ.}) + C.

Proof. First we will show that iK, is in An(X;) O An(X)\{X ,X;} thenvary(X,) =
var(X,). Note that inG(6(0)) and G(6(c)), the coefficientsof the reducedform of each
variable is exactly the same in each of the parameterizations, because the siuetii@hs
in each parameterization are identicglis<a functionof (a possiblypropersubsetof) the
error terms inlAn(X;) O An(X)\{X,X;}. Hence

Xk = Za‘kr‘gr

Varq(O)(Xk) = Z airvar(.q(o)(gr) + 22 z akrakscovq(O)(Er Es)

r<s<k

In the formula for vag,(X,), r and s are less than or equal to k, and k isthess and
j by hypothesis.Hence,the formula is identical for var,(X,), and hencevary(X,) =

vare(c)(X -

Next we will show that if distinct verticesX, and X, arein An(X)) O An(X,), but
XX} <> {X;,X}, then covyy (X, X)) = covyy(X,,X)). SupposeX, and X, are in
An(X) O An(X)), but {X,, X} <> {X,X;}. Also, supposewithout loss of generalitythat
X, is notegualto X; or to X; andhenceX; is in An(X)) O An(X)\{X,X}. X, is notan
ancestor of any member ah(X;) O An(X,)\{X }; if it is an ancestor oAn(X)\{X } then
there is a directed cycle in G, and if it is@mcestoof An(X))\{X} thenX; is anancestor
of X;, even though there is an ed§e ~ X, in G. Similarly, X; is not an ancestomf any
member ofAn(X;) O An(X,)\{X }. It follows that neither Xnor X is an ancestor of X

For X, and X,

Xk = Zakrer’ XI = Zblrer

Covq(O)(Xk ’ XI) = Z akrblrvaI::](O)(er) + 22 Z (akrbls + a'ksblr)c:ovq(o)(er ' ss)

r<ssmax(k/)



The formula for covy,(X,,X)) is exactly the sameas the formula for cov,(X,,X))
except for terms of the form, (i, + g;b,)covB(€;€); all correspondingermsare zeroin
COVy (X, X)) becauseowB,(g;,€) = 0 by definition. However, all suchtermsare also
zero inthe formula for cov,,(X,,X)), becauseeitherX; nor X; is anancestonf X,, and
henceband f = 0.

Next we will show that covyq (X, X;) = €0V, (X;,X) + c. The formula for
COVyy(X;,X;) Is identical to the formula for covy,(X;,X;), except that the term
a;b;,covB,(€,€) = coWB,(€,,€) = ¢, andthe term g;b,covd,(€,€) = covB,(€;€) = 0. (By
convention, the error terms are scaled so thatp = 1.

COVyo)(Xi, Xj|AN(X)) O An(X)OMX ., X }) =
COVy)(Xi, X)) = €OV (X, AN(X)) O An(X)\{X X }) %
var,,, (An(X;) O An(X)\{X,X}) x
COVyy(X;, AN(X;) O An(X)MX ;X })

The formula for covyq, (X, X|An(X) O An(X){X,X}) is the same except
everywhered(0) occurs it is replaced 8(c). We have just shown that:

COVyp(X;, AN(X;) O An(X )X, X;}) = covy(X;, An(X)) O An(X)\{X,X;})
var,,, (An(X;) O An(X){X,X}) = varg, (An(X;) O An(X)\{X ,X})
COVy(X;, AN(X)) O An(X)MX ;X }) = covy,(X;, An(X)) O An(X)\{X ;X })

COVy (X, X)) = COV (X, X)) + €
Hence,

COVyo (X, XIAN(X;) O An(X)HX |, X}) = €0V (X, Xj|AN(X)) O An(X)\{X,X}}) + c.
U

Theorem 4: If G is a completeMAG over a setof variablesX, and X is a positive
definite covariancematrix for X, thenthereis a linear parameterizatio® of G, suchthat
Zoc®) = 2

