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Abstract

We study the asymptotic behavior of the Maximum Likelihood and Least Squares
estimators of a k-monotone density g at a fixed point zg when k£ > 2. In BALABDAOUI
AND WELLNER (2004A), it was proved that both estimators exist and are splines
of degree k — 1 with simple knots. These knots, which are also the jump points of
the (k — 1)-st derivative of the estimators, cluster around a point zp > 0 under the
assumption that gg has a continuous k-th derivative in a neighborhood of xy and
(—1)*g5"” (o) > 0.

If 7,7 and 7,7 are two successive knots, we prove that the random “gap” 7,7 —7,;
is O (n‘l/(2k+1)) for any k > 2 if a conjecture about the upper bound on the error
in a particular Hermite interpolation via odd-degree splines holds. Based on the order
of the gap, the asymptotic distribution of the Maximum Likelihood and Least Squares
estimators can be established. We find that the j-th derivative of the estimators at
xg converges at the rate n~(k=9)/2k+1) for 7 =0,---,k—1. The limiting distribution
depends on an almost surely defined stochastic process Hj that stays above (below)
the k-fold integral of Brownian motion plus a deterministic drift, when & is even (odd).
The family of the processes Hj is studied separately in the companion manuscript
BALABDAOUI AND WELLNER (2004C).
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1 Introduction

Our interest in the nonparametric estimation of a k-monotone density was first
motivated by JEWELL (1982) on the nonparametric Maximum Likelihood estimator
of a scale mixture of exponentials go,

golx) = /0 Ty exp(—a/y)dFa(y), x>0 (L1)

where Fj is any distribution function on (0,00). If X3,---, X, are i.i.d. with density
go, JEWELL (1982) established that, F,, the Maximum Likelihood Estimator (MLE)
of the mixing distribution Fj, exists, has at most n support points, and converges
weakly to Fy with probability 1. To our knowledge the rates of convergence of either
the MLE of the mixing distribution Fj or the true mixed density gg remain unknown.
JEWELL (1982) noted that the complement of the true cumulative distribution 1 — Gy
is the Laplace transform of the mixing distribution function Fj, and also the fact the
class of scale of mixtures of Exponentials given in (1.1) can be identified as the class
of completely monotone densities (Bernstein’s theorem). By definition, a function g on
(0, 00) is completely monotone if and only if g is infinitely differentiable on (0, 00) and
(=1)kg) > 0, for k € R (see e.g. SCHOENBERG (1938), WIDDER (1941), FELLER
(1971), WILLIAMSON (1956), and GNEITING (1998)). If g is only differentiable up to a
finite degree, then it is k-monotone if and only if (—1)7¢\) is nonnegative, nonincreasing
and convex for j =0, ---,k — 2 if £ > 2 and simply nonnegative and nonincreasing if
k =1 (see e.g. WILLIAMSON (1956), LEVY (1962), GNEITING (1999)). The class
of completely monotone densities is the intersection of all the classes of k-monotone
densities, k¥ > 1 (GNEITING (1999)) and a completely monotone density can viewed
then as an “oco-monotone” density. To prepare the ground for establishing the exact rate
of convergence of the MLE for mixtures of exponentials (or, equivalently, completely
monotone densities), it therefore seems natural to first establish asymptotic distribution
theory for the MLE of a k-mononotone density.

When k = 1, the problem specializes to estimating a nonincreasing density go. In
this case, the asymptotic distribution theory was established by PRAKASA RAO (1969),
and revisited by GROENEBOOM (1985) and KiMm AND POLLARD (1990). They showed
that if x( is a fixed point such that g{(z¢) < 0 (and assuming that g, is continuous in
a neighborhood of z(), then the MLE g,, (the Grenander estimator), satisfies

