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Abstract

Shape constrained densities are encountered in many nonparametric estimation
problems. The classes of monotone or convex (and monotone) densities can be viewed
as special cases of the classes of k—monotone densities. A density g is said to be
k—monotone if and only if (—1)'¢) is nonnegative, nonincreasing and convex for [ =
0,...,k—2if k> 2, and ¢ is simply nonincreasing if £k = 1. These classes of shaped
constrained densities bridge the gap between the classes of monotone (1-monotone)
and convex decreasing (2-monotone) densities for which asymptotic results are known,
and the class of completely monotone (co—monotone) densities. It is well-known that
a density is completely monotone if and only if it is a scale mixture of exponential
densities (Bernstein’s theorem). Thus one motivation for studying the problem of
estimation of a k—monotone density is to try to gain insight into the problem of
estimating a completely monotone density.

In this series of four papers we consider both (nonparametric) Maximum Likelihood
estimators and Least Squares estimators of a k—monotone estimator. In this first part
(part 1), we prove existence of the estimators and give careful characterizations. We
also establish consistency properties, and show that the estimators are splines of order
k (degree k — 1) with simple knots. We further provide asymptotic minimax risk lower
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bounds for estimating a k—monotone density go(zo) and its derivatives géj )(:co) at a
fixed point x¢ under the assumption that (—l)kg(()k) (x0) > 0.

Part 2 of the series gives algorithms for computation of the estimators and an
application of the methods to earthquake aftershock data. In part 3 we describe and
establish existence of the limiting process Hy, which governs the asymptotic distribution
theory modulo a certain conjecture involving a Hermite interpolation problem. In part
4 we give the limiting distribution theory in terms of Hj, again modulo the same
Hermite interpolation problem.
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1 Introduction

Shape constrained densities are encountered in many nonparametric estimation
problems. Monotone densities arise naturally via connections with renewal theory
and uniform mixing (see VARDI (1989) and WOODROOFE AND SUN (1993) for
examples of the former, and WOODROOFE AND SUN (1993) for the latter in an
astronomical context). Convex densities arise in connection with Poisson process
models for bird migration and scale mixtures of triangular densities; see e.g. HAMPEL
(1987), ANEVSKI (2003), and LAVEE, SAFRIE, AND MEILIJSON (1991).

Estimation of monotone densities was initiated by GRENANDER (1956) (with
related work by AYER, BRUNK, EwWING, REID, AND SILVERMAN (1955), BRUNK
(1958), and VAN EEDEN (1956), VAN EEDEN (1957)). Asymptotic theory of the
maximum likelihood estimators was developed by PRAKASA RA0 (1969) with later
contributions by GROENEBOOM (1985), GROENEBOOM (1989), BIRGE (1987), BIRGE
(1989), and KiMm AND POLLARD (1990).

Estimation of convex densities was apparently initiated by ANEVSKI (1994) (see
also ANEVSKI (2003)), and was pursued by WANG (1994) and JONGBLOED (1995).
The limit distribution theory for the (nonparametric) maximum likelihood estimator
and its first derivative at a fixed point was obtained by GROENEBOOM, JONGBLOED,
AND WELLNER (2001B).

Our goal here (and in the accompanying papers BALABDAOUI AND WELLNER
(2004A), BALABDAOUI AND WELLNER (2004B), and BALABDAOUI AND WELLNER
(2004¢)) is to develop nonparametric estimators and asymptotic theory for the classes
of k-monotone densities on (0,00) defined as follows: ¢ is a k—monotone density on
(0,00) if and only if ¢ is nonnegative and (—1)'g() is nonincreasing and convex for
1 €{0,...,k—2} for k > 2, and simply nonnegative and nonincreasing when k = 1. As
will be shown in section 2, it follows from the results of WILLIAMSON (1956), LEVY
(1962), and GNEITING (1999) that g is a k—monotone density if and only if it can be
represented as a scale mixture of Beta(1, k) densities; i.e. with z = z1{x > 0},

<k
o) = [ -l )
oY

for some distribution function F on (0,00). Note that for £k = 1 this recovers the
well known fact that monotone densities are in a one-to-one correspondence with scale
mixtures of uniform densities, and, for k = 2, the corresponding fact frequently used by
GROENEBOOM, JONGBLOED, AND WELLNER (2001B) that convex decreasing densities
are in a one-to-one correspondence with scale mixtures of the triangular, or Beta(1,2),
densities.

Our motivation for studying nonparametric estimation in the classes Dy, has several
components: besides the obvious goal of generalizing the existing theory for the
1—monotone (i.e. monotone) and 2—monotone (i.e. convex and decreasing) classes
D1 and D,, these classes play an important role in several extensions of Hampel’s bird



migration problem which will be discussed further in BALABDAOUI AND WELLNER
(2004D). They also provide a potential link to the important limiting case of the
k—monotone classes, namely the class D, of completely monotone densities. Densities
g in Dy, have the property that (—1)'g(®)(z) > 0 for all z € (0,00) and I € {0,1,...}.
It follows from Bernstein’s theorem (see e.g. FELLER (1971), page 439, or GNEITING
(1998)) that g € Dy if and only if it can be represented as a scale mixture of
exponential densities; i.e.

o(z) = /0 "y exp(—/y)dF(y)

for some distribution function F' on (0,00). Completely monotone densities arise
naturally in connection with mixtures of Poisson processes and have been used in
reliability theory (see e.g. HARRIS AND SINGPURWALLA (1968), DOYLE, HANSEN,
AND McNocrry (1980), HILL, SAUNDERS, AND LAUD (1980)), and empirical Bayes
estimation (see ROBBINS (1964) and ROBBINS (1980)). JEWELL (1982) initiated the
study of maximum likelihood estimation in the family D, and succeeded in showing
that the MLE F), of the mixing distribution function F' is unique and almost surely
weakly consistent. Although consistency of the MLE follows now rather easily from the
results of PFANZAGL (1988) and VAN DE GEER (1993), little is known about rates of
convergence or asymptotic distribution theory for either the estimator g, of the mixed
density g in Dy, (the “forward” or “direct” problem) or the estimator F,, of the mixing
distribution function F' (the “inverse” problem). Although our present methods do not
yield solutions of these difficult questions, the development of methods and theory for
general k—monotone densites may throw some light on the issues and problems.

Now we briefly describe the contents of the four related papers of which the present
manuscript is part 1. In this paper (part 1), we consider the Maximum Likelihood §,
and Least Squares g, estimators of a density gg € Dy, for a fixed integer k > 2 based on
a sample Xq,..., X, i.i.d. with density gg. We show that the estimators exist, provide

characterizations, and establish consistency of the estimators and their derivatives g,(i )

and gﬁi ) for jeA{l,...,k — 1} (uniformly on closed sets bounded away from 0). In

section 4 we establish asymptotic minimax lower bounds for estimation of g((]] )(xo),
7 =0,...,k—1 under the assumption that g(()k) (zo) exists and is non-zero. In part 1
we also include statements of known results for estimation of a completely monotone
density gg € Deo-

In part 2 (BALABDAOUI AND WELLNER (2004A)) we provide algorithms for
computation of the estimators and for computation of (approximations to) the limit
process H.j, defined in part 3 (BALABDAOUI AND WELLNER (2004B)). We call the
basic algorithm developed and used in part 2 an iterative (2k — 1)—spline algorithm
since it extends the “cubic spline algorithm” developed in GROENEBOOM, JONGBLOED,
AND WELLNER (2001A) and GROENEBOOM, JONGBLOED, AND WELLNER (2003).
Part 3 is devoted to a study of the corresponding canonical Gaussian problem and



the “invelope” (k even) or envelope (k odd) processes Hy = lim. .o H.j which arise
in the solution of the Gaussian version of the problem. Thus part 3 extends and is
analogous to the treatment for the case kK = 2 given by GROENEBOOM, JONGBLOED,
AND WELLNER (2001A). Finally, part 4 (BALABDAOUI AND WELLNER (2004cC))
gives joint asymptotic distribution theory at a fixed point zy € (0, 00) of the vector of
centered and scaled derivative estimators

(n#=/ @D (G (0) = g (20)), G =0, k= 1)
where g,, is either the MLE g,, or the LSE g,,, under the assumption that g((] )( 0) exists
and is non-zero. This yields behavior of the corresponding estimators of the mixing
distribution Fy at fixed points (the inverse problem) as a corollary.

