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Abstract

Weconsiderthe problemof variableor featureselectionfor model-basedclustering. Werecast
the problem of comparing two nestedsubsetsof variablesas a model comparisonproblem,
and addressit using approximate Bayes factors. We develop a greedy search algorithm
for �nding a local optimum in model space. The resulting method selectsvariables (or
features), the number of clusters,and the clustering model simultaneously. We applied the
method to several simulated and real examples,and found that removing irrelevant variables
often improved performance.Comparedto methods basedon all the variables,our variable
selectionmethod consistently yieldedmoreaccurateestimatesof the number of clusters,and
lower classi�cation error rates, as well as more parsimoniousclustering models and easier
visualization of results.

Keywords: Bayes factor, BIC, Feature selection,Model-basedclustering, Unsupervised
learning, Variable selection
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1 In tro duction

In classi�cation, or supervised learning problems, the structure of interest may often be

contained in only a subsetof the available variablesand inclusion of unnecessaryvariables

in the learning procedure may degradethe results. In these casessomeform of variable

selectionprior to, or incorporated into the �tting proceduremay be advisable. Similarly,

in clustering, or unsupervised learning problems, the structure of greatest interest to the

investigator may be best represented using only a few of the feature variables. However,

in clustering the classi�cation is not observed, and there is usually little or no a priori

knowledgeof the structure being looked for in the analysis,sothere is no simplepre-analysis

screeningtechnique available to use. In this caseit makes senseto considerincluding the

variable selectionprocedureas part of the clustering algorithm.

In this paper, we introduce a method for variable or feature selectionfor model-based

clustering. The basic idea is to recast the variable selectionproblem as one of comparing

competing models for all the variables initially considered. Comparing two nestedsubsets

is equivalent to comparing a model in which all the variables in the bigger subset carry

information about cluster membership, with a model in which the variablesconsideredfor

exclusionare conditionally independent of cluster membership given the variables included

in both models. This comparisonis made using approximate Bayes factors. This model

comparisoncriterion is combined with a greedysearch algorithm to give an overall method

for variable selection. The resulting method selectsthe clustering variables, the number of

clusters,and the clustering model simultaneously.

The variable selectionproceduresuggestedin this paper is tailored speci�cally for model-

basedclustering and, assuch, incorporatesthe advantagesof this paradigm relative to some

of the moreheuristic clustering algorithms. They include an automatic method for choosing

the number of clusters, only one user-de�ned input necessary(the maximum number of

clustersto be considered)that is easily interpretable, and a basisin statistical inference.

A brief review of model-basedclustering is given in Section 2.1. The statistical model

behind the variable selectionmethod is explained in Section2.2 and the greedysearch al-

gorithm is introduced in Section 2.3. In Section 3 somesimulation results comparing the

performanceof model-basedclustering with and without variable selectionare presented.

In Section4 model-basedclustering with and without variable selectionis applied to some

sample real data sets and the results are compared. A discussionof the advantages and

limitations of the overall method is presented in the �nal section,which alsodiscussessome

other approachesto the problem.
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2 Metho dology

2.1 Mo del-Based Clustering

Model-basedclustering is basedon the ideathat, insteadof comingfrom a singlepopulation,

the observed data comefrom a sourcewith several subpopulations. The generalidea is to

model each of the subpopulationsseparatelyand the overall population asa mixture of these

subpopulations, using �nite mixture models. Model-basedclustering goesback at least to

Wolfe (1963) and reviewsof the area are given by McLachlan and Peel (2000) and Fraley

and Raftery (2002).

The generalform of a �nite mixture model with G subpopulations or groupsis

f (x) =
GX

g=1

� gf g(x);

where the � g's are called the mixing proportions and represent the prior probability of an

observation coming from each group g, and the f g(�)'s are the densitiesof the groups. The

subpopulations are often modeledby membersof the sameparametric density family, so the

�nite mixture model can be written

f (x) =
GX

g=1

� gf (xj� g);

wherethe � g's are the parametervectors for each group.

In practice, with continuousdata, multiv ariate normal densitiesare often usedto model

the components, that is f (�j � g) = M VN (�j � g; � g). The covariance matrix can be decom-

posed,as in Ban�eld and Raftery (1993)and Celeuxand Govaert (1995), into the following

form

� g = � gDgAgDg;

where� g is the largesteigenvalue of � g and controls the volume of the gth cluster, Dg is the

matrix of eigenvectorsof � g, which control the orientation of that clusterand Ag is a diagonal

matrix with the scaledeigenvaluesas entries, which control the shape of that cluster. By

imposingconstraints on the various elements of this decomposition, a large rangeof models

is available ranging from the simple spherical models which have �xed shape, to the least

parsimoniousmodel where all elements of the decomposition are allowed to vary acrossall

clusters. A list of the models available in the mclust software (Fraley and Raftery 2003) is

given in Table 1.
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Table 1: Parameterisationsof the CovarianceMatrix � g Currently Available in the mclust
Software. When the data are of dimension1, only two modelsare available: equalvariances
(E), and unequalvariances(V).

Name Model Distribution Volume Shape Orientation
EII �I Spherical equal equal NA
VI I � gI Spherical variable equal NA
EEI �A Diagonal equal equal coordinate axes
VEI � gA Diagonal variable equal coordinate axes
EVI �A g Diagonal equal variable coordinate axes
VVI � gAg Diagonal variable variable coordinate axes
EEE �D AD T Ellipsoidal equal equal equal
VVV � gDgAgD T

g Ellipsoidal variable variable variable
EEV �D gAD T

g Ellipsoidal equal equal variable
VEV � gDgAD T

g Ellipsoidal variable equal variable

One of the di�culties of someof the more heuristic clustering algorithms is the lack

of a statistically principled method for determining the number of clusters. Since it is an

inferentially basedprocedure, model-basedclustering can use model selectionmethods to

make this decision. Bayes factors, the ratio of posterior to prior odds for the models, are

usedto comparemodels. This meansthat the models to be comparedcan be non-nested.

