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tWe look at spe
tral 
lustering as optimization. We show that near somespe
ial points 
alled perfe
t, spe
tral 
lustering optimizes simultaneouslytwo 
riteria: a dissimilarity measure that we 
all the multiway normalized
ut (MNCut) and a 
luster 
oheren
e measure that we 
all the gap. Theimmediate impli
ation from the user's p.o.v is that spe
tral 
lusteringwill optimize any tradeo� between MNCut and gap whi
h may explainits su

ess in pra
ti
e. Finally, we propose new methods for sele
ting Kbased on the gap and show their superior performan
e in experiments.1 Introdu
tionSpe
tral 
lustering methods, i.e methods that use eigenve
tors of a suitably 
hosen matrixto partition the data, have re
ently be
ome popular for similarity-based tasks. Severalnew algorithms [1, 4, 10, 14℄ and pra
ti
al appli
ations [13, 3℄ have been published. Thegeneral belief that \spe
tral 
lustering works" is based on two kinds of results: On oneside, proofs that if 
lusters are well separated (i.e very dissimilar), spe
tral 
lustering willbe able to �nd the 
lusters [4, 10℄. On the other side, a

umulated eviden
e that spe
tralmethods �nd good or a

eptable 
lusterings as judged by human experts on a variety ofreal data sets (e.g image segmentation, information retrieval) and on arti�
ial 
ases.The latter results are en
ouraging, but they do not o�er an explanation of what is a\good" 
lustering from the point of view of the spe
tral algorithm. The former results arehighly predi
tive, but of restri
ted appli
ability. Many situations were spe
tral algorithmswork well empiri
ally do not have well separated 
lusters. We assume a more generalsituation in whi
h spe
tral 
lustering is expe
ted to work and for this 
ase we set outto de�ne what 
riteria are optimized by spe
tral 
lustering. First, we prove that spe
tral
lustering optimizes a 
riterion we 
all the multiway normalized 
ut (MNCut). Se
ond, weshow that from the user's p.o.v spe
tral 
lustering simulaneously optimizing two di�erent
riteria (and therefore an in�nity of 
ombinations thereof) and dis
uss the impli
ations forsele
ting the number of 
lusters K. Third, we use this result to derive 
riteria for sele
tingthe number of 
lusters K and validate them by experiments.2 Spe
tral 
lustering { notation and previous resultsIn spe
tral 
lustering, the data is a set of similarities Sij , satisfying Sij = Sji � 0, betweenpairs of points i; j in a set V , jV j = n. The matrix S = [Sij ℄i;j2V is 
alled the similarity



matrix. We denote by Di � Vol fig = Xj2V Sij (1)the volume of node i 2 V and by D a diagonal matrix formed with Di; i 2 V . The volumeof a set A � V is Vol A =Pi2ADi. W.l.o.g we assume that no node has volume 0.The random walks view Many properties of spe
tral 
lustering are elegantly expressedin terms of the sto
hasti
 transition matrix P obtained by normalizing the rows of S tosum to 1. P = D�1S or Pij = Sij=Di (2)This matrix 
an be viewed as de�ning a Markov random walk over V , Pij being thetransition probability Pr[i! jji℄. The eigenvalues of P are 1 = �1 � �2 � : : : � �n � �1and the 
orresponding eigenve
tors are v1; : : : vn. Note that be
ause S = DP is symmetri
,the eigenvalues of P are real and the eigenve
tors linearly independent. De�ne [�i℄i2V by�i = Di=Vol VIt is easy to verify that P T� = � and thus that � is a stationary distribution of the Markov
hain. For a set A � V , we denote by �A = Vol A=VolV the probability of A under thestationary distribution.The NCut 
riterion A 
lustering � = fC1; : : : ; CKg is de�ned as a partition of theset V into the disjoint nonempty sets C1; : : : ; CK . The normalized 
ut (NCut) 
lustering
riterion was introdu
ed by [13℄ for 
lusterings with K = 2 
lusters.NCut(�) = Cut(C1; C2)� 1Vol C1 + 1Vol C2� (3)where Cut(A;B) = Xi2AXj2B Sij (4)As a 
riterion for 
lustering quality, the NCut balan
es the size of the 
ut with the sizesof the resulting 
lusters. It is virtually equivalent to the Lovasz 
ondu
tan
e and to theisoperimetri
 number in a dis
rete setting (see e.g [6℄) (A;B) = Cut(A;B)Vol AVol Bas N Cut(A;B) =  (A;B)Vol VIn [13, 4℄ it is shown with a number of examples that minimizing the NCut agrees withthe intuition of a good 
lustering mu
h better than other 
riteria in wide use. It is alsoknown [13℄ that �nding the two-way 
lustering that minimizes the normalized 
ut is NPhard, but that in a spe
ial 
ase, the optimum 
an be found by the following algorithm.A spe
tral 
lustering algorithmThe Shi-Malik (SM) algorithm [13℄ uses v2, the se
ondeigenve
tor of P , to partition the data set into two. Data point i is mapped to v2i 2 R; theresulting set of points on the real axis is partitioned by thresholding. It has been shown[13℄ that when the elements of v2 satisfyv2i = � �; i 2 C1�; i 2 C2 = V n C1the 
lustering � = fC1; C2g minimizes the normalized 
ut. Moreover, for su
h a v2, ea
h
luster proje
ts into a single point on the real axis and the SM algorithm will �nd theoptimal 
lustering.We 
all an n-dimensional ve
tor v pie
ewise 
onstant w.r.t a 
lustering � if vi = vjwhenever i; j are in the same 
luster in �. The work of [13℄ establishes an intriguing




