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Abstract

It is proved that for any given integer £ > 2 and a k-monotone function g,
there exists a k-monotone function § < g of the form ¢(a — x)'j__l and passing
through a fixed point in the support of g. The result is motivated by the

problem of the existence of the LSE of a k-monotone density.
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Background

A curious fact about k-monotone functions (k > 2)

The class of k-monotone functions has been of interest over the past fifty years (see
e.g. [1], [2], [3], [4]). For k > 2, a function g defined on (0, 00) is said to be k-monotone
if and only if for all m = 0,---,k — 2, (—1)™g™ is nonnegative, nonincreasing and
convex (see e.g. [1], [2], [3]). For k = 1, g is simply nonnegative and nonincreasing
on (0, 00). Williamson [2] studied the properties of k-monotone functions and gave a
very useful characterization in the form of an integral representation. He established
that ¢ is k-monotone on (0, 00) if and only if there exists a nondecreasing function -y

such that
g(z) = / (1 —ux)"dy(u), forall z >0,
0

where

R A
* 71 0, otherwise.
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In statistics, problems related to the estimation of a k-monotone density when
k = 1 and k = 2; i.e., nonincreasing, and nonincreasing and convex density re-
ceived special attention (see e.g. [5], [6], [7], [8], [9], [10], [11], [12], [13]). Based
on n independent observations from the true density, two nonparametric estimators
were mainly considered: the Maximum Likelihood Estimator (MLE) and the Least
Squares Estimator (LSE). The LSE of a nonincreasing and convex density is defined
in Groeneboom et al. [11] as the minimizer of the criterion function

bale) = [ sd— [ aas, 0

over the class of nonincreasing and convex functions that are square integrable, where
G, is the empirical distribution function based on n i.i.d. observations from the true
density. As it was pointed out by Groeneboom et al. [11], minimizing ®, has a
very intuitive appeal. In fact, if we assume that G,, has a density g, with respect to
Lebesgue measure, then we can rewrite ®,, as

0e) = [ (60 - gu()fdo 5 [ gilayie

where the second term does not depend on g. The LSE can be viewed as the closest
2-monotone function to the “empirical density” g, in the L, sense.

It was shown by Groeneboom et al. [11] that both the MLE and LSE of a nonin-
creasing and convex density are asymptotically equivalent. However, the LSE appears
to be intimately connected with the stochastic process involved in the asymptotic dis-
tribution. Beside the fact that they have very similar characterizations, Groeneboom
et al. [12] showed that this limiting stochastic process is equal to lim. . g. (in an
appropriate sense), where g. is nothing but the minimizer of the functional

bulg) = © / ()t~ / " g(t)ax ()

—C —C

over the class of convex functions g such that g(—c) = g(c) = 12¢2, where dX (t) =
dW (t)+12t* and W is a two-sided Brownian motion starting at 0. Through the LSE,
a nice parallelism is established between the “finite sample world” and the “infinite
sample” one. In the latter, lim._ ., g. would be the analogue of the LSE and the
parabola t — 12t?,t+ € R, would be the analogue of the convex density that is being
estimated.

The appeal of the LSE was the first driving motivation for the author to inves-
tigate its existence for k-monotone densities in the case of £ > 2. In addition to a



compactness argument, the proof of its existence in the particular case of £k = 2 is
partially based on the following fact: for any given nonincreasing and convex func-
tion g and n different points in its support, we can find a nonincreasing and convex
piecewise linear function that stays underneath g and passes through the n different
points (see Groeneboom et al. [11]). It is natural to wonder whether such a fact
continues to hold for k-monotone functions when k& > 2. In other words, given an
integer k£ > 2, a k-monotone function g and n different points in its support, can we
find a function g of the form

gx)=¢é(a — o)+ +Eu(@m — ), >0
such that ¢ < g and g passes through the n fixed points?

In the proof of Theorem 1, the author gives an answer to the question when n = 1.
The difficulty can be realized already for n = 2. Whereas for k = 2, it is very easy
to find g for an arbitrary n by taking the tangents of g at the considered points,
such a procedure cannot be generalized easily for functions that are as smooth and
shape-constrained as the k-monotone functions. Existence of the LSE when n = 1
follows easily from the following theorem.

Theorem 1. Let £ > 2 be an integer. For any given k-monotone function g and
7 > 0 in its support, there exists a function g of the form

g(z) = é(a— )i,

such that
{ g(r) < g(x), for x € (0,00),
g(1t) =9

Proof. We preface the proof of Theorem 1 by the following lemma:

Lemma. ¢ is k-monotone on (0, c0) if and only if there exists a positive measure p
such that for all x > 0

ote) = [0 e

Proof. See Williamson [2].

Proof of Theorem 1. We would like to find ¢ and a such that the function g passes
through (7, g(7)) and satisfies § < g. It is natural to impose that §'(7) = ¢’(7). Then,
¢ and a are uniquely determined and given by



and

(k—1)g(r) _ (fo ) du(t))
—g'(7) (fo ’“ )52 du(t))

Define h = g — §. Let 0 < 2 < 7. For ease of notation, h*~1(z) can be interpreted
either as the left or right (k — 1)-th derivative of h at the point 2. We have

(—1)k_1h(k_l)(l')
= ()" (@) - (k- 1)k

- %—iﬁ<Amhmm@MMﬂ Uy (0= T dite %2

(fo t_Tk tdp(t
o 1 U oo (n(®) (5™ = A () = (7 = )t dn(e)
(A 0)

FixO<z<7. Letr=k—lands=(k—1)/(k—2). r>1and 1/r+1/s=1.
By Holder’s inequality, we have
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([ temtautn) ™ ([ -t aun)