SinceBayesfactors are usually di�cult to compute, the di�erence betweenthe Bayesian

information criterion (BIC) for the competing models is used to approximate twice the

logarithm of the Bayesfactors. This is de�ned by

BI C = 2 � log(maximized likelihood) � (no. of parameters) � log(n); (1)

where n is the number of observations. We choosethe number of groups and parametric

model by recognizingthat each di�erent combination of number of groups and parametric

constraints de�nes a model, which can then be comparedto others. Keribin (1998) showed

this to be consistent for the choice of the number of clusters. Di�erences of less than 2

betweenBIC valuesaretypically viewedasbarely worth mentioning, while di�erencesgreater

than 10 are often regardedas constituting strong evidence(Kass and Raftery 1995).

2.2 Mo del-Based Variable Selection

To addressthe variable selectionproblem, we recast it as a model selectionproblem. We

have a data set Y , and at any stagein our variable selectionalgorithm, it is partitioned into
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three setsof variables,Y (1) , Y (2) and Y (3) , namely:

� Y (1) : the set of already selectedclustering variables,

� Y (2) : the variable(s) being consideredfor inclusion into or exclusion from the set of

clustering variables,and

� Y (3) : the remaining variables.

The decision for inclusion or exclusionof Y (2) from the set of clustering variables is then

recastas oneof comparingthe following two models for the full data set:

M1 : p(Y jz) = p(Y (1) ; Y (2) ; Y (3) jz)

= p(Y (3) jY (2) ; Y (1) )p(Y (2) jY (1) )p(Y (1) jz) (2)

M2 : p(Y jz) = p(Y (1) ; Y (2) ; Y (3) jz)

= p(Y (3) jY (2) ; Y (1) )p(Y (2) ; Y (1) jz);

wherez is the (unobserved) set of cluster memberships. Model M 1 speci�es that, given Y (1) ,

Y (2) is conditionally independent of the cluster memberships (de�ned by the unobserved

variables z), that is, Y (2) gives no additional information about the clustering. Model M 2

implies that Y (2) does provide additional information about clustering membership, after

Y (1) hasbeenobserved. If Y (2) consistsof only onevariable, then p(Y (2) jY (1) ) in model M 1

represents a linear regressionmodel. The di�erence betweenthe assumptionsunderlying the

two models is illustrated in Figure 1, wherearrows indicate dependency.

ModelsM 1 and M 2 are comparedvia an approximation to the Bayesfactor which allows

the high-dimensionalp(Y (3) jY (2) ; Y (1) ) to cancelfrom the ratio, leaving only the clustering

and regressionintegrated likelihoods. The integrated likelihood, as given below in (3), is

often di�cult to calculateexactly, so we usethe BIC approximation (1).

The Bayesfactor, B12, for M 1 against M 2 basedon the data Y is de�ned as

B12 = p(Y jM 1)=p(Y jM 2);

wherep(Y jM k) is the integrated likelihood of model M k (k = 1; 2), namely

p(Y jM k) =
Z

p(Yj� k ; M k)p(� k jM k)d� k : (3)

In (3), � k is the vector-valued parameterof model M k , and p(� k jM k) is its prior distribution

(Kass and Raftery 1995).
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Figure 1: Graphical Representation of ModelsM 1 and M 2 for Clustering Variable Selection.
In model M 1, the candidate set of additional clustering variables, Y (2) , is conditionally
independent of the cluster memberships,z, given the variablesY (1) already in the model. In
model M 2, this is not the case.In both models,the set of other variablesconsidered,Y (3) , is
conditionally independent of cluster membershipgiven Y (1) and Y (2) , but may be associated
with Y (1) and Y (2) .

Let usnow considerthe integratedlikelihood of modelM 1, p(Y jM 1) = p(Y (1) ; Y (2) ; Y (3) jM1).

From (2), the model M 1 is speci�ed by three probability distributions: the �nite mixture

model that speci�es p(Y (1) j� 1; M1), and the conditional distributions p(Y (2) jY (1) ; � 1; M1) and

p(Y (3) jY (2) ; Y (1) ; � 1; M1), the latter two beingmultiv ariate regressionmodels. We denotethe

parametervectorsthat specify thesethree probability distributions by � 11, � 12, and � 13, and

we take their prior distributions to be independent. It follows that the integrated likelihood

itself factors:

p(Y jM 1) = p(Y (3) jY (2) ; Y (1) ; M1) p(Y (2) jY (1) ; M1) p(Y (1) jM1); (4)

where p(Y (3) jY (2) ; Y (1) ; M1) =
R

p(Y (3) jY (2) ; Y (1) ; � 13; M1) p(� 13jM1)d� 13, and similarly for

p(Y (2) jY (1) ; M1) and p(Y (1) jM1). Similarly, we obtain

p(Y jM 2) = p(Y (3) jY (2) ; Y (1) ; M2) p(Y (2) ; Y (1) jM2); (5)

wherep(Y (2) ; Y (1) jM2) is the integrated likelihood for the model-basedclustering model for

(Y (2) ; Y (1) ) jointly.

The conditional distribution of (Y (3) jY (2) ; Y (1) ) is una�ected by the distribution of (Y (2) ; Y (1) ),

and so the prior distribution of its parameter, � 13, should be the sameunder M 1 as under

M2. It follows that p(Y (3) jY (2) ; Y (1) ; M2) = p(Y (3) jY (2) ; Y (1) ; M1). We thus have

B12 =
p(Y (2) jY (1) ; M1)p(Y (1) jM1)

p(Y (2) ; Y (1) jM2)
; (6)
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which hasbeengreatly simpli�ed by the cancellationof the factors involving the potentially

high-dimensionalY (3) .

