

















































































































follows from the distributional equality (9.6) and an application of Lemma 9.1 along the same
lines as in the proof of Theorem 3.1. 0

Proof of Theorem 4.3 These results follow from the asymptotic representations, (9.4) and
(9.5}, which remain valid under contiguous alternatives, along with Theorem 4.1 and standard
Brownian scaling arguments as in the proof of Theorem 3.2. Once again the details are skipped.
O

Proof of Theorem 5.1. We shall prove (iii}, (iv) and (v). The proof of (ii) is very similar to
that of (iii) and hence skipped. For a proof of (i) see BANERJEE (2000). The characterization
of the limit in (i) as a minimum Kullback-Leibler distance is given in BANERJEE AND WELLNER
(2001). We now prove (iii). There are two different cases:

(i) Flte) =65 <6 = F(t1).
(ii) F(to) = 05 > b0 = F(t1).
We shall deal with the first case only. The second case can be treated similarly. We

have ( w0 )2
- - Fn (T) - n(T)
W T P”{Fn(T) a- an)} '

Let [s,,7.) denote the block of the unconstrained solution F, containing the point ty. Let
[a1,b1] C (¢, d) strictly contain [tg, ;] with 0 < F(a;) < 1 and 0 < F(by) < 1. Then there exists
a set B with P*(B) = 1 ( here P = Qp ¢ is the probability measure Pr x Fg on the space
R* x Rt and the sample space is the space of all infinite sequences of the form {X;, T;}32, with
X;,T; > 0, equipped with the sigma field B>, B being the Borel sigma-field on R* x Rt and
P is the underlying probability measure on this space) such that for any w € B,

Supxé{a;,b;} g Fﬂ (33, u‘?) - F(Z’) é‘) O

This follows directly by applying Proposition 3.6.1 of BANERJEE (2000). If we now consider
the constrained maximization problem, it is easy to see that for any w € B,

o (z,w) = H(z),

for every z € [ay,b;] where H coincides with F on (0, 0)U(t1, o0) and is identically equal to 6y on
the closed bounded interval [tg, ¢1]. Thus H is a distribution function with a solitary jump (left)
discontinuity at f5. If we choose and fix a sufficiently small § > 0 (withay <tg—38 < t;+8 < by},
then the continuitv of H on [ay,te — 8] U [to, t; + 6] can be used to deduce uniform convergence
of F¢{-,w} to H on this set {from the result on pointwise convergence) for every w € B. It is
easy to see that H is exactly the distribution function described in the statement of the theorem.

Denote by D,, = [A, By,) the set on which F,, and F differ. Now fix ¢ > 0. It is easily argued
that with probability more than 1 - €/2 | B, < t; + § for all sufficiently large n. Also, with
probability more than 1 —¢/2 |t — M. n~'/% < s,, < A,,, for some M, > 0. This is deduced by
noting that (i) with probability more than I — ¢/4, s, < A, for all n large enough and {ii) the
event . o

{sn<to~ M~} ¢ {E (to — M.n~'/3) w’s?sg}



and this latter event has probability less than ¢/4 eventually, if M, is chosen large enough.
This follows by arguments similar to those used in the proof of Result (i) in Theorem 3.7.1 of
BANERJEE (2000). Conclude that for alln > N, , T, » = X,, . with probability more than 1 —¢
where

_ (Fa (T) - F(T))*
e = {Fn @) (= F (1)) el (D)

(Fa (T) = FQ(T))° |
P {Fn (TY (1 - F,(T)) Lito,tr 481 (T) ¢ -

Thus,
lim limsup P(Xp #n ' Th2) =0.
=0 pooo
We next show that R
(F(T)-HD)"

Xne = Pro | 5oy @ = Fary

. (9.7)

for each € > 0. Then, by invoking Lemma 9.1 we conclude that

(F(T) - H(T))?
F(T)(1 - F(D))

-1
n Tn,g _’p PF,(;

Recall that X, . is written as the sum of two expressions. We show that the first expression
converges in probability to 0 by showing that for any constant K > 0

2
m{m@wwwnl

F,(T) (1 - F.(T)) <t<>-K"“"3?‘°?(T)} = oD
&"‘/ A A e R i7 )

for any K > 0. Write the above as
(Prl_P}fﬁ+Pfﬁ¥

where f,, is the random function appearing within the curly brackets in the previous display.
We shall show that each of these terms is 0,(1). Consider the first term. Givenn >0, >0,
we find a Glivenko—Cantelli class F, such that

P(fug Fy) <n/2
for all n sufficiently large. Also for all sufficiently large n |
P (supf% [ (P, — P)f > 5) <n/2.