onne
tion between the optimal normalized 
uts and pie
ewise 
onstant eigenve
tors (PCEfor short) for the 
ase K = 2. It is then natural to ask: Could one de�ne a \K-waynormalized 
ut" similar to the NCut de�ned in (3)? Can this be optimized by usingone or more of the leading eigenve
tors of P ? The next se
tion will answer yes to bothquestions. In the meanwhile, we introdu
e another useful result about PCE.Sto
hasti
 matri
es with pie
ewise 
onstant eigenve
tors If a set of ve
torsv1; : : : vK are pie
ewise 
onstant w.r.t a 
lustering � then the spe
tral mapping i !(v1i ; v2i ; : : : vKi ) maps ea
h 
luster Ck 2 � into a unique point in RK . Many spe
tralalgorithms [16, 10, 4℄, SM in
luded, follow this pattern. The ve
tors v1; v2; : : : vK areobtained from S by a pro
ess involving an eigen-de
omposition. We 
all a similarity ma-trix S from whi
h pie
ewise 
onstant ve
tors result perfe
t. Note that being perfe
t is afun
tion of the spe
tral mapping. If an S is perfe
t, then 
lustering the mapped data inRK is extremely easy; moreover, by the 
ontinuity of eigenve
tors the data will be easy to
luster in RK in a neighborhood of a perfe
t S. In other words, if a matrix S is (nearly)perfe
t for a spe
tral algorithm and a 
lustering �, the algorithm will be guaranteed toreturn �. The following theorem establishes the ne
essary and suÆ
ient 
onditions whenthis happens.Theorem 1 (Lumpability)[9℄ Let P be a matrix with rows and 
olumns indexed by Vthat has independent eigenve
tors. Let � = (C1; C2; : : : Ck) be a partition of V . Then,P has K eigenve
tors that are pie
ewise 
onstant w.r.t. � and 
orrespond to non-zeroeigenvalues if and only if:1. for all k; l = 1; : : : k the sums Pik =Pj2Ck Pij are equal for all i 2 Cl, and2. the matrix P̂ = [P̂kl℄k;l=1;:::K (with P̂kl =Pj2Ck Pij ; i 2 Cl) is non-singular.A sto
hasti
 matrix P satisfying the 
onditions of Theorem 1 is 
alled blo
k sto
hasti
.Be
ause of the lumpability theorem, blo
k sto
hasti
 matri
es will play a 
entral rolein this paper. Therefore, in the following, unless it is otherwise spe
i�ed, a perfe
t Swill denote an S that engenders a blo
k sto
hasti
 P and v1; v2; : : : vK will represent theleading eigenve
tors of P .2.1 Some useful lemmasThis se
tion groups other results that help one get more insights into the properties ofmatri
es with PCE and that are used in the proofs. They 
an be skipped at �rst reading.The �rst two lemmas were proved in [9℄, while lemma 4 is proved in the Appendix.The Lapla
ian [2℄ of S is de�ned asL = I �D�1=2SD�1=2 (5)where I is the unit matrix. There are strong ties between the Lapla
ian and P , as thefollowing lemma shows.Lemma 2 (Relationship between the Lapla
ian and the Markov random walktransition matrix) Denote by 1 = �1 � �2 � : : : �n � �1 the eigenvalues of P and byv1; : : : vn the 
orresponding eigenve
tors. Denote by 0 = �1 � �2 � : : : �n the eigenvaluesof L and by u1; : : : un the 
orresponding eigenve
tors. Then,�i = 1� �i (6)ui = D1=2vi (7)for all i = 1; : : : n.Note that this lemma ensures that the eigenvalues of P are always real and the eigenve
torslinearly independent.



Lemma 3 (Relationship between P and P̂ ) Assume that the 
onditions of Lemma 1hold. Let v1; : : : vK and 1 = �1 � �2 � : : : �K be the pie
ewise 
onstant eigenve
tors ofP and their eigenvalues. Denote by 1 = �̂1 � �̂2 � : : : �̂K and v̂1; : : : v̂K the eigenvaluesand eigenve
tors of P̂ . Then for all k = 1; : : :K we have�̂k = �k (8)v̂kl = vki for l = 1; : : :K and i 2 Cl (9)Lemma 4 (A generalized Rayleigh quotient) Let L be a symmetri
 n � n positivede�nite matrix with eigenvalues 0 = �1 � �2 � : : : �n and 
orresponding eigenve
torsu1; : : : un. Then min KXk=1(yk)TLyk s:t: (yl)T yk = Æklequals PKk=1 �k and the minimizing y1; : : : yK lie in the subspa
e spanned by u1; : : : uK .3 Spe
tral 
lustering optimizes the Multiway Normalized CutWe de�ne the multiway normalized 
ut (MNCut) of a 
lustering � = fC1; C2; : : : CKg byMNCut(�) = KXk=1�1� Cut(Ck; Ck)Vol Ck � (10)Noting that Vol Ck =PKk0=1 Cut(Ck; Ck0 ), we obtain the alternate expression for MNCutMNCut(�) = KXk=1 KXk0=k+1NCut(Ck; Ck0) (11)The de�nition of MNCut is best motivated by the Markov random walk view. De�nePAB = Pr[A ! BjA℄ as the probability of the random walk going from set A � V to setB � V in one step if the 
urrent state is in A and the random walk is in its stationarydistribution �. PAB = Pi2A;j2B �iPij�A = Pi2A;j2B SijVol A = Cut(A;B)Vol A (12)It follows that the multiway normalized 
ut represents the sum of the \out-of-
luster"transition probabilities at the 
luster level.MNCut(�) = K � KXk=1PCkCk = KXk=1 Xk 6=k0 PCkC0k (13)If MNCut(�) is small for a 
ertain partition �, then the probabilities of evading Ck, on
ethe walk is in it, is small. For K = 2, MNCut is equivalent to NCut. Just like its twoway 
ounterpart, the MNCut balan
es sizes of two way 
uts with volumes of 
lusters.How appropriate is MNCut as a 
lustering 
riterion? We 
an use as indire
t eviden
e thesu

