


















































5 Model Averaging for Logistic Regression

HC’s only data example is the logistic regression for predicting low birth weight. Their “focus
parameters” are the probability of low birth weight for a white mother with covariates equal
to the average for whites in the study, the same quantity for a black mother, and the ratio
of the two. The latter seems like a strange choice. If the ratio is different from one, this
could be due to interracial differences in the probability of low birth weight, in the average
covariates, or both; the measure conflates the two sources of variation. In epidemiological
studies, interest generally focuses on the extent to which an independent variable of interest
(here race) is a risk factor, after adjusting for other covariates — in the present context this
is just the logistic regression parameter for black (x4). Epidemiologists are also interested
in subpopulation average prevalences. However, the ratio focus parameter used by HC
corresponds to neither of these, and it does not seem to provide an answer to any scientific

question of wide interest.

5.1 Bayesian Model Averaging for Case-Control Studies

HC’s analysis does not tell us how accurate any of the estimators or standard errors are
in this example. It therefore seems to be of interest to summarize the only study that we
know of the performance of model averaging for logistic regression (Viallefont, Raftery, and
Richardson 2001). This was carried out in the context of what is probably the largest area of
application of logistic regression: epidemiological case-control studies. Typically there is one
“focus parameter” of interest — the adjusted effect of a potential risk factor of interest, as
measured by the logistic regression parameter. Usually there are many potential confounders,
on the order of dozens, and the task is to make inference about the effect of the risk factor
of interest.

BMA was implemented for this application using a prior distribution for the effect of
interest that was agreed by a team of collaborating epidemiologists, and that implied that
the odds ratio was unlikely to be greater than 7. Model averaging was carried out us-
ing the glib software for BMA in generalized linear models (Raftery 1996}, available at
www.research.att.com/ volinsky/bma.html. The performance of BMA and other con-
founder selection methods was analyvzed by means of a simulation study whose specification
(numbers of cases and controls, numbers and effect sizes of potential confounders, actual
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or averaging method, and basing the design on a sample of actual studies helps to minimize
such biases.

The results were as follows. The BMA posterior probability of the adjusted odds ratio
of interest being different from 1, averaged over all models, was well calibrated, while signif-
icance tests with standard confounder selection methods were not. BMA interval estimates
were well calibrated, and BMA point estimates had MSE about 20% lower than standard

variable selection methods.

5.2 Bayesian Model Averaging for the Low Birthweight Example

We now give BMA results for the low birthweight example. As we have noted, HC’s main
focus parameter seems of dubious scientific value, but we give results for it anyhow. Also,
HC have greatly simplified the model uncertainty aspect of the problem. In the initial
dataset of Hosmer and Lemeshow (1989), there were nine independent variables about which
there was uncertainty (counting the two race dummy variables). However, HC removed five
of the variables from the dataset, namely smoking, history of premature labor, history of
hypertension, uterine irritability, and number of physician visits. They also assumed that
there is no uncertainty about the inclusion of the maternal weight variable, thus reducing
the number of uncertain variables from nine to three, and the number of potential models
from 528 to 8. First we give BMA results on the same basis as the HC analysis, and in
Section 5.3 we give BMA results for the complete problem.

We compute posterior model probabilities in four ways. First, we use the reference proper
prior approach of Raftery (1996) with prior dispersion parameter ¢ = 1. While proper, this
prior is designed to be spread out enough as to be essentially noninformative; the prior
standard deviation of the “black” effect, the regression parameter for z4, is 6.3. Weakliem
(1999) has argued that odds ratios greater than about 15 are unusual in social scientific
contexts of this kind, and we translate that into an “informative” prior for the “black” and
“other race” parameters that has standard deviation 1.35. We compare these with model
averaging using the BIC approximation and the AIC weights.

Table 1 shows the standard frequentist results and the BMA posterior model probabilities
for the 8 models considered by HC. None of the larger models fits significantly better than
the “narrow” model by standard criteria at the 5% level, and the reference BMA analysis as
well as the BIC approximation favor the narrow model, although not decisively, agreeing with
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Table 1: Standard GLIM Analysis and Posterior Model Probabilities for HC’s Subset of the
Low Birthweight Data

Model | Dev df P Posterior Model Probabilities (%)
diff value | Reference Informative  BIC AIC
g Prior Prior Approx  Weights

0 g 0 - a4 25 54 11

3 1.57 1 21 8 4 9 9

4 3.62 1 .06 24 38 24 24

5 0.59 1 44 5 7 5 5

34 4.52 2 10 3 4 3 14

35 201 2 37 1 1 1 4

45 543 2 07 5 20 4 - 22
345 16.03 3 A1 0 2 0 11

Notg: Dev diff is the deviance difference between the model considered and HC’s “narrow”
model with just maternal weight as covariate.

df refers to the number of degrees of freedom in the comparison, and P value to the P value
for the asymptotic x? distribution of the deviance in testing the model considered against
the narrow model.