The integrated likelihoods in (6) are hard to evaluate analytically, and so we use the

BIC approximation of (1) to approximate them. For the model-basedclustering integrated

likelihoods, p(Y (1) jM1) and p(Y (2) ; Y (1) jM2), thesetake the form (1); see,for example,Fraley

and Raftery (2002).

In our implementation, we consideronly the casewhereY (2) contains just one variable,

in which casep(Y (2) jY (1) ; M1) represents a linear regressionmodel. The BIC approximation

to this term in (6) is

2 logp(Y (2) jY (1) ; M1) � B I Creg = � n log(2� ) � n log(RSS=n) � n � (dim(Y (1) ) + 2) log(n);

(7)

whereRSSis the residual sum of squaresin the regressionof Y (2) on the variables in Y (1) .

This is an important aspect of the model formulation, sinceit doesnot requirethat irrelevant

variablesbe independent of the clusteringvariables. If insteadthe independenceassumption

p(Y (2) jY (1) ) = p(Y (2) ) were used, we would be quite likely to include variables that were

related to the clustering variables,but not necessarilyto the clustering itself.

2.3 Com bined Variable Selection and Clustering Pro cedure

The spaceof possiblemodels is very large, consisting of all combinations of all 2dim(Y )

possiblesubsetsof the variables with each possiblenumber of groups and each clustering

model in Table 1. Here we proposea greedy search algorithm. At each stage it searches

for the variable to add that most improves the clustering as measuredby BIC, and then

assesseswhether oneof the current clustering variablescan be dropped. At each stage,the

best combination of number of groupsand clustering model is chosen.The algorithm stops

when no local improvement is possible.

Here is a summary of the algorithm:

1. Selectthe �rst variable to be the one which has the most evidenceof univariate clus-

tering.

2. Selectthe secondvariable to be the one which shows most evidenceof bivariate clus-

tering including the �rst variable selected.

3. Proposethe next variable to be the one which shows most evidenceof multiv ariate

clustering including the previousvariablesselected.Accept this variableasa clustering

variable if the evidenceof clustering is stronger than not clustering.
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4. Proposethe variable for removal from the current setof selectedvariablesto be the one

which shows least evidenceof multiv ariate clustering including all variables selected

versusonly multiv ariate clustering on the other variables selectedand not clustering

on the proposedvariable. Remove this variable from the set of clustering variables if

the evidenceof clustering is weaker than not clustering.

5. Iterate steps3 and 4 until two consecutive stepshave beenrejected, then stop.

3 Simulation Examples

3.1 First Simulation Example: Tw o Clusters

In this simulation there are a total of 150 data points on 7 variables, with two clusters.

Only the �rst two variables contain clustering information. The remaining 5 variables are

irrelevant variablesindependent of the clusteringvariables. The pairs plot of all the variables

is given in Figure 2, wherevariablesX1 and X2 are the clustering variablesand variablesX3

to X7 are the independent irrelevant variables.

X1

-2 0 2 4 6 -4 -2 0 2 4 6 -2 0 1 2 3

-2
0

2
4

-2
2

4
6

X2

X3

0
1

2
3

4

-4
0

4 X4

X5

-5
-3

-1

-2
0

2 X6

-2 0 2 4 0 1 2 3 4 -5 -3 -1 0 -2 0 1 2 3 4

-2
0

2
4

X7

Figure 2: First Simulation Example: Pairs plot of the data
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For the clustering on all 7 variablesBIC choosesa �v e-groupdiagonal EEI model. The

next model is a 4-group EEI model. The closesttwo-group model in terms of BIC is the

two-groupEEE model but there is a substantial di�erence of 20 points betweenthis and the

model with highest BIC. This would lead to the (incorrect) choiceof a �v e group structure

for this data. The step by step progressof the greedysearch selectionprocedureis shown

in Table 2. Two variablesare chosen,X1 and X2; theseare the correct clustering variables.

The model with the decisively highestBIC for clustering on thesevariablesis the two-group

VVV model, which givesboth the correctnumber of groupsand the correctclusteringmodel.

Table 2: Individual Step Results from greedy search algorithm for First Simulation. The
BIC di�erence is the di�erence betweenthe BIC for clusteringand the BIC for not clustering
for the best variable proposed,as given in (8).

Step Best variable Proposed BIC Model Number of Result
no. proposed for di�erence chosen clusterschosen
1 X2 inclusion 15 V 2 Included
2 X1 inclusion 136 VVV 2 Included
3 X6 inclusion -13 VVV 2 Not included
4 X1 exclusion 136 VVV 2 Not excluded

Sincethe data aresimulated, we know the underlying group membershipsof the observa-

tions, and we can check the quality of the clustering in this way. Clustering on the selected

two variables gives 100%correct classi�cation. The confusionmatrix for the clustering on

all variablesis as follows:
Group1 Group2

Cluster1 53 0
Cluster2 4 30
Cluster3 34 0
Cluster4 1 13
Cluster5 0 15

The error rate is 44.7%. This is calculated by taking the best matchesof clusterswith the

groups(i.e. Group 1 $ Cluster 1 and Group 2 $ Cluster 2), which givesus the minimum

error rate over all matchesbetweenclustersand groups. If we wereto correctly amalgamate

clusters1 and 3 and identify them asonegroup, and to amalgamateclusters2, 4 and 5 and

identify them as another group, we would get an error rate of 3.3%. However, this assumes

knowledgethat the investigator would not typically have in practice.