esses of spe
tral 
lustering so far; we 
an also look at motivating examples designedfor NCut by [13℄ on whi
h MNCut works as well as NCut. These suggest that the new
riterion is reasonable and potentially useful in pra
ti
e. Unfortunately, its optimizationis in general intra
table.Theorem 5 For any given K � 2, the K-way MNCut is NP hard to optimize.



Now we turn to the blo
k sto
hasti
 P 
ase and show that, in this situation, the MNCut
an be minimized by a spe
tral algorithm. The following lemma paves the way and theorem7 states the main result.Lemma 6 If P is blo
k sto
hasti
 w.r.t � and v1; : : : vK are its PCE, thenMNCut(�) = K � KXk=1�k (14)Theorem 7 (Multi
ut Lemma) Let S be an n�n symmetri
 matrix with nonnegativeelements, and let P be as in (2). Assume that P has K PCE v1; : : : vK w.r.t a partition��; j��j = K. Denote the 
orresponding eigenvalues by �1; : : : �K and assume that�1; : : : �K are the K largest eigenvalues of P , are all non-zero, and �K > �K+1. Then theminimum K-way normalized 
ut for S is given by the partition ��.Hen
e, for a blo
k sto
hasti
 P , the spe
tral mapping perfe
tly re
e
ts the 
lustering�� that minimizes the multiway normalized 
ut. Any algorithm that uses this spe
tralmapping, as for example the Meila-Shi algorithm [15℄, will optimize MNCut.Let us now examine other algorithms published in the literature. One of the most popularones is the algorithm of Ng & al. [10℄. This algorithm uses a di�erent spe
tral mapping but,as it was shown in [15℄, the Ng & al.'s spe
tral mapping is perfe
t i� P is blo
k sto
hasti
(for the same K and �). Therefore, the Ng & al. algorithm impli
itly minimizes theMNCut.The following algorithms have been published in the image segmentation literature: thePerona-Freeman [11℄ algorithm's spe
tral mapping uses the �rst eigenve
tor of S andsplits by �nding the largest di�eren
e in the sorted values. For this algorithm, S is perfe
twhen it is blo
k sto
hasti
. The S
ott-Longuet-Higgins algorithm [12℄ uses the leading Keigenve
tors of S, then 
onstru
ts an n� n matrix Q in a manner similar to the Ng & alalgorithm and 
lusters based on the values of its elements. S is perfe
t for this algorithmif Q has only 1's or 0's. In this 
ase too, P will have PCE [15℄. In [16℄, a 
ombination ofthe SM algorithm and S
ott-Longuet-Higgins was published. For this algorithm as well,it 
an be shown that the perfe
t 
ase implies a blo
k sto
hasti
 P .In general, noti
ing that if S satis�es the 
onditions of Theorem 1, then P is blo
k sto
has-ti
, any algorithm that uses a spe
tral mapping based on the eigenve
tors of S will beminimizing the MNCut at its perfe
t point.For the re
ursive algorithms the 
ase is less 
lear: it has been shown in [15℄ that a variantof the SM algorithm is equivalent to the Meila-Shi algorithm when P is blo
k sto
hasti
.There is no similar result for the standard version of the SM algorithm, nor for the \spe
tralalgorithm II" in [4℄. We do not know what are the 
onditions for a perfe
t S for these twoalgorithms. Experiments in [15℄ indi
ate that the SM algorithm behaves very similarly tothe Meila-Shi and Ng & al algorithms near the perfe
t point, while \spe
tral algorithmII" does not (and in fa
t seems not to be optimizing the same fun
tion as the otheralgorithms). \Spe
tral algorithm I", and \spe
tral algorithm III" in the same paper arenot dire
tly 
omparable with the framework presented here.Hen
e, a signi�
ant number of the spe
tral algorithms in the literature impli
itly minimizesthe MNCut at their perfe
t point. This entitles us from now on to simplify the expositionby talking about \spe
tral 
lustering", with the understanding that the term applies tothose algorithms that in the perfe
t 
ase are minimizing MNCut.Corollary 8 For a 
lustering � with K 
lusters MNCut(�) � l(K) = K �PKk=1 �k.The 
orollary follows from the proof of theorem 7. It provides a 
omputable lower bound