AlIC weights also gives more weight to the wider models; this can be viewed as a consequence
of the fact that this is a form of BMA with quite informative prior distributions. The BIC and
reference BMA analyses are in close agreement, which is to be expected as both correspond
to the use of a unit information prior for the parameters (Kass and Wasserman 1995; Raftery
1995, 1996). .

Table 2 shows the BMA estimators and posterior standard deviations for HC’s focus
parameters, and may be compared with the table in HC’s Section 6.2. The results are fairly
similar across model averaging methods. The difference between model selection and model
averaging is especially striking for the reference prior BMA and the BIC approximation,
which favor the narrow model. For the narrow model, the standard error of the ratio focus

parameter is 0.06, while for BMA it is 0.42.

5.3 Analysis of Complete Low Birthweight Data

HC excluded the five variables smoking, premature labor, hypertension, uterine irritability,

and physician visits from the analysis, but did not discuss this decision; we could not see that

it would lead to better inferences, whether one is interested in the association between race
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Table 2: BMA Estimates and Posterior Standard Deviations for HC's Focus Parameters for
HC’s Subset of the Low Birthweight Data

Reference Informative BIC AIC

Prior Prior Approx  Weights
For p{white):
estimate 285 268 285 261
stdev 040 045 040 046
For p(black):
estimate 306 357 306 .369
stdev .098 113 .098 112
For the ratio:
estimate 1.096 1.339 1.094 1.442
stdev 420 532 418 549

and low birthweight after adjusting for other factors, or in explaining the total association
between race and low birthweight in terms of other factors. Also, we were unclear about the
justification for HC’s decision to include maternal weight with prior probability 1.0. Hosmer
and Lemeshow (1989) themselves made inference about this from the data at hand rather
than a priori: the purpose of their study was to find out which of the collected variables,
all known to be associated with low birthweight in some populations, were important in the
population being served by the medical center where the data were collected; see Hosmer
and Lemeshow (1989, pp. 91-94). As already mentioned, we were also unclear about the
choice of focus parameters, which seem to differ from standard epidemiological practice.

As a result, we reanalyzed the dataset, including all the variables and taking account of
uncertainty about them, with a focus on the logistic regression parameters themselves, which
correspond to adjusted log-odds ratios. This leads us to 528 models rather than HC’s 8. We
first carried out a reference prior BMA analysis (Raftery 1996); as before, the results for this
were similar to those using BMA with the BIC approximation. We then carried out a more
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informative analysis using the prior with standard deviation 1.35 for the last seven variables,

all of which are either binary or counts. For computational convenience, we excluded the

models whose BIC-approximated posterior probability was less than that of the most likely

model by a factor of 20 or more; this step is optional and the results are insensitive to it.
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Table 3: Posterior Effect Probabilities, BMA Posterior Means, and BMA Postertor
Deviations for the Full Low Birthweight Dataset

Standard

Parameter Reference Prior Informative Prior
Pr[f#0/ Mean SD Pr[3#0] Mean SD
Age 8 048 035 3 —.046 .035
Maternal weight 71 -.016 .007 72 —.016 .007
Black 25 986 509 58 910 478
Other race 17 750 .466 47 J17T 417
Smoking 36 7720 .391 68 771 381
Premature labor 42 719 .335 46 627 328
Hypertension 68 1.761 713 88 1.352 .623
Uterine irritability 29 886 .443 49 780 .423
Physician visits 1 —.059 168 1 —.064 167

glib.hosmer <- glib {(x,y,
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bic.hosmer <- bic.glm (x,y,binomial)
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Note: These results are based on Bayesian model averaging across the 86 models whose
BIC-approximated posterior probabilities were at least 1/20 of that of the model with the
highest one.
Pr[3 # 0] is the posterior effect probability, i.e. the probability, given the data, that the
parameter is different from zero, expressed as a percentage.

The posterior mean and standard deviation are calculated conditionally on the variable being
in the model, i.e. on the associated regression parameter being different from zero.

it",models=(bic.hosmer$which)*1,phi=1)

where bic.glm and glib are Splus functions that can be downloaded from
www.research.att.com/ volinsky/bma.html, x is the 189 %9 design matrix of independent
variables, and y is the vector of responses. The BMA analysis with informative priors requires
specification of the priorvar matrix argument in glib. The results are shown in Table 3.
in light of the commonly
used scale for Bayes factors (Jeffreys 1939; Kass and Raftery 1995), on which odds of less
than 3:1 are viewed as weak evidence. Thus posterior effect probabilities between 25% and

correspond to weak evidence one way or the other. Most of the effects in this

= informative prior

tends to increase the evidence for individual parameters, but generally not encugh to change

in part to taking




account of model uncertainty.
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