Finally we pretend we know the number of groups(2) correctly in advance(as do many
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heuristic clustering algorithms) and cluster on all the variables allowing only two-group

models. The two-groupmodel with the highestBIC is the EEE model, and this hasan error

rate of 3.3%.

In this example,variableselectionled to a clusteringmethod that gavethe correctnumber

of groupsand a 0% error rate. Using all variablesled to a considerableoverestimationof the

number of groups,and a large error rate. Even when the �v e groupsfound in this way were

optimally combined into two groups, or when the correct number of groups was assumed

known, clustering using all the variablesled to a nonzeroerror rate, with 5 errors.

Table 3: Classi�cation Results for the First Simulation Example. The correct number of
groupswas 2. (c) denotesconstrainedto this number of groups

Variable Selection Number Number Error
Procedure of variables of Groups rate (%)

None-All variables 7 5 44.7
None-All variables 7 2(c) 3.3

Greedysearch 2 2 0

3.2 Second Simulation Example: Irrelev ant Variables Correlated
with Clustering Variables

Again we have a total of 150 points from two clustering variables, with two groups. To

make the problem more di�cult we allow di�erent typesof irrelevant variables. There are

three independent irrelevant variables, seven irrelevant variables which are allowed to be

dependent on other irrelevant variables, and three irrelevant variables which have a linear

relationship with either or both of the clustering variables. This gives a total of thirteen

irrelevant variables.

The pairs plot of a selectionof the variablesis given in Figure 3. VariablesX1 and X2 are

the clustering variables,X3 is an independent irrelevant variable, X6 and X7 are irrelevant

variables that are correlated with one another, X13 is linearly dependent on the clustering

variable X1, X14 is linearly dependent on the clustering variable X2, and X15 is linearly

dependent on both clustering variables,X1 and X2.

For the clustering on all 15 variablesBIC choosesa two-groupdiagonalEEI model. The

next model is a three-groupdiagonalEEI model, with a di�erence of 10 points betweenthe

two. In this casethe investigator would probably decideon the correct number of groups,

9
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Figure 3: SecondSimulation Example: Pairs plot of 8 of the 15 variables.

basedon this evidence.The error rate for classi�cation basedon this model is 1.3%.

The results of the stepswhen the greedysearch selectionprocedureis run are given in

Table 4. Two variablesare selected,and theseare preciselythe correct clustering variables.

The model with the highestBIC for clustering on thesevariablesis a two-groupVVV model

with the next highest model being the three-groupVVV model. There is a di�erence of 27

betweenthe two BIC values,which would typically be regardedas strong evidence.

Wecomparethe clusteringmembershipswith the underlying groupmembershipsand �nd

that clustering on the selectedvariablesgivesa 100%correct classi�cation, i.e. no errors. In

contrast, usingall 15 variablesgivesa nonzeroerror rate, with two errors. Variable selection

has the addedadvantage in this examplethat it makesthe results easyto visualize,asonly

two variablesare involved after variable selection.

4 Examples

We now give the results of applying our variable selectionmethod to three real datasets

wherethe correct number of clustersis known.
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Table 4: Individual Step Results from greedysearch algorithm for SecondSimulation. The
BIC di�erence is the di�erence betweenthe BIC for clusteringand the BIC for not clustering
for the best variable proposed,as given in (8).

Step Best variable Proposed BIC Model Number of Result
no. proposed for di�erence chosen clusterschosen
1 X11 inclusion 17 V 2 Included
2 X2 inclusion 5 EEE 2 Included
3 X1 inclusion 109 VVV 2 Included
4 X11 exclusion -19 VVV 2 Excluded
5 X4 inclusion -9 VVV 2 Not included
6 X2 exclusion 153 VVV 2 Not excluded

Table 5: Classi�cation results for the SecondSimulation Example

Variable Selection Number Number Error
Procedure of variables of Groups rate (%)

None-All variables 15 2 1.3
Greedysearch 2 2 0
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4.1 Leptograpsus Crabs Data

This dataset consistsof 200 subjects: 100 of speciesorange(50 male and 50 female) and

100 of speciesblue (50 male and 50 female), so we are hoping to �nd a four-group cluster

structure. There are �v emeasurements on each subject: width of frontal lip (FL), rear width

(RW), length alongthe mid-line of the carapace(CL), maximum width of the carapace(CW)

and body depth (BD) in mm. The dataset was published by Campbell and Mahon (1974),

and was further analyzedby Ripley (1996) and McLachlan and Peel (1998,2000).

The variables selectedby the variable selectionprocedure were (in order of selection)

CW, RW, FL and BD. The error rates for the di�erent clusterings are given in Table 6.

The error rates for the nine-groupand six-group modelswere the minimum error rates over

all matchings between clusters and groups, where each group was matched with a unique

cluster.

Table 6: Classi�cation Results for the Crabs Data. The correct number of groups is 4. (c)
indicatesthat the number of groupswasconstrainedto this valuein advance.The error rates
for the 9 and 6-group modelswere calculatedby optimally matching clustersto groups.