l(K) on the best MNCut obtainable in S for a given K. The bound holds for any S andK and is attained if S is perfe
t.ForK = 2 the bound be
omes l(2) = 1��2 and is known (see e.g [2℄); another, intra
table,lower bound for K = 2 is �(V ) the 
ondu
tan
e de�ned in se
tion 5.4 Spe
tral 
lustering is bi
riterialThe gap as a measure of 
luster 
oheren
e We de�ne the gap to be the di�eren
ebetween a normalized 
ut and the lower boundgap(�) = MNCut(�) �  K � KXk=1�k! if j�j = K (15)It is obvious and it may even seem redundant to state that, if S is perfe
t, then spe
tral
lustering optimizes the gap. However, this se
tion will argue that the gap behaves like ameasure of distortion, showing spe
tral 
lustering in a new light.Lemma 9 De�ne xi = [v1i : : : vKi ℄T the i'th data point in the spe
tral mapping, 
k =1jCkj �Pi2Ck xi� the 
entroid of Ck 2 �, and dist(�) = PCk2�Pi2Ck jjxi � 
kjj2 thedistortion of � in the spe
tral mapping. Thendist(�) < � ) gap(�) � �K+1�=�where � is the smallest singular value of the K �K matrix C = [
1 : : : 
k℄.A 
onverse result, bounding the distortion for small gap 
an also be proved using matrixperturbation theory. Hen
e, the gap is intimately related to the 
oheren
e of the 
lustersin the spe
tral mapping. We will denote 
oheren
e generi
ally by 
oh(�); in the nextse
tion we dis
uss and 
ompare various de�nitions of 
oheren
e besides the one used inlemma 9. For now it suÆ
es to assume that 
oh(�) � 0 with 0 (
ounterintuitively!) asoptimal value attained whenever S is perfe
t.Another interesting result re
e
ting on the ties between the gap and 
luster 
oheren
e isproved in [7℄: two 
lusterings �;�0 with a suÆ
iently small gap, i.e gap(�); gap(�0) �" < �K � �K+1, are 
lose to ea
h other. Intuitively, this result expresses the fa
t thattwo 
lusterings that are both 
oherent 
annot \
ut" ea
h other.Spe
tral 
lustering is bi
riterial We see thus that is is equally 
orre
t to say thatspe
tral 
lustering �nds 
oherent 
lusters, when they exist, as it is to say that it �nds asmall multiway normalized 
ut, if one exists. But, from the point of view of a user, smallMNCut and good 
oheren
e are two 
on
eptually di�erent goodness 
riteria. It is a spe
ialfeature of spe
tral 
lustering near a perfe
t S to optimize both simultaneously. We 
anbank on this feature by noting that there are an in�nite number of 
riteria f(MNCut; 
oh)that are minimized at a perfe
t S. In the vi
inity of a perfe
t S, ea
h will represent adi�erent tradeo� between MNCut and 
oh and a user 
an 
hoose the one that best suitsher problem. This property of spe
tral 
lustering of being bi
riterial may well a

ount forits su

ess in so many di�erent situations.Looking at a 
ombined 
riterion f(MNCut; 
oh) has even greater potential as it allows usto meaningfully 
ompare 
lusterings with di�erent K, something that 
annot be done byMNCut alone. This is the more signi�
ant be
ause typi
ally spe
tral 
lustering algorithmstake the number of 
lusters K as given. In the remainder of the paper we fo
us on thistopi
. We leave the problem of de�ning a suitable, appli
ation-dependent f(MNCut; 
oh),for future resear
h and study only how to formulate pra
ti
al, but if possible algorithmand appli
ation independent measures of 
oheren
e.
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Figure 1: The 
riteria eig and MNCut 
an fail to sele
t the 
orre
t K: (a) A blo
ksto
hasti
 P with 3 
lusters and small additive noise. The blo
k stru
ture is still 
learlyvisible. (b) The eigenvalues of P in de
reasing order, showing that the eigengap as afun
tion of K 
hooses Keig = 1 (no 
lusters). (
) The MNCut as a fun
tion of K 
hoosesKMNCut = 2.5 Coheren
e and the 
hoi
e of KIn the following, we shall demonstrate that (1) the MNCut alone is un�t for 
omparing
lusterings with di�erent K, and (2) measures of 
oheren
e based on the gap are 
apableof dete
ting the best 
lustering in 
ontrolled experiments where we know that one exists.To stress these points, we introdu
e several measures of 
oheren
e and examine theirperforman
e as 
riteria for sele
ting the number of 
lusters K. We 
ompare these withsome 
riteria that do not use 
oheren
e (whi
h will be listed below).The experimental methodology is standard: We �x a data set for whi
h an optimal 
lus-tering is known. Then we run a 
lustering algorithm with values for K in the range2; : : : ;Kmax obtaining 
lusterings �2; : : : ;�Kmax . From among these, we 
hoose the\best" �K a

ording to ea
h of the 
riteria and re
ord the sele
ted K.Before we move on to the experiments, we shall dis
uss some other possibilities for sele
tingK, given a set of 
lusterings �2; : : :�Kmax with di�erent numbers of 
lusters.The eigengap de�ned as eig(K) = �K � �K+1 (or alternatively �K=�K+1) was oftensuggested as a way to guess the number of 
lusters by Keig = argmax eig(K). Notehowever that the eigengap, is unrelated to the eigenve
tors and gives no indi
ation aboutthe 
oheren
e of the 
lustering. Figure 1 shows an very simple example where the eigengapfails to indi
ate the true number of 
lusters.TheMNCut is undoubtly a measure of 
lustering quality a

ording to our previous stand-point. But MNCut by itself, however useful it may be in 
hoosing between di�erent
lusterings with the same K, is inappropriate for 
omparisons between 
lusterings withdi�erent numbers of 
lusters. In parti
ular, MNCut tends to grow with K (see lemma10), favoring 
lusterings with minimal number of 
lusters. Figure 1 illustrates this.In [4℄, the 
oheren
e is de�ned as the minimum intra-
luster 
ondu
tan
e 
oh(�) =minCk2��(Ck) with the 
ondu
tan
e �(C) being�(C) = minA2C Cut(A;C nA)min[Vol A; Vol V nA℄The 
ondu
tan
e is NP-hard to 
ompute so this 
riterion is impra
ti
al for the evaluationswe perform here.Re
alling that spe
tral 
lustering algorithms map V to RK by the spe
tral mapping, one