Thus the main outcome of parts 3 and 4 generalizes the asymptotic distribution
theory for estimating a nondecreasing density, and a nondecreasing and convex density
at a fixed point: If g > 0 and go is a k-monotone density defined on (0, 00) such that
go is k-times differentiable at xy with (—1)kg(()k) (xo) > 0, and g(()k) is assumed to be
continuous in a neighborhood of xg, then our goal in parts 3 and 4 is to show that

py 1 (gn(w0) — go0(0)) co(90)Hy”(0)
n3 (g o) — g o)) | | el BT O)

n2k:+1 (gg *1)( 0) o g[()k‘fl) (xo)) Ck—l(gO)H]g2k_1) (O)

and

L )k
W (By(a) — Flao) —a 0

2k—1
cr-1(g0) HZ(0),
where g, is either the MLE of LSE, F, is the corresponding estimator of the mixing
distribution function Fy,

. 1)k, k) T 27+1 2k1+1
wwz{@@m“<(”$(“> b

for j=0,---,k—1, and Hy is an almost surely uniquely defined stochastic process that
is (2k)-convex (i.e., H,g%_m exists and convex), and stays above (below) the (k—1)-fold
integral of two-sided Brownian motion plus a polynomial drift of the form #2*/(2k)!
if k is even (odd). Only a change of scale is necessary to realize that H; and Hy are
very closely related to the greatest convex minorant of W (t) + t2,¢t € R, where W is

two-sided Brownian motion, and the “invelope”, H, of

fot W(s)ds +t*, if t >0
[P W (s)ds +t4, if t <0.



Deriving the rate of convergence of both the estimators g, and g, and their derivatives
gﬁf ), gﬁi ), j=1,---,k—1, and proving the existence of the stochastic processes H} for
k > 2 involved in the joint asymptotic distribution still depends on a key conjecture:
that the distance between two successive knots of the MLE or LSE that are in the
neighborhood of x is Op(n_l/(%“)) as the sample size n — oo, and that distance
between two successive points of touch between the (k — 1)-fold integral of two-sided
Brownian motion plus ¢2* /(2k)! and Hy, is O,(1). Both problems are of the same nature
and one can go from the first to the second one via a simple scaling argument. We
refer to this common problem as the gap problem.

We will show in parts 3 and 4 that the gap problem can be reduced to the solution
of a certain problem related to Hermite interpolation. That is, the gap problem has a
solution if the following conjecture involving Hermite interpolation is true: Consider
Hermite interpolation (as described for example in NURNBERGER (1989), pages 108-
109 or DEVORE AND LORENTZ (1993) pages 161 - 162) of some smooth function f via
splines of odd-degree. More specifically, if f is some real-valued function in c [0, 1]
for some 7 > 2, 0=ty <t] < -+ < top_g < top_3 = 1 is a given increasing sequence,
then the uniquely defined spline H f of degree 2k — 1 and interior knots t1,...,top_4
satisfying the 4k — 4 conditions

(Hf)(t:) = f(t:), and (Hf)'(t;) = f'(t:;), i=0,...,2k =3,

then we conjecture that there exists a constant ¢ ; depending only on k and j such
that

sup If = Hflloo < crg I1F9 oo,
t1,tak—4€(0,1)

where || - || is the supremum norm over [0, 1].

This Hermite interpolation problem has apparently not been investigated in detail
in the spline or approximation theory literature, and hence an analysis of the
corresponding interpolation error is yet to be developed. It is, however, precisely
the interpolation problem involved in understanding our least squares estimators, both
for finite sample sizes and in the limiting Gaussian problem: as will be shown in
parts 3 and 4, the connecting link is the classical theorem of Schoenberg and Whitney
(SCHOENBERG AND WHITNEY (1953)) and its generalization by Karlin and Ziegler
(KARLIN AND ZIEGLER (1966)); see NURNBERGER (1989) page 109, or DEVORE
AND LORENTZ (1993), page 162.

However, the approximation theory literature has considered a related conjecture
for another Hermite problem whose solution is a different odd-degree spline, also called
a complete spline. Given a function f € C*=1[0,1], and an increasing sequence 0 =
to <ty < -+ <ty <tms1 =1, the complete spline interpolant, C'f, of degree 2k — 1
with interior knots t1, - - -, t,, satisfies the 2k + m conditions

{ (Cf)(tz) :f(ti)v i=1--,m
(Cf)(l)(to) = f(l)(to)a (Cf)(l)(thrl) = f(l)(tm+1)> I=0,---k—1.
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When f is in C(®*)[0, 1], the error in this more “common” Hermite problem is known to
be uniformly bounded independently of the location of the knots. This result was first
conjectured by DE BOOR (1973) in (1972) for k > 4 since it was known to be true for
k=2,3,4 (DE BOOR (1974)), DE BOOR (1976)). The problem remained unsolved for
more than 25 years: SHADRIN (2001) presents a proof of de Boor’s conjecture. Thus
there is a closely related interpolation problem in which the interpolation error does
hold uniformly in the knots, and this gives some hope that “uniformity in the knots”
will hold in our problem as well.

In our Hermite interpolation problem, the spline interpolant matches not only the
value of the function at the knots but also the value of its first derivative. So intuitively,
one should expect our spline to “behave better” than the complete spline, and the
interpolation error to be smaller. On the other hand, our conjecture is supported by
numerical evidence suggesting that c; 2, = 1/(2k)! for k = 3,4 and 5. This evidence as
well as other details related to both Hermite problems can be found in parts 3 and 4.

2 The Maximum Likelihood and Least Squares
estimators: Existence and characterization

2.1 Mixture representation of a k-monotone density

WILLIAMSON (1956) gave the following characterization of a k-monotone function on
(0, 00):

Theorem 2.1 (Williamson, 1956) A function g is k-monotone on (0,00) if and only
if there exists a nondecreasing function v bounded at 0 such that

o) = [T, e 21
0
where y4 = y1(,00)(Y)-

The next theorem gives an inversion formula for the function ~:

Theorem 2.2 (Williamson, 1956) If g is of the form (2.1) with v(0) = 0, then at a
continuity point t > 0, v is given by

k—1 ; j
_ - (DA ) (1Y
=0
For proofs of Theorems 2.2.1 and 2.2.2, see WILLIAMSON (1956). [ |



From the characterization given in (2.1), we can easily derive another integral
representation for k-monotone functions that are Lebesgue integrable on (0,0); i.e.,
167 g(@)dx < oo.

Lemma 2.1 (Integrable k—monotone characterization) A function g is an integrable

k-monotone function if and only if it is of the form

5 Lt — )kl
o(z) = /0 WdF(t), 2> 0 (2.2)

where F' is nondecreasing and bounded on (0,00). Thus g is a k—monotone density if
and only if it is of the form (2.2) for some distribution function F on (0, 00).

Proof. This follows from Theorem 5 of LEVY (1962) by taking k =n+1and f =0
on (—o0,0]. [

Lemma 2.2 (k-monotone inversion formula) If F in (2.2) satisfies limy_,o F'(t) =
fooo g(z)dz, then at a continuity point t > 0, F is given by

F(t)=G(t) —tg(t) + -+ %tk_lg('ﬁ_m(t) + (_kll)ktkg(k_l)(t), (2.3)

where G(t) = fot g(z)dx.

Proof. By the mixture form in (2.2), we have for all ¢ > 0

_ DR e
F(oc0) — F(t) = o /t x"dg (z).
But, for j = 1,---,k, #!GU(t) \, 0 as t — oco. This follows from Lemma 1 in
WILLIAMSON (1956) applied to the (k+1)-monotone function G(co)—G(t). Therefore,
for j=1,---,k, t7gU=D(t) \, 0 as t — oo.

Now, using integration by parts, we can write

® (DD

—1)k 0o
F(oo) = F(t) = (kll) [:ckg(k_l)(fv)]t L /t 2 1gW N (@) da

1)k _1)k—1
= _4( k:ll) tk (k—l)(t)_ ((kl_)l)!tk—lg(k—z)(t)

(_1)k—2 oo 3
+ (k—2)!/t 2% =2 (1) dx

= - (_kll)ktkg(’“‘“(t) - ((;1_)k1_)1tk_19(k_2) () /too o)

9



Using the fact that F(oo) = [° g(x)dz, the result follows. [ |

For completeness and for comparison, we also give the corresponding
characterization and inversion formula in the completely monotone case:

Lemma 2.3 (Integrable completely monotone characterization) A function g is an
integrable k-monotone function if and only if it is of the form

g(z) = /0 b %exp(—m/t)dF(t), 2> 0 (2.4)

where F' is nondecreasing and bounded on (0,00). Thus g is a completely monotone
density if and only if it is of the form (2.4) for some distribution function F' on (0,00).

Lemma 2.4 (Completely-monotone inversion formula) If F in (2.4) satisfies
limy oo F(t) = [y° g(a)dx, then at a continuity point t >0, F is given by

k 1)
F(t)= lim »_ (_j') (kt)?GY) (kt) (2.5)
— !

where G(t) = fot g(z)dzx.