Original Variables
Variable Selection Number Number Model Error

Procedure of variables of Groups selected rate (%)
None-All variables 5 9 EEE 45.5
None-All variables 5 4(c) EEE 39.5

Greedysearch 4 4 EEV 7.5
Principal Components

Variable Selection Number Number Model Error
Procedure of components of Groups selected rate (%)

None-All components 5 6 EEI 34.5
None-All components 5 4(c) EEE 39.5

Greedysearch 3 4 EEV 6.5

When no variable selectionwas done, the number of groups was substantially overesti-

mated, and the error rate was 45.5%,as can be seenin the confusionmatrix for clustering
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on all variables:
Group1 Group2 Group3 Group4

Cluster1 34 0 0 0
Cluster2 0 28 0 0
Cluster3 0 0 22 5
Cluster4 0 0 0 25
Cluster5 7 6 0 0
Cluster6 0 0 0 20
Cluster7 9 16 0 0
Cluster8 0 0 12 0
Cluster9 0 0 16 0

When no variable selectionwasdone,but the number of groupswasassumedto be correctly

known in advance,the error rate wasstill very high (39.5%),ascan be seenin the confusion

matrix for the clustering on all variables,with the number of groupsrestricted to be 4:

Group1 Group2 Group3 Group4
Cluster1 31 0 25 0
Cluster2 0 34 0 14
Cluster3 19 15 25 5
Cluster4 0 1 0 31

When our variable selectionmethod was used, the correct number of groups was selected,

and the error rate was much lower (7.5%), as can be seenin the confusionmatrix for the

clustering on the selectedvariables:

Group1 Group2 Group3 Group4
Cluster1 40 0 0 0
Cluster2 10 50 0 0
Cluster3 0 0 50 5
Cluster4 0 0 0 45

This is a striking result, especially given that the method selectedfour of the �v e variables,

so not much variable selectionwas actually donein this case.

In clustering, it is commonpractice to work with principal components of the data, and

to select the �rst several, as a way of reducing the data dimension. Our method could be

usedas a way of choosing the principal components to be used, and it has the advantage

that onedoesnot have to usethe principal components that explain the most variation, but

can automatically select the principal components that are most useful for clustering. To

illustrate this, we computedthe �v e principal components of the data and usedtheseinstead

of the variables. The variable selectionprocedurechose(in order) principal components 3,

2 and 1.
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Once again, when all the principal components were used, the number of groups was

overestimated, and the error rate was high, at 34.5%. When the number of groups was

assumedto be correctly known in advancebut no variable selectionwasdone,the error rate

was even higher, at 39.5%. When variable selectionwas carried out, our method selected

the correct number of groupswithout invoking any prior knowledgeof it, and the error rate

was much reduced,at 6.5%.

It hasbeenshown that the practiceof reducingthe data to the principal components that

account for the most variabilit y beforeclustering is not justi�ed in general. Chang (1983)

showed that the principal components with the larger eigenvaluesdo not necessarilycontain

the most information about the cluster structure, and that taking a subset of principal

components can lead to a major lossof information about the groups in the data. Chang

demonstrated this theoretically, by simulations, and in applications to real data. Similar

resultshave beenfound by other researchers, including Greenand Krieger (1995) for market

segmentation, and Yeungand Ruzzo(2001)for clusteringgeneexpressiondata. Our method

to someextent rescuesthe principal component dimensionreduction approach, as it allows

oneto useall or many of the principal components, and then for clustering selectonly those

that aremost usefulfor clustering,not thosethat account for the most variance. This avoids

Chang'scriticism.

4.2 Iris Data

The well-known iris data consist of 4 measurements on 150 samplesof either Iris Setosa,

Iris Versicoloror Iris Virginica (Anderson 1935;Fisher 1936). The measurements are sepal

length, sepal width, petal length and petal width (cm). When one clusters using all the

variables, the model with the highest BIC is the two-group VEV model, with the three-

group VEV model within one BIC point of it. The confusionmatrix from the two-group

clustering is as follows:

Setosa Versicolor V ir ginica
Cluster1 50 0 0
Cluster2 0 50 50

It is clear that the setosagroup is well picked out but that versicolorand virginica have been

amalgamated.This will lead to a minimum error of 33.3%.
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The confusionmatrix from the three-groupclustering is as follows:

Setosa Versicolor V ir ginica
Cluster1 50 0 0
Cluster2 0 45 0
Cluster3 0 5 50

This givesa 3.3%error rate and reasonableseparation. However, given the BIC values,an

investigator with no reasonto do otherwise would have erroneouslychosenthe two-group

model with poor results.

The variable selectionprocedureselectsthree variables(all but sepallength) which gives

the highestBIC model to be three-groupVEV model with the next highestmodel being the

four-group VEV model with a di�erence of 14. The confusionmatrix from the three-group

clustering on thesevariablesis as follows:

Setosa Versicolor V ir ginica
Cluster1 50 0 0
Cluster2 0 44 0
Cluster3 0 6 50

which is a 4% error rate. A summaryof the resultsof the di�erent methods is given in Table

7.

Table 7: Classi�cation Results for the Iris Data. The correct number of groups is often
consideredto be 3. (c) indicates that the number of groupswasconstrainedto this value in
advance.

Variable Selection Number Number Error
Procedure of variables of Groups rate (%)

None-All variables 4 2 33.3
None-All variables 4 3(c) 3.3

Greedysearch 3 3 4

4.3 Texture Dataset

The Texture dataset was produced by the Laboratory of Image Processingand Pattern

Recognition (INPG-LTIRF) in the development of the Esprit project ELENA No. 6891

and the Esprit working group ATHOS No. 6620. The original sourcewas Brodatz (1966).

This dataset consistsof 5500observations with 40 variables,createdby characterizing each
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pattern using estimation of fourth order modi�ed moments, in four orientations: 0, 45, 90

and 135 degrees;seeGu�erin-Dugu�e and Avilez-Cruz (1993) for details. There are eleven

classesof typesof texture: grasslawn, pressedcalf leather, handmadepaper, ra�a looped

to a high pile, cotton canvas,pigskin, beach sand,another type of beach sand,oriental straw

cloth, another type of oriental straw cloth, and oriental grass�b er cloth (labelled groups1

to 11 respectively). We have 500observations in each class.

When we cluster on all available variableswe �nd that the model with highestBIC is the

one-clustermodel (with an error rate of 90.9%). When we usethe greedysearch procedure

with a maximum number of 15 clusters(and only allow the unconstrainedVVV model since

the search spaceis already so large), we select32 variableswhich, when clusteredallowing

all models,decisively choose(via BIC) the 14-clusterVVV model.