an use a measure of distortion in the spe
tral domain for 
oh(�). For example,
ohdist(�) = PKk=1Pi2Ck jjxi � 
kjj2 
ohdistK(�) = 
ohdist(�)=K
ohavgdist(�) = PKk=1 1jCkjPi2Ck jjxi � 
kjj2 
ohavgdistK(�) = 
ohavgdist(�)=K(16)where 
k is the K-dimensional 
entroid of 
luster Ck de�ned in lemma 9. These measureshave the disadvantage of being algorithm dependent, as di�erent algorithms may usedi�erent mappings. Also, it is not 
lear how to de�ne 
oh for re
ursive algorithms likeSM.The gap as a measure of 
lustering quality has some appealing properties: it is algorithmindependent and easily 
omputable; it is minimized for PCE, no matter how large theMNCut. In addition, the gap measures the normalized 
ut of a 
lustering � relativeto (a lower bound on) the best a
hievable value. Therefore, we suggest using 
oheren
emeasures based on the gap
ohgap(�) = gap(�) 
ohgap=l(�) = gap(�)=l(j�j)
ohgap=K(�) = gap(�)=j�j 
ohgap=eig(�) = gap(�)=eig(j�j) (17)The last three 
oheren
e measures are motivated by the fa
t that, as noise in
reases, thedi�eren
e between the lower bound l(K) and the best a
hievableMNCut tends to in
rease,putting a larger penality on 
lusterings with larger K.Experiments. The �rst experiment uses an arti�
ially 
onstru
ted S with n = 100 andK� = 5 blo
ks of sizes 10, 20, 30, 20, 20. The matrix (�gure 2) is not blo
k diagonal, thenode volumes are unequal (max Di=min Di = 15) and unevenly distributed (smallest Di'sin the smallest 
luster); the average Sij is 0:057. This matrix is perfe
t for the given �.We add symmetri
 i.i.d noise to the elements of Sij , noiseij � �=n � uniform[0; 1), then
all a 
lustering algorithm with K = 2; : : : 12 on the perturbed S obtaining �2; : : :�8.Ea
h of the 
oheren
e measures des
ribed previously is used to sele
t the best 
lusteringfrom this set and its K is re
orded.In total, we used 11 
riteria: the gap based measues from (17), the distortion measuresfrom (16), MNCut; MNCut=K, and eig(K). We also �nd the 
losest �K to the optimal
lustering (by the variation of information (VI) [8℄) and re
ord KV I . We use KV I as the\gold standard"; VI is also used to 
he
k that the 
lustering algorithm �nds a 
lustering
lose to the optimum. We repeat the experiment with two algorithms, Meila-Shi [9℄ andNg & al [10℄, for di�erent noise levels �, 10 or more times for ea
h �.Results (�gure 3) show that the gap normalized by the lower bound l(K) dominates allother 
oheren
e measures in robustness, indi
ating the best 
lustering up to SNRs of order1 (� = 4). As predi
ted, the eigengap, the MNCut and even the s
aled MNCut=K arepoor measures of 
oheren
e, always 
hoosing the lowest possible number of 
lusters. Theother measures, in
luding the gap, work well for low noise levels, gradually failing in highernoise. Of the distortion measures, the distortion normalized by K is more robust than theothers. We have run the experiment on other arti�
ial similarity matri
es, with severalvariants of the two algorithms, and have obtained results 
onsistent with the ones here.The present S was designed to be diÆ
ult; on easy blo
k diagonal matri
es the 
oheren
emeasures work well to SNR's up to 10. It is also worth noting that for a blo
k diagonalS and low noise the eigengap is also a reliable 
riterion for sele
ting K, albeit never asrobust as the gap based measures.We also ran experiments on handwritten digits data obtained from [5℄. The similaritieswere 
omputed as in [10℄ with a kernel width � = 10. We show results for a data setdigit10 with n = 1000 data, 100 for ea
h digit, and for the 5 most separable digits fromthis data set (digits 0, 2, 4 6, 7) forming data set digit5. The results are shown in the
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Figure 2: (a) The perfe
t S used in the experiments (white is higher, dark lower); (b) theaggregated transition matrix P̂ showing large 
rosstalk between 
lusters and the 
lusterprobabilities �̂; (
) the values of Di showing the 
on
entration of small values in thesmallest 
luster.table below1;2.Data V I gap gap=l gap=K gap=eig MNCut=K MNCut eig dist dist=K avg dist avg dist=Kdigit10 10 9 9.2 9 8 9 9 8 8 8 8 8digit5 5 3 5 3 5 3 3 5 5 5 3 5The digit5 data set has an almost blo
k diagonal S. Therefore, one sees that qualitymeasures like the eigengap, and all distortion measures work well. The 
lustering obtainedfor K = 5 is very 
lose to the true 
lustering. By 
ontrast, the digit10 data represent amu
h harder task for the spe
tral 
lustering algorithms. Even the best 
lusterings leave alot of 
onfusion between the digits 1,3,5,8,9. Under these 
onditions, distortion measuresfail by 
hoosing the lowest possible K. The measures based on the gap and MNCut tendto 
hoose K = 9 (one lower than the best possible). By examining the detailed plots in�gure 5 we saw that K = 10 is often a 
lose se
ond for the normalized gap measures, butnot for the other measures. For both data sets, gap=l(K) performs best.These experiments are preliminary, but they strongly suggest that: (1) 
oheren
e is farsuperior to other 
riteria (eigengap, MNCut) in 
omparing 
lusterings with di�erent K,and (2) of the variety of 
oheren
e measures tried here, the gap divided by the lower boundstands out as the most robust over algorithms, data sets and noise levels.6 Dis
ussionThis paper has provided a 
omprehensive analysis of spe
tral 
lustering near the perfe
tpoint, when the transition matrix P has PCE. How signi�
ant is this 
ase for generalspe
tral 
lustering algorithms on general data sets? We 
annot answer what a spe
tralalgorithm will do far away from the perfe
t point, but, based on our experien
e withspe
tral 
lustering, we 
onje
ture that in pra
ti
e, performa
e near this point a