The characterization in (2.2) is more relevant for us since we are dealing with k-
monotone densities. It is easy to see that if ¢ is a density, and F' is chosen to be
right-continuous and to satisfy the condition of Lemma 2.2, then F' is a distribution
function. For k = 1 (k = 2), note that the characterization matches with the well
known fact that a density is nondecreasing (nondecreasing and convex) on (0,00) if
and only if it is a mixture of uniform densities (triangular densities). More generally,
the characterization establishes a one-to-one correspondance between the class of k-
monotone densities and the class of scale mixture of Beta’s with parameters 1 and
k. From the inversion formula in (2.3), one can see that a natural estimator for the
mixing distribution F' is obtained by plugging in an estimator for the density ¢g and it
becomes clear that the rate of convergence of estimators of F' will be controlled by the
corresponding rate of convergence for estimators of the highest derivative g*=1) of g.
When k increases the densities become smoother, and therefore the inverse problem of
estimating the mixing distribution F' becomes harder.

In the next section, we consider the nonparametric Maximum Likelihood and Least
Squares Estimators of a k-monotone density gg. We show that these estimators
exist and give characterizations thereof. In the following, M, is the class of all
k-monotone functions on (0,00), Dy is the sub-class of k-monotone densities on
(0,00), X1,---, X, are ii.d. from go, and G,, is their empirical distribution function,
Gu(r) =n"t YT H{X; <z} forz >0

10



2.2 Maximum likelihood estimation of a k-monotone
density

Let
In(g) = /0 h log g(x) dGp(z)

be the log-likelihood function (really n~! times the log-likelihood function, but we will
abuse notation slightly in this same way throughout). We want to minimize [,,(g) over
g € Di. To do this, it is frequently of help to change the optimization problem to
one over the whole cone My N Li(\). This can be done by introducing the “adjusted
likelihood function” ,,(g) defined as follows:

Yn(g) = /Ooo log g(z) dGp(z) — /OOO g(x)dz,

for g € My N Li(\). Then, as in GJW (2001a), Lemma 2.3, page 1661, the maximum
likelihood estimator g, also maximizes 1, (g) over My N L1(\)

Using the integral representations established in the previous subsection, i, can
also be rewritten as

108 (f“”“ 8 gF (1 )) fO oo KO0 (1) d,
Jo  log (fy° 1 exp(—az/t)dF (t)) dG — [ J5T  exp(—x/t)dF (t)dz,

where F' is bounded and nondecreasing.

%(F) =

Lemma 2.5 The mazimum likelihood estimator g, in the classes Dy, k €
{1,2,...,00} exists and is unique. Furthermore, g, is the maximizer of 1, over
My N Li(N). Moreover, for k € {1,2,...} the density g, is of the form
.  k(ag — )kt k(@ — )k
gn,k(x) et wlAikJr + N + wm%7
af ar,
for some m = my,, while for k = 00, gn,oo s of the form

~ w1 N
Gnoo(T) = 2 exp(—x/ay) +

1 am

(—2/am)

for some m = My where Ww1,---, Wy, and ai,-- -, a4, are respectively the weights and
the support points of the mazimizing mizing distribution Fj, .

Proof. First, we prove that there exists a density g, that maximizes the “usual” log-
likelihood I,, = [ log g(2)dGy(x) over the class Dy, with k finite. For g in Dy, let F
be the distribution function such that

00 k—1
o)~ [ Wm )

11



The unicomponent likelihood curve I' as defined by LINDSAY (1983A) (see also
LiNDSAY (1995)) is then

kly— X085 k(y— X ky— X))
FZ{( yk + ) yk + y Ty yk t : yE[0,00) .

It is easy to see that I' is bounded (notice that the i-th component is equal to 0 whenever
y < X;). Also, I' is closed. By Theorems 18 and 22 of LINDSAY (1995), there exists a
unique maximizer of [, and the maximum is achieved by a discrete distribution function
that has at most n support points.

Now, let g be a k-monotone function in My N L1(X) and let [;° g(2)dx = ¢ so that
g/c € Di. We have

0nla) = balin) =[x (g)dG (@) +10g(0) — e+ 1= [ g (3u(2))dG (o)
Tiog (1) a0 - [ 108 0001464 2)

IN

0
< 0

since log(c) < ¢ — 1. Thus v, is maximized over My N L1(\) by g, € Dy.
In the case k = oo, the assertions of the lemma are proved by JEWELL (1982). W

The following lemma gives a necessary and sufficient condition for a point ¢ to be in
the support of the maximizing distribution function F,, ;. For k € {3,...} it generalizes
lemma 2.4, page 1662, GROENEBOOM, JONGBLOED, AND WELLNER (2001B).

Lemma 2.6 Let X1, ---,X,, be i.i.d. random variables from the true density gg, and
let Fy, i, and g, be the MLE of the mixing and mized distribution respectively. Then,
forke{1,2,...},

<1, (2.6)

R B k(t — X)1 ik
Hoa(0) = G ( () )

with equality if and only if t € supp(ka) ={ai, --,am}. In the case k = 0o

o (em(—X))
H, () =G, (M) <1, forall t>0 (2.7)

with equality if and only if t € supp(ﬁ’npo) ={ay, -, am}.

Remark 2.1 By factoring out t*=1 and replacing t by kv (say), it becomes clear that
the function Hy o on the right side of (2.7) is a natural limiting version as k — oo of
the functions H,,  on the right side of (2.6).

12



Proof. Since F,, maximizes the log-likelihood
1 - > k(y—Xj)i_l
S e )]
n ; 0 yk

it follows that for all ¢ > 0
(1 = €)Fy + €6;) — 1 (Fy)

lim <0.
e\.0 €
This yields
1 Zn: Bt = X557/ = 0a(X5) _
n = gn(XJ) N
or
U k(t— X))k ek
1 Z ( _ iy / <1 (2.8)
n = gn(Xj)

Now, let M, be the set defined by

1o k(= Xyt }
My,=<t>0 : — - =1,.
(>0 L

~

We will prove now that M, = supp(F,). We write Pp for the probability measure
associated with F},. Integrating the left hand side of (2.8) with respect to E},, we have

no S50 (Rt — X5kt t’“)dﬁnt no
g (e = X5 )ar (o i,
n 2 3a(X) 02 (X))
But, using the definition of M,,, we can write,
Lo I (k(t—xj)ﬁ—l/tk>dﬁn(t)
1 = = .
nj:l gn(Xj)
Lo <k(t — Xj)’_fl/t’“> )
= Py (M,)+ — / - dF,(t),

and so

Lo <k(t — Xj)’i—l/t’“>
S\, T st gn(X;)
Pp (RT\ M,), if P, (RT\ M,) > 0.

dF,(t)

Py (RF\ M,) = /R

N

13



This is a contradiction and we conclude that Pp, (R+ \ M,) =0.
The proof of the result for k = oo is given by JEWELL (1982), page 481. |

2.3 The Least Squares estimator of a k-monotone density

The least squares criterion is

Qo) =3 [ P [ gt (29)

We want to minimize this over g € Dy N La(\), the subset of square integrable
k—monotone functions. Although existence of a minimizer of @, over Dy N La(\)
is quite easily established, the minimizer has a somewhat complicated characterization
due to the density constraint fooo g(x)dr = 1. Therefore we will actually consider
the alternative optimization problem of minimizing @, (g) over My N La(A). In this
optimization problem existence requires more work, but the resulting characterization
of the estimator is considerably simpler. Further we will show that even though the
resulting estimator does not necessarily have total mass one, it does have total mass
converging almost surely to one and it consistently estimates gy € Dy.

Using arguments similar to those in the proof of Theorem 1 in WILLIAMSON (1956),
one can show that g € My, if and only if

wwzﬁw@—mfwmw

for a positive measure p on (0,00). Thus we can rewrite the criterion in terms of the
corresponding measures u: by Fubini’s theorem

/Ooo / / k() du(t)du(t’)

o0 tAt
Tk(t,t/) = / (t — x)/ifl(t/ _ l‘)iﬁldl‘ _ / (t . :L‘)k_l(t, . l’)k_ldaj,
0 0

/Ooog(x)dGn(x) — /Ooo/ooo(t_x)i—ldu(t)dqgn(x):/Ooosnyk(t)du(t)

where

where

and

sni(t) = Ga((t — X)571).
Hence it follows that, with g = g,

5 [ Ot = [ sunoduty = w00
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Now we want to minimize ®,, over the set X’ of all non-negative measures p on R*.
Since ®,, is convex and can be restricted to a subset C of X on which it is lower
semicontinuous, a solution exists and is unique.

