









































Figure 3: Panels (a) and (b) are alternate dy representations of the Florentine family data.
Panel (c) gives marginal posterior distributions of family positions.
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Figure 4: MCMC diagnostics for the Florentine family analysis
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One drawback of the MLE’s presented above is that they overfit the data in a sense, as the
fitted probabilities of ties are all either 0 or 1 (or nearly so, for very large «). Alternatively,
a prior for v can be formulated to keep predictive probabilities more in line with our beliefs;
for example, that the probability of a tie rarely goes below some small but not infinitesimal
value. Using the MCMC procedure outlined in Section 3, the marriage data were analyzed
using an exponential prior with mean 2 for « and diffuse independent normal priors for the
components of Z (mean 0, standard deviation 100). The MCMC algorithm was run for
5 x 108 scans, output being saved every 5000 scans. This chain mixes much faster than that
of the monk example, as is shown in the diagnostic plots of Figure 4. Marginal confidence
regions are represented by plotting samples of positions from the Markov chain, shown in
panel (c) of Figure 3. Note that the confidence regions include both the configurations given
in the first two panels of Figure 3: actors 14 and 10 (in red and purple) are above or below
actor 1 (in green) for any particular sample; the observed overlap of these actors in the
figure is due to the bimodality of the posterior and that the plot gives the marginal posterior
distributions of each actor.

4.3 Classroom Data

Hansell’'s (1984) data measure the existence of strong friendship ties between 13 boys and
14 girls in a sixth-grade classroom. Each student was asked if they liked each other student
“a lot”, “some”, or “not much”. A strong friendship tie is considered present if a student
likes another student “a lot”.

The number of ties sent by each student varies considerably, ranging from zero to 19
with a mean of 5.8 and a standard deviation of 4.7 (the standard deviation of the number
of ties received was 3.2). For this reason, we choose to analyze the data using the projection
model described in Section 2.2, which allows for a variable rate in sending ties across stu-
dents. Additionally, 72% of the ties are same-sex, indicating that the friendship relation is
more prevalent within sex. Finally, the relations are transitive, in that the number of non-
vacuously transitive ordered triples is 400, compared to a maximum of 347 in 500 random
reallocations of ties, holding constant the number of ties sent by each student.

To illustrate the features of the projection model, we fit models both with and without
covariate information on the sex of the students, that is, we consider both of the following

formulations:
£
‘.

Projection model, no covariate: logit(p; ;) = o+ z/z,;/12; .

Projection model, one covariate: logit(p, ;) = o -+ Sz, + 2iz;/
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Table 2: Model fitting results for classroom data

Model | Maximized log-likelihood | # parameters
Projection, with covariate | -224.58 55
Stochastic Blockmodel -227.57 55
Projection, no covariate -229.05 54

Figure 5: Maximum Likelihood Estimates of Student Positions, and Posterior of 3.
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The covariate z;; is the indicator of actors ¢ and j being of the same sex. We also compare
these models to the stochastic blockmodel fit of Wang and Wong (1987). ’

Distance estimates for both models were first obtained by calculating the average of the
directed path lengths between each pair. Crude positions in a single dimension were found
using Sammon’s (1969) non-linear mapping. These positions were converted into positions
on a circle, which became the starting values of the latent vectors in the optimization routine.
Randomly sampled starting values gave the same optimum fit, given in Table 2. The projec-
tion model with sex as a covariate gives the best fit, with the coefficient S being nominally
significant based on a likelihood ratio test.

Fitting the model without the covariate information on sex gives the estimates of positions
shown in panel (a) of Figure 5. Here the students are plotted along the circumference of a
circle according to the angle of their latent vector, and the size of the plotting character for
a student is increasing in the magnitude of their vector. The model identifies two somewhat
orthogonal groups of actors, falling on vectors emanating from the origin, one consisting
of mostly boys (T}, and the other girls (0} (the difference between boys’ and girls’ median
angles, plotted in dashed lines, is 76 degrees).

Note that if the sexes were separated by 180 degrees, then based on the model it would
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be improbable for actors to have ties to both boys and girls, which is something that is not
completely uncommon in the data. By having the group vectors separated by 76 degrees, the
model predicts ties between the sexes as being rare, although it allows for a non-negligible
probability of some actors sending ties to both groups, or even sending ties primarily to
members of the opposite group.