The classi�cation matrix for the model on the selectedvariablesis given in Table8 below.

Table 8: Texture Example: Confusion matrix for the Clustering Based on the Selected
Variables. The largest count in each row is boxed.

Gp 2 Gp 5 Gp 4 Gp 7 Gp 3 Gp 11 Gp 10 Gp 8 Gp 9 Gp 1 Gp 6
Cl 4 500 0 0 0 0 0 0 0 0 0 0
Cl 10 0 500 0 0 0 0 0 0 0 0 0
Cl 11 0 0 496 0 0 0 0 0 0 0 0
Cl 3 0 0 0 491 0 0 0 0 0 10 0
Cl 8 0 0 0 0 484 0 0 0 0 0 0
Cl 6 0 0 0 0 0 467 0 0 0 0 0
Cl 14 0 0 0 0 0 0 435 0 0 0 0
Cl 9 0 0 4 4 0 33 65 38 0 0 9
Cl 7 0 0 0 0 0 0 0 336 0 0 248
Cl 12 0 0 0 0 0 0 0 0 330 0 0
Cl 13 0 0 0 0 0 0 0 0 170 0 0
Cl 1 0 0 0 0 16 0 0 0 0 180 0
Cl 2 0 0 0 0 0 0 0 0 0 309 0
Cl 5 0 0 0 5 0 0 0 126 0 1 243

This model is much closer in terms of number of groups and classi�cations to the true

underlying structure. Our error rate is reducedfrom 90.9%to 16.5%(by optimally associ-

ating each group with oneof the 14 clusters). We can seethat most groupsexceptGroup 6

and Group 8 are picked out well. Groups 1 and 9 are picked out asgroupswith two normal
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components.

Table 9: Classi�cation Results for Texture Data. The correct number of groups is 11. (c)
indicates that the number of groupswas constrainedto this value in advance.

Variable Selection Number Number Error
Procedure of variables of Groups rate (%)

None-All variables 40 1 90.9
None-All variables 40 11(c) 69.5

Greedysearch 32 14 16.5

5 Discussion

We have proposeda method for variable or feature selectionin model-basedclustering. The

method recaststhe variable selectionproblem as oneof model choice for the entire dataset,

and addressesit usingapproximate Bayesfactorsand a greedysearch algorithm. For several

simulated and real data examples, the method gives better estimates of the number of

clusters, lower classi�cation error rates, more parsimoniousclustering models, and hence

easierinterpretation and visualization than clustering using all the available variables.

Our method for searching for the bestsubsetof variablesis a greedysearch algorithm, and

of coursethis will �nd only a local optimum in the spaceof models. The method works well

in our experiments, but it may be possibleto improve its performanceby using a di�erent

optimization algorithm, such as Markov chain Monte Carlo or simulated annealing. Our

method is analogousto stepwise regression,and this has been found to be often unstable,

as noted, for example,by Miller (1990). While this did not appear to be a problem for the

analysesconductedin this paper, it remainsan issueto be aware of. Also when the number

of variables is vast, for examplein microarray data analysiswhen thousandsof genesmay

be the variablesbeing used,the method is too slow to be practical as it stands. Combining

our basic approach with pre-screeningand alternative model search methods such as the

headlongproceduredetailed in Badsberg (1992)could yield a method that would be feasible

for such cases.

Lesswork has been done on variable selectionfor clustering than for classi�cation (or

discrimination or supervised learning), re
ecting the fact that it is a harder problem. In

particular, variable selectionand dimensionreduction in the context of model-basedcluster-

ing have not received much attention. One approach that is similar in principle to ours is
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that given by Dy and Brodley (2000) wherethe feature subsetselectionis wrapped around

EM clustering with order identi�cation. However, they do not consideran eigenvalue de-

composition formulation, or both forward and backward steps in their search pattern and

there is no explicit model for comparing di�erent feature sets. In a model-basedclustering

setting Law, Jain, and Figueiredo (2002) looked at a wrapper method of feature selection

incorporated into the mixture-model formulation. In the �rst approach each variable is al-

lowed to be independent of the others given the cluster membership (diagonal model in the

Gaussiansetting) and irrelevant variablesare assumedto have the samedistribution regard-

lessof cluster membership. The missingdata structure of the EM algorithm is usedboth to

estimate the cluster parametersand to selectvariables.

Vaithyanathan and Dom (1999) put forward an approach which determinesboth the

relevant variables and the number of clusters by using an objective function that incorpo-

rates both. The functions usedin their paper were integrated likelihood and cross-validated

likelihood. The examplegiven was a multinomial model and no extensionfor continuousor

ordinal data was suggested.

Liu, Zhang,Palumbo, and Lawrence(2003)proposeda Bayesianapproach usingMCMC,

in which a principal components analysisor correspondenceanalysisis carried out �rst and

a number of components to be examinedare selected.Then the components important for

clusteringare selectedfrom this subsetand clustering is performedsimultaneously. The pro-

cedurecan alsoautomatically selectan appropriate Box-Cox transformation to improve the

normality of the groups. This approach requiresthat principal components be usedwhere,

in certain cases,investigatorsmay be as interestedin the variablesimportant for clustering

as in the clustering itself and this information is not easily available in this approach. Also

the approach assumesthe number of clusters/groupsto be known.

An entirely di�erent approach is taken by Lazzeroniand Owen (2002),wherea two-sided

(both variables and samples)cluster analysis is performed which has variable selectionas

an implicit part of the procedure. Variablesare allowed to belongto more than onecluster

or to no cluster, and similarly with samples. This was motivated by the analysis of gene

expressiondata. Along a similar line, Getz, Levine, and Domany (2000)proposeda method

that clustersboth variablesand samplesso that clustering on the subsetsfound in onewill

produce stable, sensibleclusters in the other. The procedureis iterativ e but no details on

the stopping criterion were given.