Proposition 2.1 The problem of minimizing ®, () over all non-negative measures
has a unique solution fi.

Proof. Existence follows from ZEIDLER (1985), Theorem 38.B, page 152. Here we
verify the hypotheses of that theorem.

We identity X of Zeidler’s theorem with the space X of nonnegative measures on
[0,00), and we show that we can take M of Zeidler’s theorem to be

C={peX: ultoo) <Dt~ *1/21

for some constant D < oco.

First, we can, without loss, restrict the minimization to the space of non-negative
measures on [X(l), o0) where X(1) > 01is the first order statistic of the data. To see this,
note that we can decompose any measure p as p = p1 + p where p is concentrated
on [0, X(1)) and p2 is concentrated on [X(yy,00). Since the second term of ®,, is zero
for p1, the contribution of the pu; component to ®,(u) is always non-negative, so we
make inf @, (x) no larger by restricting to measures on [X (), 00).

We can restrict further to measures p with [ th=1du(t) < D for some finite D =
D,,. To show this, we first give a lower bound for r4(s, t).

For s,t > tg > 0 we have

1— et
r(s ) > L0 oty (2.10)
2k
where vy ~ 1.59. To prove (2.10) we will use the inequality
(1—v/k)1>ev,  0<v<wvy, k>2. (2.11)

(This inequality holds by straightforward computation; see HALL AND WELLNER
(1979), especially their Proposition 2.) Thus we compute

re(s,t) = /0 (s—m)f‘fl(t—a}){fl dz
= s RCEEE SRR
S kl/oo AL At
=t <1 sk>+ (1 tk>+ dy

vo (tAs
18k—1tk—1/ o )e—y/se—y/tdy
k 0

v
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1 ’Uo(t/\s)
= kskltkl/ e~ “Ydy, c=1/s+1/t
0

1 1 vo (tAS)
= sk_ltk_l/ ce” Ydy,
0

k c

_ Ll

= L (L exp(e(t A s)en))
1

> kklﬁlcu—wm )

since

c(s/\t):stt(s/\t):{ (ti‘s)/t’ s=t }21.

s (t+s)/s, s>t

1 st s
- = —S
T W)+ (D) s+t 2 20

for s,t > tg, so we conclude that (2.10) holds.

From the inequality (2.10) we conclude that for measures p concentrated on
[X(1),00) we have

//Tk s, t)dp(s)du(t) > (- G_ZO)X(I) </0<>0 tk_ld,u(t)>2 .

On the other hand,
o0 [ee]
/ Sn(t)du(t) < / t*Ldu(t) .
0 0

Combining these two inequalities it follows that for any measure p concentrated on
[X(1),00) we have

Do) = // () Oau(s) = [ snatautt)
> ;ﬁ<”(4 ﬁlwm02—éwﬁlmm>

2
= Amk_l — Mk—1 .

But we also have

This lower bound is strictly positive if

4k

me—1 >1/A= —---r:—.
w11 (1 —em) X

But for such measures p we can make ® smaller by taking the zero measure. Thus we
may restrict the minimization problem to the collection of measures p satisfying

me_1 < 1/A. (2.12)

16



Now we decompose any measure p on [X(1),00) as = 1+ pg where p is concentrated
on [X(1), M X(y,)] and p2 is concentrated on (M X, 00) for some (large) M > 0. Then
it follows that

Pn(p) = //Tk (t, s)dua(t)dus(s) — / = dp(t)
(1—e")MX
> 0 W) (M X ()2 2 (M X ), 00)® — 1/A

BM(MX(,L),OO) - 1/A >0

if
1 4k 4k
AB (1 - €_U0>X(1) (1 — e—vo)(MX(n))Zk—l ’

M(MX(n)v 00)2 >

and hence we can restrict to measures p with

4k 1

(1— e_UO)X(ll/)QX?n_)l/Q MkE-1/2

p(M Xy, 00) <

for every M > 1. But this implies that u satisfies
o
/ t*=3/4qu(t) < D
0

for some 0 < D = D, < oo, and this implies that t*~! is uniformly integrable over
1 € C. Alternatively, for A > 1 we have

/ tldut) = M\, o0) + (k — 1)/ s*2 (s, 00)ds
> A
< )\k*l K (k . 1) * k72K 7(k71/2)d
- 2\k—1/2 s s
= KXxV24 1)K / s732ds
< KAV 4 (k—1)2KAV?
— 0 as A — oo

uniformly in u € C.
This implies that for {u,,} C C satisfying ., = o we have

o0 oo
limsup/ S () d e (t) g/ Spk(t)dpo(t) ,
0 0
and hence ® is lower-semicontinuous on C:

lim inf @, () > P(uo) -

m—00

17



Since ®,, is lower semi-compact (i.e. the sets C, = {u € C: ®,(u) < r} are compact
for r € R), the existence of a minimum follows from ZEIDLER (1985), Theorem 38.B,
page 152. Uniqueness follows from the strict convexity of ®,,. |

The following proposition characterizes the least squares estimators.

Proposition 2.2 For k € {1,2,...} define Y, and lEIn,k respectively by

t ptp—1 to
Yn,k(t) = / / e Gn(tl)dtldtg cee dtk_l, X 2 O,
0 JO 0

and

5 t tr to
Hn’k(t) = / / cee / gn(tl)dtldtg ce dtk, xr > 0.
0 JO 0

Then gnx is the LS estimator over My N La(N) if and only if the following conditions
are satisfied for g, and Hy j:

Hpi(t) > Yoi(t),  for t>0,
and (2.13)

Hy k() = Yy k(1) Jor t e SUPP{Fn,k}'

Remark 2.2 Note that for k € {1,2,...} the processes Y}, and fNIn’k can be written
in the more compact forms

t(p_ )kl
vuut) = [ e )

and

~ t(f— )kl
Hn’k(t):/o (t(k_)l)!gn(x)dx.

Proof. Let §, € My N La(\) satisfy (2.13), and let g be an arbitrary function in
M. N La(N). Then

Qul) = Quln) = 5 [ P@)dn 5 [ G@ide — [9@)dGala) + [ da()d€)

Now, using integration by parts
| @) = 3.6, @)

= TG () - §.(2))da

= /003(/0 Gn(y)dy) (¢"(x) = Gn(x))da

= (-1 /OOO ¥, () (dg* D (2) — dg#—V (),

18



and
/0 " (@) - B ())de
- /0°O< (2) + 30 (2))(9(2) — () de

(e f o

= 0 [T (Gl + ) g @) — dgE V)
where G}, is the k-th order integral of g. Hence,
Qu(6) = Qulan) = 51" [ (Gulo) + Au()(dg (o) — dgft D o)
- (-1 /OOO ¥, (2)(dg* V() - dgif V()
— S / " (Gue) ~ Ba@)(dg () — dgfD ()
0
0 [ @) = V@) ) gl @)
> (0 [ (o) ~ Yl g @) - dgfE D)),
0
To see that, we notice (using integration by parts) that

k 0
(—1)* /0 (Gular) — Ho(a)) (dg® V() — g (z)) = /0 (9(2) — Gu(2))?da.

But condition (2.13) implies that

/ooo(ffn(l“) — Yu(2))dgitV (z) = 0.

Therefore,

Q) = Q@) > [ (afa) = V@) (=1)dg* () 20,
since H, > Y, and (=1)*2dg* 1 (z) = (=1)dg* =V (z) > 0 because (—1)F2g—2)
is convex.

Conversely, take g, € My, to be

_ okl
ale) = S ez
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We have:

. Qn(gn +€egt) — Qn(gn) bt — )kt t(t— x)k1
lgr(l) € = /0 Wgn(m)dx - A Wd(@n(l‘)

Using integration by parts, we obtain

0 < lim Qn(gn + th) - Qn(gn) _ f{n(t) _ Yn(t).

e—0 €

Finally, since g, maximizes @, it follows that

_ ian((l'i'E)gn)_Qn(gn): OO~2$ - — . T x
0 = 1 /0 G (x)d /Ogn< )G ()

e—0 €

- /ooomn(:c) — Yo () (~1)F g (),

which holds if and only if the equality in (2.13) holds. (Additional argument needed
for the k = oo case...?!) [

In order to prove that the LSE is a spline of degree k — 1, we need the following
result.

Lemma 2.7 Let [a,b] C (0,00) and let g be a nonnegative and nonincreasing function
on [a,b]. For any polynomial Py_1 of degree < k — 1 on [a,b], if the function

A(t) = /0 (t —s)Lg(s)ds — Pp_1(s), t€ [a,b]

admits infinitely many zeros in |a,b], then there exists to € [a,b] such that g = 0 on
[to,b] and g > 0 on [a,ty) if to > a.