Proof. LetZ be the covariancematrix for X. An instantiationof a parameterizatioof

G, hasthe propertiesthat eachvariablecanbe expressedas linear function of its parents
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and an error term, and that if cey€qg) # 0 thenXp « Xgin G¢; we will now show that
there is a parameterization of Gat has covariance mat&x

Note that since Gis a complete ancestral graBarents(X,) U {X [j < k}, andfurther
if X; O {Xlj < k\Parents(Xk) then X « Xjin G.. We will abbreviateParents(X,) by
P,. Take each variableXn turn. Regress XonP,. Let

X, = Y a,X; and

X[TPy

be thelinear predictorof X, on P, (wheresummationover an emptysetis equalto zero)
and the residuals

A

=X, =X,

We will now show that the a,; and the correlationsbetweenthe residualsform a
parameterizationof the completeMAG G... First note that X, is a linear function of its
parents in Gbecause

X =X tg = Xizmpko‘ijj + &

Secondwe will showthatif Cov(,g,) # 0 thenX, - X, in G.. Supposeon the
contrary that co, €,) # 0, but there is no double headed arrogw-X X, in G.. We may
suppose without loss of generality that p < g. Since there is no doedudiedarrow X,
X, and p < q it follows that X— X, in G.. It then follows that X[ P,.

COV(Ey,E,) = COV(E,, X, — Z X;)=cov(e,, X,) - Zcov(sq,xj)

X{TP, X{TP,
We will now show that cog(,g) = 0 by showing that cog(,X,) = 0, and for allX; in
P,, covE,X) =0.
By constructiong, is uncorrelated with X0 P,, (sinceg, is the residual remaining after
regressing XonP,), so cov¢,, X)) = 0. If X O P, thenX; - X, in G.. SinceX, - X,
in G, it follows that X is an ancestoof X, in G.. As G, is a completeancestrafgraphit

then follows that X- X, in G, so X P,. Hencecov(,X;) = 0, asclaimed.It follows
that covg,g,) = 0.

Finally, positive definiteness af ensures thatache, haspositive variance;otherwise

X, would be a linear combination of previoussXands would not be positive definitél
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Lemma 5: In aMAG G, if X; OO An(X)), andthereis no edgeX; - X,, thenX, is d-
separated from pgiven An(X;)\{X,X;}.

Proof. Suppose, on the contrary that there is a path UitbatnectsomememberX,
0 An(X)) to X; givenAn(X)\{X,,X}. There are three casesitherthereis anedgeX, -
X, on U, there is an edge X X, on U, or there is an edge X X, on U.

Suppose there is an edde - X; onU. X, # X; becausetherwisethereis an edge
X; - X;in G. Hence Xis in An(X;))\{X,X;}. ButthenX, is nota collideron U, andU
does not d-connect; Xo X givenAn(X)\{X,X}.

Supposehatthe first edgeon U is anedgeX;, - X,. It follows that either X, is an
ancestor of X or thereis a collider on U. BecauseG is acyclic,and X; is an ancestoiof
X;, X; is not an ancestor of XSuppose then that there is a collidgpX U. BecauseJ d-
connects Xand X givenAn(X)\{X,,X}, X, is an ancestoof An(X)\{X X}, andhence

of X.. It follows that G is cyclic, contrary to our assumption that G is a MAG.

Suppose that the first edge on U jsX X,. If thereis a collider on U, thenX, is an
ancestorof the collider. The collider is an ancestorof An(X))\{X,,X;} becauseU d-
connects Xand X givenAn(X)\{X,X;}. HenceX, is anancestof An(X)\{X,X;}. It
follows that X is an ancestor of Xcontrary to the assumption thatis a MAG. Suppose
then that there is no collider on U. Hencgisan ancestor of XBut X is by hypothesisa
member ofAn(X)). It follows that X is anancestoof X, contraryto the assumptiorthat
Gisa MAG.O

Lemma 6: In a MAG G, if an undirectedpathU in G d-connectsA and B given
An(A) O An(B)\{A,B} then U is an inducing path between A and B.