McLachlan, Bean, and Peel (2002) proposed a dimension reduction method where a

mixture of factor analyzersis used to reducethe extremely high dimensionality of a gene
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expressionproblem. Pre-speci�cation of the number of factor analyzersto beusedis required.

Other examplesof dimensionreduction include work by Ding, He, Zha, and Simon (2002)

whereclustermembershipis usedasa \bridge" betweenreduceddimensionalclustersand the

full dimensionalclustersand reducesdimensionsto onelessthan the number of clusters. It is

an iterativ eprocess,swappingbetweenreduceddimensionsand the original space.This work

focusesmainly on the simplest model, spherical Gaussianclustering. Another dimension

reduction technique is given by Chakrabarti and Mehrotra (2000), which useslocal rather

than globalcorrelations. Therearea number of parameters,such asthe maximum dimension

allowed in a cluster, that must be speci�ed, for which the optimal valuesare not all obvious

from the data.

A di�erent approach taken in Mitra, Murth y, and Pal (2002), is more similar to a �lter

selectiontechnique than the wrapper techniquesmore usually looked at. Sinceit is a one-

step pre-clustering processwith no search involved it is very fast, but it takes no account

of any clustering structure when selectingthe variables. In a similar vein Talavera (2000)

usesa �lter method of subsetselectionbut has no explicit method of deciding how many

variablesshould be used.

Several approachesto variable selectionfor heuristic clustering methods have beenpro-

posed. One of the methods of feature selectionfor the more heuristic distance-basedclus-

tering algorithms is given by McCallum, Nigam, and Ungar (2000)which involvesswitching

between \cheap" and \expensive" metrics. A method for k-meansclustering variable se-

lection is given by Brusco and Cradit (2001) which is basedon the adjusted RAND index

in order to measuresimilarity of clusteringsproduced by di�erent variables. However this

requiresprior speci�cation of number of clustersand there are problemswhen the variables

are highly correlatedand there are outliers present in the data. Other methods for variable

selectionfor heuristic clustering include that of Devaney and Ram (1997), who considera

stepwiseselectionsearch run with the COBWEB hierarchical clustering algorithm.

Friedman and Meulman (2004) approach the problem in terms of maximizing an appro-

priate function in terms of weights of variables and di�erent clusterings. Di�eren t weights

are selecteddepending on the scaleof the data for that variable. Since the variables are

weighted, rather than selectedor removed, there is no actual dimensionreduction although

it does allow emphasison di�erent variables for di�erent clusters. The number of groups

must be speci�ed by user. Work in a similar vein was done by Gnanadesikan, Kettenring,

and Tsao (1995). A similar idea in terms of weighting variablesbut with a di�erent function

to be optimized is suggestedby Desarbo, Carroll, Clarck, and Green(1984), wherethe sum
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of weighted squareddistancesbetween data points in groups of variables and a distance

basedon linear regressionon cluster membership is usedas the function.

We have developed and described our method in the context of clustering based on

continuous measurements that can be represented, at least approximately, using normal

distributions. However, the samebasic ideascan be applied to variable selectionin other

clustering contexts, such as clustering multiv ariate discrete data using latent classmodels

(Clogg and Goodman 1984;Becker and Yang 1998), or more generally, Bayesiangraphical

modelswith a hidden categoricalnode (Chickering and Heckerman1997). When the present

approach is adapted to these other clustering problems, it should retain the aspects that

make it 
exible, especially its abilit y to simultaneously estimate the number of clustersand

group structure, as well as selectingthe clustering variables.

App endix: Variable Selection and Clustering Algorithm

Herewe give a more completedescription of the variable selectionand clustering algorithm.

� ChooseGmax , the maximum number of clustersto be consideredfor the data.

� First step : The �rst clustering variable is chosen to be the one which gives the

greatest di�erence between the BIC of clustering on it (maximized over number of

groups from 2 up to Gmax and di�erent parameterisations)and BIC of no clustering

(single group structure maximized over di�erent parameterisations)on it, whereeach

variable is looked at separately. We do not require that the greatest di�erence be

positive.

Speci�cally, we split Y (3) = Y into its variablesy1; : : : ; yD 1 . For all j in 1; : : : ; D1 we

compute the approximation to the Bayesfactor in (6) by

BI Cdi� (yj ) = BI Cclust (yj ) � B I Cnot clust (yj )

whereBI Cclust (yj ) = max2� G� Gmax ;m2f E ;V gf B I CG;m (yj )g, with B I CG;m (yj ) being the

BIC given in (1) for the model-basedclustering model for yj with G groupsand model

m being either the one-dimensionalequal-variance(E) or unequalvariancemodel (V),

and BI Cnot clust (yj ) = BI Creg as given in (7) (for a regressionmodel with constant

mean) with dim(Y (1) )=0.

We choosethe best variable, yj 1 , such that

j 1 = arg max
j :y j 2 Y

(B I Cdi� (yj ))
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and create

Y (1) = (yj 1)

and Y (3) = Ynyj 1

whereYnyj 1 denotesthe set of variablesin Y excluding variable yj 1 .

� Second step : Next the set of clustering variables is chosento be the pair of vari-

ables,including the variable selectedin the �rst step, that givesthe greatestdi�erence

between the BIC for clustering on both variables (maximized over number of groups

from 2 up to Gmax and di�erent parameterisations)and the sum of the BIC for the

univariate clustering of the variable chosenin the �rst step and the BIC for the linear

regressionof the new variable on the variable chosenin the �rst step. Note that we do

not assumethat the greatestdi�erence is positive sincethe only criterion the variables

needto satisfy is being the best initialisation variables.