Proof. By applying the mean value theorem k times, it follows that (k — 1)lg = A
admits infinitely many zeros in [a,b]. But since g is assumed to be nonnegative and
nonincreasing, this implies that if ¢y is the smallest zero of g in [a,b], then g = 0 on
[to, b]. By definition of ¢y, g > 0 on [a, t) if tp > a. [ ]

Remark 2.3 In the previous lemma, the assumption that A has infinitely many zeros
can be weakened. Indeed, we obtain the same conclusion if we assume that A has k+1
distinct zeros in |a, b].

Now, we will use the characterization of the LSE g, together with the previous
lemma to show that it is a finite mixture of Beta(1,k)’s. We know from Proposition
2.13 that g, is the LSE if and only if

Ho(t) > Ya(t), fort>0, (2.14)
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and
/ " (Bat) ~ Ya) da D 5) =0 (2.15)
0

where

B b g)kl
= [ (t(k_)mgn(t)dt,

and

t(p_ gkl
w0 = [ e,

The condition in (2.15) implies that H,, and Y,, have to be equal at any point of increase

of the monotone function (—1)’“*1@(1]6_1). Therefore, the set of points of increase of

(—1)]“_1‘(},(1’671) is included in the set of zeros of the function A,, = H,, — Y,,. Now, note
that Y,, can be given by the explicit expression:

n

I 1 k—1

Y, (t) = - Din Z:(t - X!, fort>o0.

In other words, Y, is a spline of degree k& — 1 with simple knots Xy, -+, X(,) (for a
definition of the multiplicity of knots, see e.g. DE BOOR (1978), page 96, or DEVORE

AND LORENTZ (1993), page 140). Also note that the function (—1)’“_1@7(1]671) cannot
have a positive density with respect to Lebesgue measure \. Indeed, if we assume
otherwise, then we can find 0 < j < n and an interval I C (X(;), X(j41)) (with

Xy =0 and X¢,41) = o0) such that I has a nonempty interior, and H,, = Y,, on I.

k)

This implies that fL(lk) = Y% = 0, since Y, is a polynomial of degree k — 1 on I, and

hence g, = 0 on I. But the latter is impossible since it was assumed that (—1)*~1 §7(~ka1)
was strictly increasing on I. Thus the monotone function (—1)*! gﬁf‘” can have only

two components: discrete and singular. In the following theorem, we will prove that it
is actually discrete with finitely many points of jump.

Proposition 2.3 There exists m € N\{0}, a1,---,am, and wy,---,W,, such that for
all x > 0, the LSE g, s given by

k(a1 —=)i!

~k
ay

k(@ — x)i_l

7 (2.16)

(@) = T

Proof. We need to consider two cases:

(i) The number of zeros of A, = H, — Y, is finite. This implies by (2.15) that the
number of points of increase of (—1)k_1§7(1k_1) is also finite. Therefore, (—1)’“_1@(1]6_1)
is discrete with finitely many jumps and hence g, is of the form given in (2.16).
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(ii) Now, suppose that A, has infinitely many zeros. Let j be the smallest integer in
{0,---,n—1} such that [X(;), X(j41)] contains infinitely many zeros of A, (with X)) =
0 and X(,41) = 00). By Lemma 2.7, if ¢; is the smallest zero of g, in [X (), X(j31)],
then g, = 0 on [tj, X(j11)] and g, > 0 on [X(;),t;) if t; > X(;). Note that from the
proof of Proposition 2.1, we know that the minimizing measure fi,, does not put any
mass on (0, X(l)], and hence the integer j has to be strictly greater than 0.

Now, by definition of j, A,, has finitely many zeros to the left of X (j)» Which implies

that (—1)F1 gff‘” has finitely many points of increase in (0, X(;)). We also know that

gn = 0 on [tj,00). Thus we only need to show that the number of points of increase
of (—1)k_1§,gk_1) in [X(jy,t;) is finite, when ¢; > X(;). This can be argued as follows:
Consider z; to be the smallest zero of A,, in [X(j), X(j;1)). If 2; > t;, then we cannot
possibly have any point of increase of (—1)*~! §§Lk_1) in [X(;),t;) because it would imply
that we have a zero of A,, that is strictly smaller than z;. If z; < t;, then for the same
reason, (—1)]“_1@(1]671) has no point of increase in [X(;,z;). Finally, (—1)’“_1@7(1]?71)
cannot have infinitely many points of increase in [2j,t;) because that would imply that
Ay, has infinitely zeros in (zj,t;), and hence by Lemma 2.7, we can find t; € (z;,t;)
such that g, = 0 on [t}, #;]. But this impossible since g, > 0 on [X;), ;). [ |

3 Consistency

In this section, we will prove that both the MLE and LSE are strongly consistent.
Furthermore, we will show that this consistency is uniform on intervals of the form
[c,00), where ¢ > 0.

3.1 Consistency of the maximum likelihood estimator

Consistency of the maximum likelihood estimators for the classes Dy in the sense
of Hellinger convergence of the mixed density is a relatively simple straightforward
consequence of the methods of PFANZAGL (1988), VAN DE GEER (1993), and VAN DE
GEER (1996). As usual, the Hellinger distance H is given by H?(p,q) = (1/2) [{\/p—
\/a)Qd,u for any common dominating measure p.

Proposition 3.1 Suppose that Gy ) is the MLE of gy in the class Dy, k € {1,...,00}.
Then
H(gn,kﬁgO) —a.s. O as n — oo.

Furthermore ka —q Fo almost surely where ank is the MLE of the mizing distribution
function Fy.

Proof. This follows from the methods of PFANZAGL (1988), VAN DE GEER (1993),
and VAN DE GEER (1996), by using the Glivenko-Cantelli preservation theorems of
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VAN DER VAART AND WELLNER (2000). See also VAN DE GEER (1999), page 54,
example 4.2.4, and WELLNER (2003B), pages 98 to 99.
[ |

The following lemma establishes a useful bound for k-monotone densities.

Lemma 3.1 If g is a k-monotone density function then

g(z) < % <1 - ;)k_l

for all x > 0.
Proof. We have

o) = [ hw-atarg =1 [T D)

Y T Y )

1 k Uk
< = sup s <1 - a:) == sup u(l—u)*!
T x<y<oo Y ) T o<u<l

k—1
-1
T k

k—1

since, with gi(u) = u(1 — u)"~* we have

gh(u) = (1= )" —u(k = 1)(1 - ) = (1 = w)* (1 ~ ku)

which equals zero if u = 1/k and this yields a maximum. (Note that when k = 2, this
bound equals 1/(2x) which agrees with the bound given by JONGBLOED (1995), page
117 in this case.) [ |

Proposition 3.2 Let gy be a k-monotone density on (0,00) and fiz ¢ > 0. Then

Sl;p |gn(z) — go(x)| —a.s. 0, as n — oo.
X

Proof. Let Fy be the mixing distribution function associated with gg. Then for all
x > 0, we have

00 — k—1
90($) :/0 Wng(t).

Now, let Y1,---,Y,, be iid. from Fy. Taking m = n, let [,, be the corresponding
empirical distribution and g, the mixed density

0 L(t — k—1
gn(x):/o (t:)*dﬁ?n(t), z > 0.
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Let d > 0. Using integration by parts, we have for all z > d

00 — k—1
@) - ol = | [~ W= am, - R

tk
_ /;0 k(k — 1)tk(t — x)k_;k_ kth=1(t — z)k—1 (F, FO)(t)dt’
< (/oo kz(t_:]jﬁdt + /Oo k%wczt) IFn — Folloo
< (/Oo k(t_;,?k_th + k? /OO (t_;?k_th) IFy, — Folloo
d d
< (o0 [T ) i - Rl

- C& HFn'_}%Hay
By the Glivenko-Cantelli theorem, the sequence of k-monotone densities (g,),, satisfies

sup [gn(7) — go(x)| —a.s. 0, as n — oo,
z€[d,00)

Since the MLE §,, maximizes the criterion function over the class My N L;i(\), we have

1{% (Yn((1 = €)gn + €gn) — ¥Yn(dn)) <0,

and this is equivalent to

o0

/ 9n(®) 45 (2) < 1. (3.1)
0 gn(x)

Let F,, denote again the MLE of the mixing distribution. By the Helly-Bray theorem,

there exists a subsequence {Fl} that converges weakly to some distribution function F

and hence for all z > 0

gi(x) = g(x), as | — oo,

where
0o t— ~
g(x):/ A G L) YR S
0

The previous convergence is uniform on intervals of the form [d, o0), d > 0. This follows
since §; and § are monotone and § is continuous.