Proof. If thereis apathU thatd-connectsA and B given An(A) O An(B)\{A,B}
then every collider on U is an ancestor of a membangf) (1 An(B)\{A,B}, andhence
an ancestor of A or B. Every vertex on U is an ancestor a collider on Uanicastoiof A
or B; and hence every vertex onedceptfor the endpointsis in An(A) O An(B)\{A,B}.
If U d-connectA andB given An(A) [ An(B)\{A,B}, theneveryvertexthatis on U,

except for the endpoints, is a collider. Hence U is an inducing path between A@nd B.
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Theorem 5: If G is a MAG, andk is a positive definite covariancematrix suchthat if X,
and X; are d-separatedjiven Z in G, then cov(X,X|Z) = O, then there is a linear

parameterizatiort of G such thak;, = 2.

Proof. By Lemma 3, there is a complete MAG<bch that G is aubgraphof G.. By
Theorem 4, there is a parameterizaioof G. such that; o =Z. We will now show that

6 assigns zeroes to every edge that isdto@ not in G. First considera directededgeX;,
- X; thatis in G but not in G. By the method abnstructionof G, X; is anancestoiof
X; in G. Becausehe edgeX; — X; doesnotexistin G, by Lemmas, X; is d-separated
from X; given An(X)\{X X} in G. Hence cov,(X,X|An(X)\{X ,X}) = 0 by
hypothesis.

BecauseG, is a MAG, ¢ is uncorrelatedwith the errors of any ancestorof X, and
hence uncorrelated with any ancestor pf¥encein 8 the coefficientsof the ancestorof
X; in the equationfor X; are equalto the partial regressioncoefficientsof X; on its
ancestors. But when,J6 regressed on its ancestors, the partial regression coefb€ixnt
in the equation for Xis equal to zero when cgy, (X, X;|An(X)\{X;,X;}) = 0. Hence,if
there is no edge X X, in G, Xi and Xjared-separatediven An(X)\{X;,X;} in G, and
by hypothesis cov;(X;, X[An(X)M{X ,X}) = 0. covy (X, XANX)MX , X]}) =
cov5(X;, X|An(X){X ,X;}) = 0. Hence inB, the partial regressiorcoefficientof X; in the
equationfor X;, is equalto zero. It follows that we can removefrom G. every directed
edge that is in Gbut not in G. Call this graph G

We now show that & is a MAG. G, G, hasthe sameancestorelationsas G. and
G.IfA* - Bin G, then A*~ B in G; Because Gis a MAG, Bis not anancestoiof A

in G.. Hence B is not an ancestor of A iQOG

Supposethat thereis an inducing path betweenA and B in GCO. BecauseGCO is a

subgraph of @ there is an inducing path between A and B inlGA is an ancestorof B
in G, thenbecauseevery vertex on the inducing path is an ancestorof A or B, every
vertex on the inducing patl an ancestoiof B. But the predecessoof B on the inducing
path is a collider on the inducing path, and henc®isgn ancestorof B. It follows that A

is not an ancestor of B. Similarly, B is not an ancestor of A. Hence the edge between A and

13



Bin G.isA - B. It follows thattheedgeA ~ B. isin G, By Theoreml, G, is a
MAG.

Let 8, be the same &5 except that all of the zero coefficients corresponding to directed
edges in Gbut not in G have been removégis a parameterization of.Gandx

2 =2.

GOy —

Gc(8)

Now consider the double-headed arrows ibGt not in G. Arrange thegmirson the
following order O: {X X} < {X,,X.} if max(i,j) < max(k,m). This ordering has the
following property:If X; « X; precedeX, - X in theorderthenX, - X  doesnot
occur on any inducing path betweenakd X in G.. Suppose, for a reductio, that tvas
not the case.BecauseX, and X occuron aninducing pathbetweenX; and X;, eachof
themis anancestoof X; or X;. Supposewithout loss of generalitythatk > m. By the
ordering of the variable pairs, k > max(i,j). By theleringof the individual variables, X,

is not an ancestor of Xr X.. This is a contradiction.