> /OOO(t—T)k 2 1pg ey (£) (1)
> /j(t—ﬂi‘?@(ﬂ

since # < 7. This implies that (—1)*"'A*k=Y(z) > 0 for all 0 < z < 7. It follows that
(—1)*=2h(k=2) is nonincreasing on (0, 7]. Furthermore, we have

(—1)F 20D (r) = (k- 1) < [t - Y R ) >0

(37 =) du(e)*
(k= 2)/(k —3).

by applying again Holder’s inequality where » = £ — 2 and s =
Hence, (—1)*72h=2) > (0 on (0,7]. Similarly, we show that (—1)7A%) > 0 on (0, 7]
for 0 < j <k — 3. In particular, h > 0 or equivalently § < g on (0, 7].
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To finish off, we only need to show that the same inequality holds on (7, 00) and
for that it suffices to establish that

(a — a:) fo z)E " du(t)

a—-t) T [ k Fdu(t)

(2)

for all z € (7, al since

k-1

g(z) = g(7) (f‘_m) , for x € (0,00).

a—71),

o [T (E22) ey

is nondecreasing in x € (7, a) since its first derivative

x»—>/ R k) (f‘x)k_zdu(w, v € (r,a)

a—:v)2 a—x).

Now, the function

is nonnegative. In fact, the sign of this derivative is the same as the sign of the
function defined by

T /Ooo(t —a)(t — o)k 2du(t), z € (r,a).
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But for all x € (7,a), we have
|- ae- ot 2aut
0

= [T - @) [ ot

(t — )5 du(t))
St — 1) dpdt))

where in (3), a is replaced by its expression. To conclude, we only need to show that
for all x € (7,a)

- /Ooo(t—f)(t—x)’i‘zdu() E /wa—x)’r?du(t) 3)

Joo @t = 7)(t =) () fo (= 1) Tdut)
=) Pdu(t)y fo ’“ Y2 dpu(t)

By writing (t — 7)(t — )82 = (t — 2)8' + (z — 7)(t — 2)%72, the latter inequality is
equivalent to

Tt — ) dpu(t )t du(t
f()oo( 'T)]-:_2 /"L( ) +ZE T Z f() )k > IU/( ) (4)
Jo (¢ —x)i dpu(t) Jo( dp(t)
Now, consider the function f defined by
flay= oD g

We have for all x € (7,a)



f'(x)

—(k = 1) (Jo(t = )} dp(0))” + (k= 2) (o= (t = )i *du(t)) (J5~ (8 — =) "dpa(t))

(Jo<t = 2)h2dut))’
(Jo (t =) %du(®) (fo~( — ) du(t))
(Jo(t = ) 2dp(t))”
(=t = o) dp()) (J~ (8 = 2)5%dpa(t)) — (f;°( — 2)52dp()’
(o=t = )i dp(t))’ |
Let r = s = 1/2 and consider f;(t) = (¢

on (0,00). 1/r+1/s =1 and (f1f2) (¢)
inequality, we have

(AmﬁuWMﬂ)_(AmﬁUWMﬂ)%zlfgﬁg@mMﬂ

Therefore, f* > 0 on (7,a). Hence, f is nondecreasing and f(z) > f(r) for all
x € (7,a]. This implies the inequality in (4) and (2) follows. [ |

— —(k—2)+ (k-2

= (k=2)

D=

We apply the previous result to show that the LSE exists when the sample size n
is equal to 1.

Theorem 2. Let X be an observation from a k-monotone density go such that
g0(X) > 0. ®; admits a unique minimizer § () = & (@, — x)%" where

N k-1

a] = (2]€ — 1)X7 and 1 — Wﬁ (5)

Proof. From Theorem 1, we see that it is beneficial to “move” from any candidate
g for the minimization problem to the function §(z) = &(@ — x)*~! passing through
the point X and staying underneath g. In fact,

and
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Hence, ®,(§) < ®1(g) implying that if the LSE §; exists, it has to be of the form
gi(x) =¢(a; —x ’fl, for some ¢; >0 and a; >0 .

Minimizing ®; on the space of k-monotone functions g of the form g(x) = ¢(a —
z)k~1 x> 0 is equivalent to minimizing the function @ defined on (0, 00) x (X, 00)
by

1
Q(a,c) = mCQCL%_l —c(a— X)k_l.
Easy calculations yield the unique solution given in (5). [ |

Remark. Whereas for k = 2, Groeneboom et al. [11] showed that the LSE g, is a
genuine density, the author conjectures that this fact does not hold for £ > 2. Its
failure can be already seen when n = 1. In fact, one can easily verify that

o0 % — 2 1 \"?
g ()de = —— 21— — 2112 1,91
/0 gilw)de = — ( 2k—1) e

as k — 00.

Discussion

As it was mentioned earlier, finding a k-monotone spline that stays below a given k-
monotone function and passes through n > 1 fixed points is a much harder problem.
If this spline exists for n > 1, it would be a one-sided approximation of the given
k-monotone function. In the literature on approximation via splines, the problem
of finding the best one-sided approximation of a given function in C'[a,b], where
a and b are finite was already considered. When the measure of optimality is the
Lq-distance, it was shown that the problem admits a unique solution in the space of
splines with degree m > 2 and fixed p > 1 knots (see e.g. [14, Theorem 5.6] ). Also,
there has been some very recent work done by Kopotun and Shadrin [15] on shape-
preserving approximation by free knot splines. However, the functions approximated
are k-convex; i.e., only their (k — 2)-th derivative has to be convex and in this sense,
the functions considered in this paper are more constrained. Moreover, it seems that
most of the literature is concerned with functions that are defined on a compact set,
an undesirable restriction in the current problem. This more general question is then
still open.
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