A further application of the projection model is as a means of identifying boys and girls
who may be in similar social groups, after having accounted for the fact that the frequency of
between-sex friendship ties is low. The estimated positions after having partially accounted
for this known covariate structure are shown in panel (b) of Figure 5. Note there is still
considerable separation of the sexes, although the difference in median angles has been
reduced to 60 degrees. This suggests that the single covariate x; ; does not fully explain the
different rates of within and between sex friendship ties. A “full” model would have different
baseline rates for the four different types of ties (boy—boy, boy—girl, girl—girl, girl—boy).
Indeed, inclusion of these parameters reduces the median angle between the sexes to 13
degrees. We present only the model with the single covariate, as this data analysis is meant
primarily as an illustrative example.

The above model could be also be used as a means of making inference on the preference
for within-sex friendship ties: a naive approach to inference would be to treat each possible
tie as a Bernoulli random variable, independent of the other ties. Using logistic regression,
we would estimate the log-odds ratio of a between-sex pair being friends compared to that
of an within-sex pair as 1.3, with a standard error of 0.2. Of course, we would expect a
confidence interval based on such an analysis to be too small, as ties between individuals
are not independent, unconditional on the latent positions. As an alternative, a Bayesian
analysis was performed as outlined in Section 3. A Markov chain of length 5 x 10° scans was
constructed, starting at the MLE. Output was saved every 1000 scans, which was then used
to make marginal posterior inference on /3. The marginal posterior density of 3 is given in
panel (c) of Figure 5, in which the solid vertical line represents the MLE from the projection
model, and the dashed lines represent the MLE plus and minus two standard errors, based
on an ordinary logistic regression. As we expect, a 95% confidence region from the Bayesian

analysis would be longer than the one based on the ordinary logistic regression.

5 Discussion

This article proposes a new model for social networks based on spatial representation, for
which maximum likelihood and Bayesian inference are practical to implement. The approach

has some advantages over existing social network models and inferential procedures. First,

A
“E



the proposed method provides a visual, interpretable model-based spatial representation of
network relationships. Second, it improves on existing methods by allowing the statistical
uncertainty in the social space to be quantified and graphically represented. Third, it is
flexible and can be easily generalized to allow for multiple relationships, ties with varying
strengths (using generalized linear models), and time-varying relations (by modeling the
latent positions as stochastic processes). Fourth, it deals easily with missing data, at least if
information on ties is missing at random: the likelihood includes only terms corresponding to
observed ties. Finally, the model is inherently transitive, and so we can expect an improved
fit over models lacking such structure (such as the stochastic blockmodel) when the relations
are transitive in nature.

The choice of a prior distribution for latent positions was not discussed at length in this
paper. Although simple, the diffuse independent normal priors presented in the examples
may not accurately represent prior beliefs about the structure of social networks. More ap-
propriate might be clustered point processes or mixtures of normals with an unknown number
of components. This would add another level of hierarchy to the analysis, although the re-
sulting model would be more flexible and perhaps more accurately represent any tendencies
of populations to form segregating groups.

As an alternative to the models presented in this article, multiple dimensional scaling
(MDS) is widely used as a means of representing the spatial structure of a social network
(Breiger, Boorman and Arabie 1975; Faust and Romney 1985). In this context, MDS is a
class of methods that can be used to produce a spatial representation of individuals based
on similarity or dissimilarity measures between pairs of individuals. Such applications of
MDS differ from the models presented here in that MDS is used primarily as a data-analytic
means of visualizing given dissimilarities while this method is a model-based representation
of the measured relations and latent positions (although recently DeSarbo, Kim, and Fong
(1999) and Oh and Raftery (2001) have developed model-based MDS applicable to two-mode
networks within a Bayesian framework). Our model has a number of advantages over MDS.
First, our method directly models the response, while the usual choices for dissimilarities
in MDS are ad hoc and do not reflect the stochastic nature of the sociomatrix. Second,
current versions of MDS use maximum likelihood or other optimization methods over large
numbers of parameters (e.g., linear in the number of individuals). The asymptotic properties
of these methods are largely unknown, and the uncertainty in the latent positions is difficult
to quantify. To avoid this some versions of MDS assume that individuals can be grouped
into homogeneous clusters- so-called latent class MDS (Lazarsfeld and Henry 1968, DeSarbo
et al. 1994). However, individual-specific variability in relative position is often the primary

focus in the social network context, something which can be quantified in an interpretable



way via a Bayesian analysis of one of the position-based models discussed in this article.
R-code for implementing the proposed methods will be available through the first author’s

website: www.stat.washington.edu/hoff.
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