Much of the following is along the lines of JONGBLOED (1995), pages 117-119, and
GROENEBOOM, JONGBLOED, AND WELLNER (2001B), pages 1674-1675. We are going
to show that g and the true density gy have to be the same. For 0 < o < 1 define
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Na = Gy'(1 — ). Fix € so small that € < .. By (3.1) there is a number D, > 0 such
that g;(1/€) > D, for sufficiently large I. To see this, note that (3.1) implies that

G < gi(z) 1 oo
12 [ EEo > [ S8 2 2o | Tatdo),

and hence
lim nf (1) > lim inf / a(2)dGy(z) = / g0(2)dGo(z) > 0,
Tle MNe

by the choice of 7. and hence we can certainly take D, = fnio go(x)dGo(z)/2.
Hence, by continuity of g; and the bound in Lemma 3.1

1 k—1 __ ek
k) - z J gl(z)

N | =

(1-

IN

~ 1 1 _ (&%
ai(z) < ;(1 - )l =

91/ 41 is uniformly bounded on the interval [e, 7 ]. That is, there exist two constants c,
and ¢, such that for all x € [e, 7]

< 2@ o
Gi(z)
In fact,
g(@) _ gile) e ley
a(x) =~ qine) = D¢’
while

9(x) _ q(ne) _ go(ne)/2
= gi(e) = e ley

using the (uniform) convergence of g; to go. Therefore

g(z)  go(x)
a(x) (=)

uniformly on [e, 7 ]. For sufficiently large [, we have using (3.1)
Ne MNe
go(z) / (gl(x) )
- dGy(z) < = +e)dG(x) <1+e
| Gy < [ (G ) asie

But since G; converges weakly to G the distribution function of go and g¢o/g is
continuous and bounded on [e, 7], we conclude that

MNe go<x)
/ﬁ A dGoa) < 1+
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Now, by Lebesgue’s monotone convergence theorem, we conclude that

/oo 90) 16o(z) < 1,
0

g(z)

which is equivalent to

> gg(x)
A st (3.2)

Define 7 = [;° g(z)dz. Then h = 771§ is a k-monotone density. By (3.2), we have

that
Cg), (TR,
/0 o) /o i(n) =T

Now consider the function

_ m%@)x
Kig)= [ A

defined on the class Cy of all continuous densities g on [0,00). Minimizing K is

equivalent to minimizing
00 2
x
/ (90( ) +g(x)> dz.
0 g9(z)

It is easy to see that the integrand is minimized pointwise by taking g(z) = go(z).
Hence infc, K(g) > 1. In particular, K(h) > 1 which implies that 7 = 1. Now, if
g #* go at a point x, it follows that g # go on an interval of positive length. Hence,
go # g = K(g) > 1. We conclude that we have necessarily h=g=q.

We have proved that from each subsequence of §,, we can extract a further
subsequence that converges to go almost surely. The convergence is again uniform
on intervals of the form [c,00), ¢ > 0 by monotonicity of g, and § and continuity of go.

Corollary 3.1 Letc>0. Forj=1,---,k—2,

sup 169 (2) — g5 (2)] —as. 0, as n — oo,
z€c,00)

and for each x > 0 at which gy is k — 1-times differentiable,
~(k— k—1
V@) —as gy (@),

Proof. This follows along the lines of the proof in JONGBLOED (1995), page 119, and
GROENEBOOM, JONGBLOED, AND WELLNER (2001B), Lemma 3.1, page 1675. |
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3.2 The Least Squares estimator

We also have strong and uniform consistency of the LSE g on intervals of the form
[c,00),¢c > 0.

Proposition 3.3 Fir ¢ > 0 and suppose that the true k-monotone density gy satisfies
fooo x_l/QdGo(x) < o00. Then ||gn — goll2 —a.s. 0, and

sSup |§]n(x) - g(](l')‘ —a.s. 0, as n — oQ.
r>c

Proof. The main difficulty here is that we don’t know whether the LSE g, is a
genuine density; i.e. g, € My but not necessarily g, € Di. Once we show that g,
stays bounded in Lo with high probability, the proof of consistency will be much like
the one used for k = 2; i.e., consistency of the LSE of a convex and decreasing density
(see GROENEBOOM, JONGBLOED, AND WELLNER (2001B)). The proof for k = 2 is
based on the very important fact that the LSE is a density, which helps in showing
that g, at the last jump point 7, € [0,0] of g}, for a fixed § > 0 is uniformly bounded.
The proof would have been similar if we only knew that

/OO Gn(z)dr = Op(1).
0

Here we will first show that fooo G2d)\ = O(1) almost surely. From the last display
in the proof of Proposition 2.2

| @iz = [ a.@d6. )

U gn dac—/ U (2)dGyp (), (3.3)

where U, = gn/||gn||2 satisfies ||ty ||2 = 1. Take Fj to be the class of functions

Fk:{QEMk,/ g2d)\:1}.
0

In the following, we show that Fj has an envelope G € Li(Gp).

and hence

Note that for g € Fj, we have

1= / g2d\ > / g d\ > zg?(x),
0 0
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since ¢ is decreasing. Therefore

4() < — = G(a)

B

for all x > 0 and g € Fi; i.e. G is an envelope for the class Fi. Since G € L1(Gy) (by
our hypothesis) it follows from the strong law that

| inle)iGute) < [T 6@ @) e, [ G@Gala), a5 0 oo

and hence by (3.3) the integral [;* gadA is bounded (almost surely) by some constant
M.

Now we are ready to complete the proof. Most of the following arguments are similar
to those of proof of consistency of the LSE when £ = 2 as given in GROENEBOOM,
JONGBLOED, AND WELLNER (2001B).

Let 6 > 0 and 7, be the last jump point of gff‘” if there are jump points in the

interval (0, 8], otherwise we take 7,, to be 0. To show that the sequence (g, (7)),, stays
bounded, we consider two cases:

1. 7, > d/2. Let n be large enough so that fooo G2d\ < Mj,. We have

6/2
Gn(r) < 3u(6/2) < (2/5)(6/2)3n(6/2) < (2/6) /0 ()

IN

0/2 00
(2/6)\/3]2 /0 52 ()dx < /25 /0 52 ()dx

= 2M,/s. (3.4)

N /:a,%mdx

Vo /Ooo 32(z)dx = /S My,

2. 7, < /2. We have

/Tj gn(x)dx

IN

IN

Using the fact that g, is a polynomial of degree k — 1 on the interval [7,,,d] we
have

O M,

v
S~
3 53

o

3

—~

8

N—

Y

5



_19n o
o Oy
> (6= (30(0) + £ (-13O)6 )
~(k—1)
+ +(—1)’“g(';€(f!)(5 Tn)“)
= =) (3 (1- 1) + ini)
> 2 Gu(ra)
- 2k

and hence

n(Tn) < 2k~/My/6.

Therefore, combining the obtained bounds, we have for large n

Now, since G, (9) < gn(7), the sequence gy (x) is uniformly bounded almost surely
for all z > §. Using a Cantor diagonalization argument, we can find a subsequence
{n;} so that, for each > ¢, gn,(z) — g(z), as | — oo. By Fatou’s lemma, we have

/ " (§(x) — go(x))?dz < liminf / " (Gne(@) — go(2))%d. (3.6)
) )

l—o0

On the other hand, the characterization of g, implies that Q. (g,) < @Qn(g0), and this
yields

| ot = ante)?de < 2 [T (Gnle) — o) (@) — Giole)).
0 0
Thus we can write
/5 " (G (@) — go(2))2da
< /0 " (G (@) — go())2de
< 9 / (G0 (2) — 90(2)) (G () — Go()) —as. 0, (3.7)
0

as [ — o0o. The last convergence is justified as follows: since fooo ggl d\ is bounded almost
surely, we can find a constant C' > 0 such that §,, — go admits G(z) = C/\/z,z > 0,
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as an envelope. Since G € Li(Gy) by hypothesis and since the class of functions
{(9—90)lig<ar : 9 € Mg La(N)} is a Glivenko-Cantelli class for every M > 0 (each
element is a difference of two bounded monotone functions) (3.7) holds. From (3.6),
we conclude that

/5 " () — go(@))?dz <0,

and therefore, § = gp on (0,00) since 6 > 0 can be chosen arbitrarily small. We have
proved that there exists g with P(€y) = 1 and such that for each w € Q and any given
subsequence gy, (-,w), we can extract a further subsequence gy, (-,w) that converges to
go on (0,00). It follows that g, converges to gg on (0,00), and this convergence is
uniform on intervals of the form [c,00), ¢ > 0 by the monotonicity and continuity of

90- u

Corollary 3.2 Let ¢ > 0. Under the assumption of Proposition 3.3, we have for
j=1,,k—2,
) () — o)
Sup |gn (.Z‘) 90 (l‘)| —a.s. 07 as n — o0,
z€[c,00)

and for each x > 0 at which gy is k — 1-times differentiable,

G (@) =0 g V().

n

Proof. See the proof of Corollary 3.1. |

4 Asymptotic Minimax risk lower bounds for
the rates of convergence

In this section our goal is to derive minimax lower bounds for the behavior of any
estimator of a k—monotone density ¢g and its first £ — 1 derivatives at a point xq for
which the k—th derivative exists and is non-zero. The proof will rely upon the basic
Lemma 4.1 of GROENEBOOM (1996); see also JONGBLOED (2000). This basic method
seems to go back to DONOHO AND Liu (1987) and DONOHO AND Liu (1991)). The
relationship of our results to other rate results due to KIEFER (1982), STONE (1980),
FAN (1991), and ZHANG (1990) will be discussed later in the section.