Let GCn be the graph resulting from removing first n double-headedrrowsthat are
in G, but not in G, inthe orderin which they occurin O, and@, be the parameterization
of GCn that results from removing from 8 the parameterscorrespondingto the edges
removedfrom G, The proof that G, is a MAG is by induction on the the numberof
double-headedrrowsremovedfrom G . For zero double-headedrrows removed,we
have already shown that G, is a MAG, and Zocyon = Zoge — - Let the induction
hypothesis be that Gis a MAG and2; e, = 2o = 2. LettheedgeX; « X; beedge

n+1in the ordering O. Suppose thabjncove,,g) = c. We will now show tha<r50n+1 isa

MAG.

No double-headedrrow that is in GCn but not in G appearson an inducing path
between Xand X in G; , becauséhe only edgesthatlie on aninducing path betweenX;
andX; in GCn andthatarenotin G, occurprior to X; ~ X, in the ordering, and by the
induction hypothesis have already been removed thEn Every directededgethat exists

in G, also exists in G. Hence if there is an induguagh betweenX; and’X; in G, there

is an inducing path between and X in G. But because G is a MAG, and thex@o edge
between Xand X in G, there is nanducing pathbetweenX; andX; in G. It follows that
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there is no inducing path betweepaxd X in G, other than the edge X X. It follows
thatin G, if there is no edge betweenad X, then thergs no inducing path between
X; and X.

G, ., has the same ancestor relations aa@l G. If A*~ B in G, thenA* - B in

G, Because Gis a MAG, B is not an ancestor Afin G.. HenceB is not an ancestorof
Ain G . Itfollows from Theorem 1 thatG is a MAG.

If there is no edge between ahd Xin Gcm' by Theoreml thereis no inducing path
betweenX; and X; in GCM. By Lemma6, X; and X; are d-separatedjiven An(X;) U
An(X)\{X,X;}. Hence COVae, . (Onsd) (XuXJAn(X) O An(X){X;,X}) = 0. By
hypothesis, cov, (X, XAn(X) O An(X)M{X X} = cov(X,X|An(X) O
An(X,){X;,X}). Becausethe edgeX; - X; doesnot occurin G, X; and X; are d-
separatedgiven An(X;) 0O An(X){XX;} in G, and hence cov(X;X|An(X) O
An(X)\{X;,X;}) = 0. By Lemma 4,

0 = cow_ e, (Xi. XjlAN(XI) O An(X))\{Xi,X]}) =

COVGCn+1(9n+1)

It follows that ¢ = 0, and hencg,

X XJAN(X) O An(X){X ., X}) +c=0+c

=2.0

Cretne) = Gyl
Lemma 7: The n" derivative of a rational function f,(X)/f (X) (where f, and f, are

polynomials) whose denominator is nowhere 0 oddisiainis a rational function, whose

denominator is a positive integral power gKJ.

Proof. Consider the first derivative. The derivative is equé,'(X) * f,(X) - f,(X) *
£, (X))/f ,(X)? where f and f; arealsopolynomials.Hencethe derivativeis rationaland

has a denominator that is a positive integral function(&j.f

Supposethe n™ derivativeis a rational function, and the denominatoris a positive
power of £(X), i.e. then™ derivativeequalsf,(X)/f,(X)™, wheref,(X) is a polynomial. It
follows that the n+lderivative is a rational function#X) * f ,"(X) - m * f,(X)"* * f,(X)
* £, (X)) ,(X)™, wheref,” andf,” arealsopolynomialfunctions.The denominatoris a

positive power of {X), and hence is nowhere 0 in its domain.
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Let the setof valuesof natural parameterof a full regularexponentialfamily S be
denoted byN, S, be a subfamily o8, N, be the set of values of tmaturalparametersf
S,, andif U is an openneighborhoodn N, SY be the set of distributionsin S with

parameters itJ.