1/3
3 Gt = gn(o) —a (GanCaollgban ) 22, (12)

where 27 is the slope at zero of the greatest convex minorant of two-sided Brownian
motion +t2, t € R. For k = 2, GROENEBOOM, JONGBLOED, AND WELLNER (2001B)
considered both the MLE and LSE and established that if the true convex and
nonincreasing density go satisfies gj(zo) > 0 (and assuming that g{ is continuous



in a neighborhood of (), then

( n?/% (g (o) — go(0)) ) L Goda)g ) HO0) 1.3
Y5 (g1,(w0) — ¢ (w0)) (53590(20)g" (20)?) 1/ H®0) )’ '

where g, is the either the MLE or LSE and H is a random cubic spline function such
that H® is convex and H stays above the integrated two-sided Brownian motion
+t*,t € R and touches exactly at those points where H(?) changes its slope (see
GROENEBOOM, JONGBLOED, AND WELLNER (2001A)).

The key result that GROENEBOOM, JONGBLOED, AND WELLNER (2001B) used to
establish (1.3) is that 77 — 77 = O,(n~/?) as n — oo, where 7, and 7,7 are two
successive jump points of the first derivative of g, in the neighborhood of xy. This
stochastic order was obtained using the characterizations of the estimators together
with the “mid-point property” which we review in Section 2. For k = 1, the same
property can be used to establish that n~!/3 is the order of the gap. As a function
of k, it is natural to conjecture that n=/(25+1) is the general form of the order of the
gap. In the problem of nonparametric regression via splines, MAMMEN AND VAN DE
GEER (1997) have conjectured that n~'/(2**1) is the order of the distance between the
knot points of their regression spline m under the assumption that the true regression
curve my satisfies our same working assumptions, but the question was left open (see
MAMMEN AND VAN DE GEER (1997), page 400). In this manuscript, we refer to the
problem of establishing the order of 7,7 — 7,; as the gap problem.

In Section 2, we show that when k > 2, the gap problem is closely related to
a “non-classical” Hermite interpolation problem via odd-degree splines. To put the
interpolation problem encountered in the next section in context, it is useful to review
briefly the related complete Hermite interpolation problem for odd-degree splines which
is more “classical” and for which error bounds uniform in the knots are now available.
Given a function f € C*=1[0,1] and an increasing sequence 0 =ty < t; < -+ < tp, <
tm+1 = 1 where m > 1 is an integer, it is well-known that there exists a unique spline,
called the complete spline and denoted here by C'f, of degree 2k — 1 with interior knots
t1,---,t, that satisfies the 2k + m conditions

{<Cf<z>— flt:), i=1,---,m
(€D (to) f(’( > (Cf) Oftypr) = FO(tan), 1= 0, k1

see SCHOENBERG (1963), DE BOOR (1974), or NURNBERGER (1989), page 116, for
further discussion. If f € C®%)[0, 1], then there exists ¢ > 0 such that

sup ||1f = Cflloo < ]l FP oo (1.4)

0<t1<--<tm<1

This “uniform in knots” bound in the complete interpolation problem was first
conjectured by DE BOOR (1973) in (1972) for £ > 4 as a generalization that goes
beyond k = 2,3 and 4 for which the result was already established (see also DE BOOR
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(1974)). However, it took more than 25 years to prove de Boor’s conjecture; the proof
of (1.4) is due to SHADRIN (2001). By a scaling argument, the bound (1.4) implies
that, if f e C2h) [a,b],a < b € R, the interpolation error in the complete Hermite
interpolation problem is uniformly bounded in the knots, and that the bound is of the
order of (b — a)?*.

One key property of the complete spline interpolant C'f is that (C'f)*) is the Least
Squares approximation of f*) when f*) € Ly([0,1)); i.e., if Sg(t1,- - -, tm) denotes the

space of splines of order k (degree k — 1) and interior knots t1,- -, t,,, then
1 2 1 2
(k) _ (k) _ : k)
| (en® - @) a=  min [ (S@-Y@) a0

(see e.g.  SCHOENBERG (1963), DE BOOR (1974), NURNBERGER (1989)).
Consequently, if L., denotes the space of bounded functions on [0, 1], then the properly
defined map

O = en®

is the restriction of the orthoprojector, denoted here by Pg, (;), where ¢ = (t1,- s tm),

from Lo to Lo with respect to the inner product (g, h) = fol g(x)h(z)dz. DE BOOR
(1974) pointed out that, in order to prove the conjecture, it is enough to prove that

| Ps,. () (9) oo

sup || Ps, (1) [loc = supsup
¢ el TR lgll

is bounded, and this was successfully achieved by SHADRIN (2001).