As before, let Dy denote the class of k—monotone densities on [0, 00). Here is the
notation we will need. Consider estimation of the j—th derivative of g € Dy at xq for
je{o,1,....k—1}. If T, is an arbitrary estimator of the real-valued functional T' of
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g, then the (L;—)minimax risk based on a sample X;,..., X, of size n from g which
is known to be in a suitable subset Dy, ,, of D}, is defined by

MMR;(n,T,Dy,,,) = inf sup E,|T,, — Tgl|.
n gGDk,n

Here the infimum ranges over all possible measurable functions ¢, : R” — R, and
Ty = tn(X1,...,Xn). When the subclasses Dy, ,, are taken to be shrinking to one fixed
9o € Dy, the minimax risk is called local at gg. The shrinking classes (parametrized by

7 > 0) used here are Hellinger balls centered at go:

Din = Dinr = {9 € Dt Hao0) = [ (Vo) — Vala)Pde < 7/},

The behavior, for n — oo of such a local minimax risk MM R; will depend on n (rate
of convergence to zero) and the density go toward which the subclasses shrink. The
following lemma is the basic tool for proving such a lower bound.

Lemma 4.1 Assume that there exists some subset {g. : € > 0} of densities in Dy,
such that, as € | 0,

H?(ge, 90) < e(1+0(1)) and |Tge —Tgo| > (ce)" (1 + o(1))

for some ¢ >0 and r > 0. Then

1 r
supliminf n””" MM Ry (n,T, Dy ) > — <ﬁ> )
>0 N ’ 4 \2e

Proof. See JONGBLOED (1995) and JONGBLOED (2000). [

Here is the main result of this section:

Proposition 4.1 Let gy € Dy, and zg be a fized point in (0,00) such that go is k times
differentiable at xo (k > 2). An asymptotic lower bound for the local minimazx risk of

any estimator Tn,j for estimating the functional T;go = géj)(a:()), is given by:

k—j .
sup lim inf n 251 MM Ry (n, Tj, Dn.r) > {|ggk> (0) 2+ go (o) ¥~

>0 N0

1/(2k+1)
} di
where dy; >0, j € {0,...,k—1}. Here
NG

k—j
1 k —] 1 2k+1 k,1
dpy =1 <4 c > _ el
2J 4 2k + 1 (/\kg)Qkk+J1
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where
ot(k+1) (2K +3)(k +2) ((2(k +1)1)?

; when k is even
12 - 102 ()

A2 =

and
((2(k +1))°

(4h + D2 ((550))

and, with r(z) = (1 — 2211 + ) for =1 <2 <1 and Cy; = r9(0),

Ch,j
Chk

Ak2 = 24 k+2) 9k 4 3) (k + 2) when k is odd

\0) _

)

Proposition 4.1 also yields lower bounds for estimation of the corresponding mixing
distribution function F' at a fixed point.

Corollary 4.1 Let gy € Dy and let xg be a fized point in (0,00) such that go is k—times
differentiable at xo, k > 2. Then, for estimating Tgy = F(xo) where Fy is given in
terms of go by (2.3),

) " 1/(2k+1)
sup lim inf n26+T MM Ry (n, T, Dg n.7) > {|90 ($0)|2k_190($0)} g1,

The lower bound results in Proposition 4.1 are consistent with the results of KIEFER
(1982) and STONE (1980) (although our result involves a slightly stronger lower bound
since the supremum is over just a local neighborhood of the truth). In particular,
Kiefer showed that rates of convergence in estimation cannot be improved by order
restrictions, but that order restrictions might result in improvements of the constants.
This latter suggestion has been investigated in detail in the case of monotone densities
by BIRGE (1987), BIRGE (1989). The dependence of our lower bound on the constants
go(zp) and g[()k) (xo) matches with the known results for k¥ = 1 and & = 2 due to
GROENEBOOM (1985) and GROENEBOOM, JONGBLOED, AND WELLNER (2001B),
and will reappear in the limit distribution theory for £ > 3 in BALABDAOUI AND
WELLNER (2004¢).

The result of Corollary 4.1 is consistent with the lower bound results of ZHANG
(1990) and FAN (1991) in the deconvolution setting as we now explain.

To link up with the deconvolution literature we transform our scale mixture problem
to a location mixture or deconvolution problem. To do this we will reparametrize our
k—monotone densities so that the beta kernels converge to the limiting exponential

kernels: Note that if 0o | k1
Y\ k-
= “(1- = dF
g(x) /0 Y ( kz) + (y) ’
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then for X ~ g, Z = Z;, ~ k x Beta(1,k), and Y ~ F with Y and Z independent, we
have
x<zy.

Thus
X*=logX =logY +logZ =YY"+ Z".

Hence the density ¢* of X* is given by

@ = [~ (1-te) " eare) = [ g -par

—00 +

where F*(y) = F(e¥) is the distribution function of Y*.
For the completely monotone case corresponding to k& = oo, the corresponding
formulas for g and ¢* are given by

o(z) = /0 h ~ expl-a/y)dF ().

and

s = [ " exp(—e" V)T VA (y) = / " fae (a— g)dF*(y)

—00

According to Fan (1991), we need to compute the characteristic function ¢z« and
bound its modulus above and below for large arguments. Thus we calculate first for
Z* . from ABRAMOWITZ AND STEGUN (1964), page 930,

oo ; oo
bz (t) = / e e*dy = / et108ve =0y = (1 + it) .
—00 0
Thus by ABRAMOWITZ AND STEGUN (1964), page 256,

7t 2t
(O =TA+i) (1 —it) = —
62, (OF =T(L+P(1 i) = L = =

and it follows that

2nlf] exp(—]/2) < |¢vs (1)] < /3wlt] exp(—t]/2)

for |t| > 1. Thus the hypothesis (1.3) of FAN (1991) holds with =1, 8; = 1/2 and
Bo = 1/2. This implies the first hypothesis of Fan’s theorem 4, page 1263, and thus we
are in the case of a “super-smooth” convolution kernel. Fan’s second hypothesis is easily
satisfied by the current extreme value distribution function since fzx (y) = O(|y|™2)
as y — +oo. It therefore follows in the completely monotone case (k = oo) that for
estimation of F{j(yg) = F(e%) the resulting minimax lower bound yields the rate of
convergence (logn)~!. This rate could also be deduced from ZHANG (1990), Corollary
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3, page 824. (Note that the tail behavior of the characteristic function of our extreme
value kernel coincides with the tail behavior of the characteristic function of the Cauchy
kernel and that Zhang’s example 2 yields the rate (logn)~! in the case of the Cauchy
kernel.)

We can also follow the deconvolution approach to obtain a minimax lower bound
for estimation of the mixing distribution in the k—monotone case: the characteristic
function of Z}} = log Z}, is given by

oo 1 \F~1 ko
Gz (t) = / 't (1 - kez) edz = /0 "8 (1 — v/k)E dv
+

—00

KT (k + 1D)D(1 + it)

U(k+ 1+ it)
Thus
by (O = KT (k + DD(1 +dt) k=T (k + 1)T'(1 — it)
Yi - T(k+ 1+ it) C(k+1—it)
- L(k+1)2
o (k+it)(k—1+it) - (1 +at)(k —it)(k — 1 —it) - (1 — it)
(k1)? (k1)?
i) (i@~ e ®ETee
It should also be noted that
. 2 . (k)2 _omt 9
v OF = I ey v @)~ s 2O

Thus

k!
’<Z5Z;;(75)\Nt7g as ¢ — 00,

and we are in the situation of a smooth convolution kernel of hypothesis (1.4) of Fan
(1991), page 1263, with Fan’s § = k in our setting. Thus Fan’s theorem (extended to
negative values of 1) gives our rate of convergence for estimating F*(yg) = F(e%) or
g1 by taking | = —1, o« +m = 0, and § = k. By “extending” Fan’s theorem further
and taking [ = —(k — 7), we get the rate of convergence n~*k=9)/CGk+1) 5 — 1 k—1
for estimation of g(()j )(aco).