ounts fora large proportion of su

esses of spe
tral 
lustering. If this is so, our analysis is highlysigni�
ant. Se
ond, as it was shown in [9, 15℄ there is a large family of spe
tral algorithms,in
luding some of the most popular ones, whose perfe
t points are subsumed by the 
asewhen P has PCE and for whi
h all the results proved here will hold. This is visiblein the experiments in the last se
tion, where the 
oheren
e measures behave similarly1No noise was added, but we repeated ea
h experiment 5 times with di�erent random initial-izations for the k-means (or analog) part of the 
lustering algorithm. All standard deviations are0, ex
ept for the 9.2 value whi
h is the average of four 9's and a 10.2By using another measure of 
omparison between 
lusterings, the 
lustering error [15℄, wealso obtained K� = 10 and 5 respe
tively for these data sets.
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a bFigure 3: Sele
tion of K on an arti�
ial S as a fun
tion of the noise level �, for 11 
riteria:(a) average values of K for 
lustering with the Ng & al algorithm; (b) average valuesof K for 
lusterings obtained with the Meila-Shi algorithm. The distortion based valuesare shown with dashed lines, the others are shown with dotted lines; a 
ontinuous lineshows the \gold standard": the K that would be 
hosen if we 
ould 
ompare with the true
lustering. Note that the two algorithms have di�erent spe
tral mappings; the distortionmeasures were 
omputed appropriately.
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 Gap d Normalized gapFigure 4: Average values and standard deviations for di�erent 
luster sele
tion 
riteria onthe arti�
ial data, at a medium level of noise, over 10 runs.



 8  9 10 11 12

1.5

VI

 8  9 10 11 12
0

0.01

0.02

0.03
Eigengap

 8  9 10 11 12
0.2

0.4

0.6

0.8

1
MNCut

 8  9 10 11 12
0.1

0.2

0.3

0.4

0.5
Gap

 8  9 10 11 12
0.5

1

1.5

2

2.5
Gap/l(K)

 8  9 10 11 12
0.04

0.06

0.08

0.1

0.12
Avg Distortion / K

Figure 5: Values for six 
luster sele
tion 
riteria for 5 runs on the 10 digits data. Notethat VI always a
hieves a minimum at 10, eig is maximized at 8, MNCut; gap; gap=l areminimized at 9, ex
ept for 1 
ase when gap=l is minimized at 10. The value K = 10 isa 
lose se
ond for gap=l and a not-so-
lose se
ond for gap. The best performing of thedistortion 
riteria on this data set is avgdist=K, minimized at 8, with a se
ond at 10.



a
ross algorithms. This fa
t is also what allowed us to talk about \spe
tral 
lustering"throughout this paper, meaning any of the above mentioned family of algorithms, insteadof the parti
ular spe
tral mapping that we fo
used on here.We have introdu
ed the MNCut 
riterion, inspired by the random walks view of spe
tral
lustering, and have shown that it is NP-hard to minimize in general, but that for a nearlyperfe
t S, it will be optimized by spe
tral 
lustering. The 
ase of well separated 
lusters(blo
k diagonal S) is an instan
e of a perfe
t 
lustering situation, but it is not the uniqueone. As an aside, from the Multi
ut lemma, one 
an derive a tra
table and tight lowerbound l(K) on the MNCut a
hievable by any 
lustering.We also introdu
ed the gap MNCut(�)� l(j�j) and showed that it measures the internal
oheren
e of the 
lusters and therefore that spe
tral 
lustering is simultaneously optimizingtwo 
riteria: the 
lusters' separation and their internal 
oheren
e.Our bi
riterial view of 
lustering quality is very 
lose in spirit to a bi
riterial frameworkproposed in [4℄. We espe
ially agree with the authors' view of the number of 
lusters K.Quantitatively, however, it 
an be shown that the two frameworks are not redu
ible toone another.In view of this we argued that one 
an de�ne a variety of 
luster sele
tion 
riteria illustrat-ing di�erent tradeo�s betweenMNCut and 
oh. Our experiments have demonstrated thatthis approa
h, and in parti
ular the 
oheren
e measures based on the gap, agree betterwith human intuitions of a \good" 
lustering than using the MNCut alone.A
knowledgementsWe thank Jianbo Shi, Chris Meek and Andrew Ng for stimulating dis
ussions at the onsetof this work. This resear
h was partially supported by University of Washington RoyaltyResear
h Fund.A Proof of Theorem 5 (NP-hardness of minimizing MNCut)We �rst prove the following:Lemma 10 (Re�ning a partition in
reases MNCut) Let � = fC1; : : : CKg be a par-tition of V , and let �0 = fC 01; C 001 ; : : : CKg, where C1 = C 01 [ C 001 . ThenMNCut(�) �MNCut(�0)Proof Denote by Pil =Pj2Cl Pij where i 2 V and l = 1; : : :K and by P 0i1(P 00i1) the sumsPj2C01 Pij ; (Pj2C001 Pij) respe
tively.MNCut(�) = KXk=1 Xk0 6=k Xi2Ck �iPik0�Ck| {z }
kk0 (18)