Finally
{|®.-Pful> 6} c {fa g 7} U{supser, | (Ba=P)f > 6},

L
and hence eventually ,
P (| (Bu—P)fal> 5) <,



showing that the first term is 0,(1). To show that we can indeed find a Glivenko—Cantelli class
in which to embed {f,.}, note that the class of functions defined by

_ [ (Hi(t) - Ha(t))?
C‘{Huwm—Hw»”““”}

as ¢ varies in (g —6/2, ) , H; and Hz vary in the class of distribution functions on the positive

half-line and satisfy that 0 < M; < H:(¢), Hy(t) < M < 1, for all t € [tg — 6/2, to] for constants

My and Ma, is a uniformly bounded universal Donsker class and hence Glivenko—Cantelli. Now,

given n > 0 we use the almost sure convergence of F,, and F to F and H respectively at the

points a; and t; + 4, along with the fact that 0 < F(ay) = H(a1) < T and 0 < F(; +6) =

H(t; +6) < 1, and the monotonicity of F,, and F2, to find constants 0 < M;, < My, < 1,
such that for all sufficiently large n,

0< My, <F,(t),F(t) < My, <1 for all t€ [to~36/2,t0]

with probability more than 1 — /2. Finally tg — 6/2 < tg — K n~/% < to eventually. Thus
defining F,, to be the class C defined above with M; = M, and My = M, ,, it follows that f,
belongs to F,, with probability more than 1 — 7/2 eventually. To show that P f, is 0,(1), note

that ( . )2
Fu (1) - B3 ¢)
‘/(tO*“Kn*I/S‘tGE (Fn Q) (1-F, (t))) g(t)dt

Now, given 1 > 0, we can find a constant C, such that

Um@—ﬁmf)

i

;an[’—:

Supté(to'—Kn"Us,to} S C"}

eventually, with probability more than 1 — 7. It follows that with probability more than 1 — 7
| Pial< Gy (Glto) = Glto — Kn™/%)) <6
eventually.

We finally show that the second term in the expression for X, . converges to the desired
limit. The second term is

[ (B (T) - Fo(T))?
¢ (E?n Ty (1~ iﬁ’n{T}}l{tmtr’réé{T}) .

This can be written as
%<Hﬁammm}%w%@?

pp {(ED BT FO-HDPY, o)
BT (1 -Fu(T)  F(T) (1= F(T))) 0™

The first term in the above display converges almost surely by the law of large numbers to

Peg (LD =HT)
PO\ - FD)

(F(T) - HT)?\
F(T) (1= F(T))

A
sreey %

39



where we can forget the indicator function, since F' and H coincide outside of [tg,¢;] which is
contained in the set [tg,¢; + d]. The second term in the above display can be written as P, g,
where 3, is a random function. The uniform convergence of F,, to F and of F, to H on [to, t; +4]
almost surely and the fact that F is bounded away from 0 and 1 on [fg, ¢; + 8] entails that

. (E.(0) - B0 _ (F() ~ HO)?
st O =50t [ T 5, 05 ~ (- PO

converges to 0 almost surely, immediately implying that P,g, is 0,(1). Thus it follows that
(9.7) holds. This completes the proof of (i47). To show that (iv) holds, write

[ (F(t) - U(t))* dG(#) / (F(t) — H(1))* dG () [ (H (1) - U())? dG(t)
12 / (F() — HO)(H() - U()) dG (1)

It suffices to show that the third term is non-negative. This follows easily: on [to,t1], F(t) is no
greater than 8y and H(t) is identically 8, so that F(t)—H () < 0. Now, as U(ty) = 6, U(t) > b
on [to, t1] showing that H(t)—U(t) < 0 on this interval. Therefore (F(t)—H(¢)) (H(t)-U(t)) >0
showing that the third integral is non-negative.

We now prove (v).

Define the functions f;, f2, and f3 on (0,1)? as follows:

fl(:c,y):2{3:10g§-+(1—m)1:$} ,

Y
( y)2 _(z-y)?
Then we have the following proposxtlon.
Proposition 9.1
(i) For0<z<y<1/2
iy For0<y<x<1/2,
falz,y) < filz,y) < fala,y) . (9.9)

(iil) For 1/2 <y <z < 1 the inequality (9.8} holds.
{iv} For 1/2 <z <y < 1 the inequality {9.9) holds.
(v} In particular, for 0 < z < 1,

Proof. Note that fi{y,y) = f2ly,y) = faly,y) =0for 0 <y < 1,

§ 7 % e H 2“ i‘,}‘j\ g £ ¢ a1 1
g;f?ig"g}“?(ieg? Eagiuz}}w{} at =149,
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and

52 . 1 1 2
‘a*gggfz(xey) =2 (5+ 1~y) T z(l-z)’

Thus

L 2
filz,y) = m{x =Y)
where [z* — y| < |z — y|. Thereforefor 0 <z <y < 1/2

e(l-z)<z"(1-2") <yll-y),

and inequality (i) follows. Similarly, when y < 1/2 and y <z < 1/2, then

y(1-y) <z*(l-27) <zl -2),

and the inequality (i) follows. Now, (iii) follows on defining 2 =1 -2, ¥ = 1 — y and noting

that, o o o,
Loz y) < filz,y) < fs(z,y)

by (i). But fi(z,y) = fi(z ,y), for ¢ = 1,2,3 whence the desired inequality follows. The proof
of (iv) is similar. Finally (v) follows on using (i) for ¢ < 1/2 with y = 1/2 and on using (iii) for

x> 1/2 with y = 1/2.