Proof of Proposition 4.1. Let ;1 be a positive number and consider the function g,
defined by:

gu(x) = go(l‘) + S(H)('TO e U x)k—H (33 — Zo + :U’)k+21[wo—,u,a:0+,u] (l’), T e (07 OO)

where s(u) is a scale to be determined later. We denote the unscaled perturbation
function by g,; i.e.,

gu(x) = (w0 +p — ) — o + 1) [zo—p,z04p] (7).
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If © is chosen small enough so that the true density go is k-times differentiable on

[xo — 1, x0 + p] and g(()k) is continuous on the latter interval, the perturbed function

gy is also k-times differentiable on [zg — p, o + p] with a continuous k-th derivative.
Now, let r be the function defined on (0, c0) by

r(z) = (1—a)" N1+ 2)f 21 () = 1 — 2?1+ 2) 1y (@)

Then, we can write g, as

_ r—x
gu(x) = M2k+37’ <0> .
i
Then for 0 < j <k
9 (w0) — 957 (w0) = s(u)** 7))
The scale s(u) should be chosen so that for all 0 < j < k
(—1)jgl(f)(x) >0, for z € [xg— p,xo+

But for p small enough, the sign of (—1)jg,(f) will be that of (—1)jgéj)(:1:0), and hence
gy is k—monotone. For j = k,

95 (o) = g5 (wo) + s(u)*+r®)(0).

Assume that r(®)(0) # 0. Set

e 98 (@o)r® (0)
r(k)(0)

— g (x0) +o(u), as p\0

9P (x0) = g (o) +

and so we can choose p small enough so that (—1)jg,gj)(x0) >0. For j =k
k
(=1)" g0 (o) = 2(=1)"gt" (z0) > 0.

To show that ) (0) # 0 for 0 < j < k, we define

Ty = ((1 _ $2)n)(m) )
z=0
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Let m > 2 and 2n > m. We have
(=22 = (=22
= (—2n:n(1 — :EQ)"_l)(m_l)
= —2n (;U ((1— $2)n—1)(m*1) +(m—1)((1- $2)n_1)(m72))

where in the last equality, we used Leibniz’s formula for the derivatives of a product;
see e.g. APOSTOL (1957), page 99. Evaluating the last expression at x = 0 yields

Tnm = —2n(m — 1)Tp_1 m—2.
If m is even, we obtain
m/2—1 m/2—1
Tpm = (—2)m/2 H (n—1) x H (m—2i—1) x Tp_m/2,0

i=0 i=0

m/2—1 m/2—1

= (2™ ] m—i)x [] (m—2i-1)

i=0 i=0

since T, 2,0 = 1. Similarly, when m is odd, we have

(m—1)/2—1 (m-1)/2—1
Inm = (_2)(m71)/2 H (n - Z) X H (m — 20— 1) X Tp—(m—1)/2,1
=0 =0

= 0,
since Ty, (m—1)/2,1 = 0. Now, we have for 1 <j <k

M@ = (a —-xz)k+1(1-+-x)>(j)

= (z+1) <(1 — xQ)kH)(j) 4+ <<1 _ x2)k+1>(j_1)

and hence
(4) (G-1)

=0

D) = <(1 _ x2)kz+1) +j ((1 — x2)k+1>

Therefore, when j is even, the second term vanishes and

=0

i/2—1 i/2-1

rO0) = (=2)2 T k+1-i)x J] G-2i-1) #0.
i=0 =0
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When j is odd, the first term vanishes and

A  G-yp/e (-1)/2-1
r0) = (=202 I *k+1-i)xjix J[ G-2i-2
i=0 =0
C G-p/e (i=1)/2
= (=202 I G+1-9x ] (G —-2i)+#0.
=0 1=0

We set
Crj=r9(0), for 1<j<k.

Then C},j, specializes to

P GG T2 e+ 1 —d) x [TM27 (k- 20 — 1), if k is even
SETL ()02 D2 1 iy s TRV (k- 20), i K s odd.

The previous expressions can be given in a more compact form. After some algebra,
we find that

Cip =

)

{ 2 x (=1)*2(k + 1) (k — 1)!(,6/571), if k is even (4.1)

(_1>(k71)/2k!((kk——§)1/2)’ if k£ is odd.

We have for 0 < 5 <k —1,

130010 = Titan)| = ol o) — o (au)| = | G2 a0

where we defined )\,(Cji = |Cy,;/Cr| for j € {0,...,k — 1}. Furthermore

XT

[ (9u(x) — 0(@))®
0 go(z)

k 2
<g(() >(m)) /mo-f—lt (20 + pt — )2+ (3 — g + 10)20+2)

_ dx
p2EE3) (Cre)? Jao—p go(x)
(k) 2
90 (o) /" (1 =y E Dy + p)?
2R (O p)? )y, go(zo +y) Y
<g(()k)(m0))2 1 (1- 22 2(k+1)( +1)2
2k +3) (Cy 1) 1 go(xo + pz)
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(k) 2

(go (w0)> /1 (1- ZQ)Q(kH)(Z + 1)2d 2k+1

z
(Crp)?  Joa go(zo + pz) :

(k) 2
_ (gO (:Eo)) f_ll(l — 22)2(k+1)(z + 1)2dz qu;J,—]_ v 0(M2k+2)
go(xo) (Cr)?

as p \, 0. This gives control of the Hellinger distance as well in view of JONGBLOED
(2000), Lemma 2, page 282, or JONGBLOED (1995), Corollary 3.2, pages 30 and 31.
We set

. f_ll(l — 2224 (2 4 1)2d2
k‘,2 - (Ck-,k-)2 .

The constants Aj 2 can be given more explicitly using the formula

: (1) (i)
A 1 — 22\ 2Py — 9204170 C_ \nt1
= [ Gy = Coamsh)

for any integers n and p, using the convention

n+p\ _ (2n+p)+1\ _
n+1) U 2(n+1) )
when p = 0. We have,

/1 (1 — 2?2k D (g 4 1)2de = /

-1 -1

since

and hence

1
/1(1 2?4 1)%dz = 2Ty + Bki1)0)

yiirs (206 + D)2k +3)! Gils) 2955 ((2(k + 1))’

(4k +6)! (jiig) (4k + 5)!

yikrs (206 + 1))’ <2<2k +3)
(4k +6)! Ak +7

odk-+5 ((2(k +1)1?
(4k + 7)1

+ (4k+6)>
((4F + 6) + (4k + 6)(4k + 7))
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2
_ 24’f+5W(4k +6)(4k 4+ 8)

(206 + 1))

24K +2) 2k 1 3) (k 4 2) AT

(4.2)

Combining and (4.1) and (4.2), we find that A 2 is given by

Ao = 24k+D (2k +3)(k +2) (2(k +1))1)?
| 2

when k is even,
(k+1)2 4k + D((k —1)!) ((k/571)>

29

and
((2(k +1))?

5, when k is odd.

Aro = 2262 (9k 4 3)(k + 2)

Now, by using the change of variable € = p?**1(by, + o(1)), where

i 2
(9(() )(fﬁo))

b = A\

g k2 go(xo)

so that p = (e/bk)l/(%H) (14 0(1)), then for 0 < j < k —1, the modulus of continuity,
m;, of the functional T} satisfies

o o o (k=3)/@k41)
my(©) 2 Aol o) () (1-+ 0(1).

The result is that

mj(€) 2 (rye) 71 (14 o(1)),

where
N (k (2k+1)/(k—3)
</\;(f,igé ) 900))
Tk = bk
and hence
k—
P = & 1/ k—j5 _;\2%*H k—j
sup lim inf n2®*+1 MM R (n,T}, Dy pnr) > —( 4 e (rkj)2e+t,  (4.3)
>0 00 ” 4\ 2k+1 ’
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which can be rewritten as

s
sup lim inf nﬁMM}h (n, T}, Dk .7

>0 00

) L (4) 2
L/ k—j [\ A (k) 2hET
> — R et Sl
= 4<42k+16 ) O g) 3 {‘90 (o)

forj=0,---,k— 1. |

Remark 4.1 It might seem that a more natural choice for a perturbation would have
been

)k—i—l(

gu(@) = go(z) + s(u)(zo + 1 — )" (@ — 20 + 1) Ly g (2)-

The scale s(u) can be chosen such that the perturbed function is k-monotone and k-
times differentiable with a continuous k-th derivative in the neighborhood [xo— ., To+ ).
However, using this perturbation, asymptotic lower bounds can only be derived for
estimating the functionals T;(g) when j is even since gflﬂ)(:vo) = g(()ZlH)(:L‘o) for

leN.
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