Speci�cally, wesplit Y (3) into its variablesy1; : : : ; yD 2 . For all j in 1; : : : ; D2 wecompute

the approximation to the Bayesfactor in (6) by

BI Cdi� (yj ) = BI Cclust (yj ) � B I Cnot clust (yj )

whereBI Cclust (yj ) = max2� G� Gmax ;m2 M f B I CG;m (Y (1) ; yj )g with BI CG;m (Y (1) ; yj ) be-

ing the BIC given in (1) for the model-basedclusteringmodel for the dataset including

both the previously selectedvariable (contained in Y (1) ) and the new variable yj with

G groups and model m in the set of all possiblemodels M , and BI Cnot clust (yj ) =

BI Creg + BI Cclust (Y (1) ) whereBI Creg is given in (7) (the regressionmodel with inde-

pendent variable Y (1) and dependent variable yj ) when dim(Y (1) )=1 (the number of

variablescurrently selected)and BI Cclust (Y (1) ) is the BIC for the clustering with only

the currently selectedvariable in Y (1) .

We choosethe best variable, yj 2 , with

j 2 = arg max
j :y j 2 Y (3)

(B I Cdi� (yj ))

and create

Y (1) = Y (1) [ yj 2

and Y (3) = Y (3) nyj 2

whereY (1) [ yj 2 denotesthe set of variablesincluding thosein Y (3) and variable yj 2 .
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� General Step [Inclusion part] : The proposednew clustering variable is chosento

be the variable which givesthe greatestdi�erence betweenthe BIC for clustering with

this variable included in the set of currently selectedclustering variables (maximized

over numbers of groups from 2 up to Gmax and di�erent parameterisations)and the

sum of the BIC for the clustering with only the currently selectedclustering variables

and the BIC for the linear regressionof the new variable on the currently selected

clustering variables.

� If this di�erence is positive the proposedvariable is addedto the set of selectedclus-

tering variables. If not the set remainsthe same.

Speci�cally, at step t we split Y (3) into its variablesy1; : : : ; yD t . For all j in 1; : : : ; D t

we compute the approximation to the Bayesfactor in (6) by

BI Cdi� (yj ) = BI Cclust (yj ) � B I Cnot clust (yj ) (8)

whereBI Cclust (yj ) = max2� G� Gmax ;m2 M f B I CG;m (Y (1) ; yj )g, with B I CG;m (Y (1) ; yj ) be-

ing the BIC given in (1) for the model-basedclusteringmodel for the dataset including

both the previously selectedvariables(contained in Y (1) ) and the new variable yj with

G groups and model m in the set of all possiblemodels M , and BI Cnot clust (yj ) =

BI Creg + BI Cclust (Y (1) ) whereBI Creg is given in (7) (the regressionmodel with inde-

pendent variables Y (1) and dependent variable yj ) when dim(Y (1) )= (the number of

variablescurrently selected)and BI Cclust (Y (1) ) is the BIC for the clustering with only

the currently selectedvariablesin Y (1) .

We choosethe best variable, yj t , with

j t = arg max
j :y j 2 Y (3)

(B I Cdi� (yj ))

and create

Y (1) = Y (1) [ yj t if B I Cdi� (yj t ) > 0

and Y (3) = Y (3) nyj t if B I Cdi� (yj t ) > 0

otherwiseY (1) = Y (1) and Y (3) = Y (3) .

� General Step [Remo val part] : The proposedvariable for removal from the set of

currently selectedclustering variablesis chosento be the variable from this set which

givesthe smallestdi�erence betweenthe BIC for clustering with all currently selected
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clustering variables(maximized over number of groupsgreater than 2 up to Gmax and

di�erent parameterisations)and the sum of the BIC for clustering with all currently

selectedclusteringvariablesexceptfor the proposedvariable and the BIC for the linear

regressionof the proposedvariable on the other clustering variables.

� If this di�erence is negative the proposedvariable is removed from the set of selected

clustering variables. If not the set remainsthe same.

In terms of equationsfor step t + 1, we split Y (1) into its variablesy1; : : : ; yD t +1 . For

all j in 1; : : : ; D t+1 we compute the approximation to the Bayesfactor in (6) by

BI Cdi� (yj ) = BI Cclust � B I Cnot clust (yj )

whereBI Cclust = max2� G� Gmax ;m2 M f B I CG;m (Y (1) )g with BI CG;m (Y (1) ) beingthe BIC

given in (1) for the model-basedclustering model for the dataset including the previ-

ously selectedvariables(contained in Y (1) ) with G groupsand model m in the set of all

possiblemodelsM , and BI Cnot clust (yj ) = BI Creg + BI Cclust (Y (1) nyj ) whereBI Creg is

given in (7) (the regressionmodel with independent variablesbeing all of Y (1) except

yj and dependent variable yj ) when dim(Y (1) )= (the number of variables currently

selected)-1and BI Cclust (Y (1) nyj ) is the BIC for the clustering with all the currently

selectedvariablesin Y (1) except for yj .

We choosethe best variable, yj t +1 , with

j t+1 = arg min
j :y j 2 Y (1)

(B I Cdi� (yj ))

and create

Y (1) = Y (1) nyj t +1 if B I Cdi� (yj t +1 ) � 0

and Y (3) = Y (3) [ yj t +1 if B I Cdi� (yj t +1 ) � 0

otherwiseY (1) = Y (1) and Y (3) = Y (3) .

� After the �rst and secondstepsthe generalstep is iterated until consecutive inclusion

and removal proposalsare rejected. At this point the algorithm stops as any further

proposalswill be the sameonesalready rejected.
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