Theorem 6: The family of distributionsrepresentedy a linear MAG M over a setof k
variablesis a locally parameterizecturved exponentialfamily of dimension equal to

k(k+1)/2 minus the number of pairs of variables in M that are not adjacent to each other.

Proof. Accordingto Theorem4.2.1 in KassandVos(1997),a subfamily S, of an n-
dimensionalregular exponentialfamily S is a locally parameterizecturved exponential
family if for eachn, in N, thereis an openneighborhoodJ in N containingn, and a
diffeomorphism hly - R*x R™ such thatS;= {P, in S”: h(n) = (3,y) andy = 0}.

Accordingto Theorem4, the distributionsrepresentedy a given MAG M can be
parameterizedn the following way. For a given covariancematrix ~ among the X

variables, regresson the seP, = {X; | X # X, and X is an ancestor of X Let
X, = ZO(MXj

X[ Py

be the linear predictor of onP,, or 0 if P, is empty. Now let,:= X, — Xk. Thea,; and

the non-zero covariances amongghparameterize a MAG. Call this set of parameltérs

First we will show that there is a diffeomorphigram the setof covariancematricesz of
the normal distribution (with zero means) over k variabléd t®y Corollary A.3 in Kass
and Vos, it sufficesto show that thereis a smoothone-to-onefunction from ~ to M,

whose inverse is also smooth.

From Theorem 4 it follows that
COV(E,,E,) = COV(X, - X, Xy - X,) =
cov(X,,X,) —cov(X,X,)—cov(X,,X,)+cov(X ,X,) =
cov(X,,X,) - Zupicov(xp,xi)— anjcov(xq,xj)+ Z Zapiaqjcov(xi,xj)
X0P,

Xi TP, X; P, X TP,

Eachof the a,; is a regressioncoefficient, and hencea rational function of % that is

everywheredefined on its domain (becauseevery covariancematrix in % is positive
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definite). covg,e,) is a rational function of the,; andX thatis everywheredefinedon its
domain (because every covariance matriX is positive definite)BecauseM is a rational
function of X thatis everywheredefined on its domain,by Lemma7 thereis a smooth

function from> toM.
It was also shown in Theorem 4 that each variableoXld be written as
X, = z aX; +g,
X OParents(X )
Hencethe function mappingZ to M hasan inverse and is one-to-one.In addition, it
follows that there is a reduced form for thevariables,i.e. they are a rationalfunction of
the values of the,; parameters and tlevariables. Hencg is a rationalfunction of M. It

follows that there is a smooth function frdvinto 2.
Hence there is a diffeomorphism fr@o M.

There is also a diffeomorphism frawto X (Kass and Vosp. 101). The composition
of two diffeomophisms is a diffeomorphism (Kaasd Vos, p. 101), andhencethereis a

diffeomorphism fromN to M.

Eachfamily of distributionsrepresentedy a MAG can be characterizedoy setting
some subset of the parameters of a complete M&&lto zero. It follows from Theorem

4.2.1 that the distributions represented by a MAG are a curved exponential family.

Since the dimensionality of the full space of k normal variableszgitbmeanis equal
to k(k+1)/2, the dimensionalityof a competeMAG is k(k+1)/2. Let M be an incomplete
MAG. By Lemma3, M hasa completeextensionM’, and the dimensionalityof M’ is
k(k+1)/2. Each parameter in M’ that is setz&ro (oneof the a,;, or a covariancebetween
two error termg, andg;) corresponds to a pair of variabiesM thatare not adjacentThe
number of parameters in M is equal to k(k+Ijitusthe numberof parametersn M’ set
to zero, i.e. k(k+1)/2 minus the numberpziirs of variablesin M’ that are not adjacento
each other(]
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