See the attached plots. Note that the proposition says nothing about the relationship between
f1 and f5 for the regions 0 < 2 < 1/2 <y < land 0 <y < 1/2 < x < 1; apparently the

inequalities can go in either direction in those regions.

o)

Figure 12: Basic Inegualities, Proposition 9.1, y = .
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Figure 13: Basic Inequalities, Proposition 9.1, y = .15

Part (v) of Theorem 5.1 follows immediately from Proposition 9.1. 0
Obtaining condition (C) in Section 6: Let 0 < h < ¢. Consider,

h
n'3 (F(to +hn™%) = F(to)) + Balh) = / Flto +n~/32) dz
4]

+/—i sn(—z)dz — /Oh sn(z) dz

c h
/ sn{z}dz+/ (f{tg+n”1v’”3z§-—5n{z}> dz.
0 0

I

For the left hand side of the above display to be non-decreasing in h, it suffices to have
flto +n"1%2) > 5,(2),2 € [0,¢].
Next let —c < h < 0. Then
/3 (F{t{) +hnTM) — F{z‘@‘}} + Bo(h)
o

6
gn(—2)dz — / Sal~2)dz
A

-

0
- f{tg%—n“lfgz}d;:%/
h
[

{Ai
sulzydz.

I

f $nlz)dz — pplto + hn='% 1] — /
o

o
Now let 0> by > hy > —c¢. Then | hy I<] hs 1< ¢. But then clearly,

~1/3 4 1 ' FOR r ; ~1/% 41 L
prlto +hin 17t + f snlz)dz < pplto + han™' /% to] + [ sn(2)dz,
) o Je s ‘



showing that
nl/3 (F(tg +hyn %) - F(tg)) + Bu(h1) > n'/? (F(tg +honY3) — F(tg)) + By (ha).
This verifies (C'}. When s,,(z) = s(z) for all n, (C) boils down to

flto+n"32) > 5(2), z€[0,q.

10 Conclusions and Further Problems

We have introduced and studied five different test statistics for testing H : F(tp) = §p versus
K : F(ty) # 6o in the interval censoring model: the Wald statistic, likelihood ratio statistic,
and three variants of a score statistic. All five tests can be implemented by use of asymptotic
critical values based on either theoretical critical values or estimated critical values based on
simulations. Our study of the limit theory of the five statistics under fixed and local alternatives
leads us to suspect that the likelihood ratio and score statistics dominate the Wald statistic: we
base this on the fact that the Wald statistic grows at rate n?/% under fixed alternatives, while
the likelihood ratio and score statistics grow at rate n under such alternatives, and from the
power estimates from the simulations presented in Section 6. Among the three score statistics,
T, seems to have slightly better power behavior than the other two score statistics or the
likelihood ratio statistic for the situation studied. Further study of the power behavior of these
statistics is needed.

In Section 7 we also studied the behavior of corresponding test statistics for the testing

problem which fixes the value of F at k different time points ¢,...,#;. Results for confidence
sets based on the likelihood ratio statistics will be presented in BANERJEE AND WELLNER
(20028B).

Here are some of the remaining problems:
A. Null distributions: Can the exact distributions of I and T be characterized and
computed? Can the exact distributions of Iy + ...+ By and Ty + -+ - + T} discussed in section
7 be characterized and computed?
B. Other monotone function problems: As discussed in BANERJIEE AND WELLNER (2001)
and Section 8 here, it seems likely that the methods introduced here for the interval censoring
model carry over to other monotone function estimation problems. Is there a natural way to do
this generally without treating each case individually?
C. Contiguity: Theorem 4.1 gives sufficient conditions for contiguity of {Pf ,} and {Pf s}
Is there a characterization of contiguity for this model? ‘
D. Efficiency comparisons, local alternatives: Is there some natural efficiency comparison
of the five statistics studied here based on the limit theory presented in Section 47
E. Efficiency comparisons, fixed alternatives: What are the Bahadur efficiencies of the
five statistics studied here?
F. Simulaneous confidence sets: Of course it follows from the k— point testing results of
Section 7 that the supremum of finitely many one-point coustrained likelihood ratio statistics
converges in law to the maximum of i.1.d. copies of I, and hence yields joint confidence sets
for the function F at finitely many time points? Do such joint confidence sets lead naturally to
confidence bands for F'7
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