Let us make the notations
01l = Xi2C01 �iPil�C01 (19)
001l = Xi2C001 �iPil�C001 (20)
0l1 = Xi2Cl �iP 0i1�Cl (21)
00l1 = Xi2Cl �iP 00i1�Cl (22)
11 = Cut(C 01; C 001 )� 1VolC 01 + 1VolC 001 � (23)It follows that 
1l = �C01�C1 
01l + �C001�C1 
001l � 
01l + 
001l (24)and (25)MNCut(�0) = 
11|{z}�0 + KXl=2 (
01l + 
001l)| {z }�
1l + KXl=2 (
0l1 + 
00l1)| {z }
l1 + KXk=2 Xk0 6=k;k0>1 
kk0 (26)� LXl=2 
1l + LXl=2 
l1 + KXk=2 Xk0 6=k;k0>1
kk0 (27)= MNCut(�) (28)Q.E.D.Corollary 11 Equality in lemma 10 is attained only if 
11 = 
01l = 
001l = 0, i.e. only ifS is blo
k diagonal with blo
ks given by the sets of points C 01; C 001 ;[k�2Ck.Now we prove theorem 5 by redu
ing it to the 2-way 
ase for whi
h the proof is givenin [13℄. To keep the notation simple, we give the detailed proof for K = 3, then a proofsket
h for arbitrary K. Denote by PK(S) the problem of �nding the 
lustering with K
lusters that minimizes MNCut on S.Proof that minimizing MNCut(�) over �; j�j = 3 is NP-hard Assume that P3(S)
an be solved in polynomial time for any S. We will show a 
ontradi
tion, by redu
ingP2 (known to be NP-hard) to it. Take an S that is not blo
k-diagonal and let �� be thesolution to P2(S). Augment the data set with one point x of volume d dissimilar to allother points and denote ~V = V [ x, ~S = � S 00 d � (29)Let ~�� = � [ fxg; ~�� is a 3-way 
lustering on ~V . We show that for d small enough,~�� is a solution to P3( ~S). In the following, we mark partitions of ~S with a ~ and the
orresponding partions on S with the same symbol without the~.It is easy to see that MNCut( ~��) = MNCut(��). Let ~� = fA [ fxg; B; Cg be anyother 3-way partition of ~V . Assuming that A 6= ;, � = fA;B;Cg is a 3-way partitionof S (The 
ase A = ;, engendering a two-way partition on V is trivial and left as an



exer
ise to the reader). It is also easy to see, using lemma 10 and 
orollary 11 thatMNCut(�) > MNCut(��).Noting that ~PiA = PiA, et
 we have thatMNCut( ~�) = Pi2A ~�i(PiB + PiC)~�A + ~�x +Pi2B ~�i(PiA + PiC)~�B +Pi2C ~�i(PiA + PiB)~�B (30)Where ~�U = VolUV olV+d for U = A;B;C; fxg. When d! 0,MNCut( ~�) ! MNCut(�) > MNCut(��) = MNCut( ~��)Therefore, for d suÆ
iently small, ~�� is the solution of P3( ~S), implying that we 
an solveP2(S) in polynomial time by solving P3( ~S) { a 
ontradi
tion.For the general 
ase, we augment V with K � 2 points x1; : : : xK�2 of volume d and showthat the partition ~�� = ��[fx1g[ : : :[fxK�2g is the solution to PK( ~S) for small enoughd.B Proofs of lemmas 6, 7 (Multi
ut) and 4Proof of lemma 6MNCut(��) = KXk=1241� Xj2C�k Pikj35 for some ik 2 Ck (31)= KXk=1(1� P̂kk) (32)= K � tra
eP̂ (33)= K � KXk=1�k (34)In the above derivations we used the results of Lemma 1.Q.E.D.Proof of the Multi
ut lemma 7 We will show that there is no K-way 
ut that a
hievesa value smaller than K �PKk=1 �k . Consider an arbitrary partition � = fC1; : : : CKg.Denote by xk the indi
ator ve
tor of 
luster Ck for k = 1; : : :K.Let us massage the expression of MNCut(�) into a 
onvenient form:MNCut(�) = K � KXk=1Pr[Ck ! Ck jCk℄ (35)= K � KXk=1Pi2Ck DiPj2Ck PijPi2Ck Di (36)= K � KXk=1Pi;j2Ck SijPi2Ck Di (37)Noting that Xi2CkDi = Xi2V (xki )2Di (38)



and Xi;j2Ck Sij = Xi;j2V Sijxki xkj (39)= 12 Xi;j2V Sij [(xki )2 + (xkj )2 � (xki � xkj )2℄ (40)= Xi2V (xki )2Di � Xij2E Sij(xki � xkj )2 (41)we obtain that MNCut(�) = KXk=1Pij2E Sij(xki � xkj )2Pi2V (xki )2Di (42)= KXk=1R(xk) (43)In the sums above, i; j 2 V means summation over the 
artesian produ
t V � V whileij 2 E means summation over all \edges", i.e all unordered pairs (i; j) with i 6= j.The expression R(x) represents the Rayleigh quotient for the Lapla
ian of the weightedgraph des
ribed by S 
.f.[2℄ equation (1.13). Therefore, if we denoteyk = D1=2xk (44)we have that R(xk) = (yk)TLyk(yk)T yk = ~R(yk) (45)and MNCut(�) = KXk=1 ~R(yk) (46)Now we turn to the problem of minimizing MNCut. It is easy to see that minimizingMNCut(�) over all partitions � is equivalent to �ndingmin KXk=1R(xk) s:t: xki 2 f0; 1g 8 k; i and xk ? Dxl for k 6= l (47)This minimum is greater or equal tomin KXk=1R(xk)| {z }J(x1;:::xK) s:t: xk ? Dxl for k 6= l (48)Now we fo
us on J and show that its minimum in (48) is equal to MNCut(��) whi
h willprove that the latter is the smallest a
hievable K-way normalized 
ut.With y1; : : : yK de�ned as in (44) we have thatxk ? Dxl , yk ? yl: (49)In addition, we 
an assume w.l.o.g. that the ve
tors yk have unit length. Therefore,minimizing J is equivalent to �ndingmin ~J(y1; : : : yk) = min KXk=1(yk)TLyk s:t: (yl)T yk = Ækl (50)



By Lemma 4, the minimum is PKk=1 �k.Now we use Lemma 2 whi
h says that �k = 1� �k . This proves thatmin ~J = min J = MNCut(��) (51)In addition, note that the minimizing ve
tors yk are linear 
ombinations of the �rst Keigenve
tors of L. Again, by Lemma 2 we have that x1; : : : xK are linear 
ombinations ofthe �rst K eigenve
tors of P whi
h are pie
ewise 
onstant.Proof of lemma 4 Denote by u1; : : : un the orthonormal eigenve
tors of L. The y's arelinear 
ombinations of these ve
tors, i.eyk = nXj=1 ajkuj (52)Denote by A the n�K matrix [ajk℄j;k. Be
ause both fujg and fykg are orthonormal, theve
tors fa�kg (i.e the 
olums of A) are orthonormal as well. We minimize ~J w.r.t fajkgby the Lagrange multiplier method.~J� = nXj=1 KXk=1 �ja2jk �Xk>l �klaT�la�k � KXk=1 �k(aT�ka�k � 1) (53)Be
ause (yk)TLyk = nXj=1 �ja2jk (54)� ~J�ajk = 2�jajk � �jkXl6=k ajl � 2�kajk (55)Equating the above partial derivative with 0, and de�ning the K � K matrix B to beBkl = Blk = 1=2�kl for k 6= l and Bkk = �k we obtainBaj� = �jaj� for j = 1; : : : n (56)Thus the ve
tors aj� are either eigenve
tors of B or 0. There are n eigenvalues �j whilethe matrix B is K �K so it 
an have only K eigenvalues and 
orresponding independenteigenve
tors. Hen
e, at most K rows of A are non-zero. The non-zero rows are orthogonal,be
ause B is symmetri
. On the other hand, A has orthonormal 
olumns, therefore therewill be at least K non-zero rows in A. Denote by H the K �K matrix obtained from Aby eliminating the null rows. The 
olumns of H are orthonormal, therefore its rows mustbe orthonormal as well. Denote by j1; : : : jK the indi
es of these rows in A.The value of ~J under the 
onditions above be
omes~J = KXi=1 �ji (57)Thus, ~J has several lo
al minima, one for ea
h possible subset of indi
es j1; : : : jK . Forea
h of them, the value of the minimum is the sum of the sele
ted eigenvalues and theminimizing ve
tors yk are linear 
ombinations of the eigenve
tors uj1 ; : : : ujK . The lowestof the minima 
orresponds to 
hosing the K smallest eigenvalues of the Lapla
ian, i.e.�1; : : : �K .



C Proof of lemma 9Write [v1; � � � ; vK ℄ = [u1; � � � ; uK ℄ +E where uk is pie
ewise 
onstant w.r.t. to ��, uij =
kj if xi 2 C�k , andEij = vji�uij . By our assumption, jjEij jjF < �. Write E = [r1; � � � ; rK ℄.Write C = (
ij)K�K . We haveP [v1; � � � ; vK ℄ = P [u1; � � � ; uK ℄ + P [r1; � � � ; rK ℄:Sin
e Pvk = �kvk, then[�1v1; � � � ; �KvK ℄ = [Pu1; � � � ; PuK ℄ + [Pr1; � � � ; P rK ℄:Therefore we have Pul = �l(ul + rl)� Prl = �l(ul) + (�lrl � Prl). ThusP [u1; � � � ; uK ℄ = diag(�1; � � � ; �K)[u1; � � � ; uK ℄ + (diag(�1; � � � ; �K ; � � � ; 0)� P )E:By 
omputation, [u1; � � � ; uK ℄�C�1 = [x1; � � � ; xK ℄ where xk is the indi
ator ve
tor of the
luster C�k . Let �K+1 be the K+1 largest eigenvalue. Let � be the smallest singular valueof C. ThenP [x1; � � � ; xK ℄ = diag(�1; � � � ; �K)[x1; � � � ; xK ℄ + (Diag(�1; � � � ; �K ; � � � ; 0)� P )EC�1:Sin
e jj(diag(�1; � � � ; �K ; � � � ; 0)�P )EC�1jjF � �K+1 � jjEjjF � 1=� � �K+1�=�, we havefor any i; i0 2 C�l and for any kj Xj2C�k Pij � Xj2C�k Pi0j j � �K+1Æ=�:Let � = �K+1�=�.Compute MNCut(�), we getMNCut(��) = K � KXk=1Pr(C�k ! C�k jC�k ) (58)� K � KXk=1Pi2C�k Di(�i + �)Pi2Ck Di (59)� K � KXk=1�k +K � � (60)= K � KXk=1 �k +K�K+1�=� (61)Referen
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