The Hermite interpolation problem which arises naturally in Section 2 appears to be
another variation of Hermite interpolation problems via odd-degree splines, which has
not yet been studied in the approximation theory or spline literature. More specifically,
if f is some real-valued function in CV) [0,1] forsome j > 2,0 =1ty < t1 < -+ < top_g <
tor_3 = 1 is a given increasing sequence, then there exists a unique spline H f of degree
2k — 1 and interior knots t1, - - -, tor_4 satisfying the 4k — 4 conditions

(Hf)(t:) = f(t:), and (Hf)'(t;) = f'(t:), i=0,---,2k —3.

Note that the spline H f matches not only the value of the function at the knots but
also the value of its first derivative. Thus we should expect the interpolation error to
be smaller than in the complete interpolation, and this gives hope that boundedness
of the interpolation error also holds in this uncommon problem.

We conjecture then that there is a constant ¢ ; depending only on k and j such
that

sup 1f = Hflloo < g 15900 (1.6)

0<t1 < <torp_4<1



where || - ||c is the supremum norm over [0,1]. Numerical evidence suggesting that
ciok = 1/(2k)! for k = 3,4 and 5 will be presented. Jon: where? I guess I might
suggest cutting this for now Based on the conjecture, we can prove that the distance
between two consecutive knots in a neighborhood of zg is Op(nfl/ (2k+1)),

In Section 3, we are able to show that the asymptotic distributions in (1.2) and
(1.3) takes the following general form:

k
N (g (20) — g0 (0)) co(a0)H (0)
k=1 k+1
w35 (g o) = 0y (o) | | el HEO)
1 (ke ' - L (2k—1
0757 (g (20) — g~ (o) x-1(90) H 1 (0)
where
241 _ _1
) _1 kg(k) x 2k+1
eslan) = { (su(a0)* (W b
for j = 0,---,k — 1. The rate n~F=9/(+1) was found by BALABDAOUI AND
WELLNER (2004A) to be the asymptotic minimax lower bound for estimating géj)(:co),
7 =0,---,k—1 under the same working assumptions. The limiting distribution depends

on the higher derivatives of Hj, an almost surely uniquely defined process that stays
above (below) the (k — 1)-fold integral of Brownian motion plus the drift (k!/(2k)!) t2*,
when k is even (odd), and is (2k — 2)—convex; i.e. the 2k — 2 derivative of Hy is
convex. The process Hy, is studied separately in BALABDAOUI AND WELLNER (2004C).
Proving the existence of Hy, relies also on our conjecture in (1.6) since the key problem,
also referred to as the gap problem, depends on a very similar Hermite interpolation
problem, except that the knots of the estimators are replaced by the points of touch
between the (k — 1)-fold integral of Brownian motion plus the drift (k!/(2k)!)t** and
Hy.

Section 4 gives a discussion of remaining unsolved problems.

For more discussion of the background and related problems, see BALABDAOUI
AND WELLNER (20044). For a discussion of algorithms and computational issues, see
BALABDAOUI AND WELLNER (2004B).

2 The gap problem

Recall that it was assumed that gg is k-times continuously differentiable at x¢ and that
(—1)kg(()k) (xo) > 0. Under a weaker assumption, BALABDAOUI AND WELLNER (2004B)
proved strong consistency of the (k—1)-st derivative of the MLE and LSE. This implies
that the number of jump points of this derivative, in a small neighborhood of xg, has



to diverge to infinity almost surely as the sample size n — oo. This “clustering”
phenomenon is one of the most crucial elements in studying the local asymptotics of
the estimators. The jump points form then a sequence that converges to xy almost
surely and therefore the distance between two successive jump points, for example
located just before and after xg, converges to 0 as n — oo. But it is not enough to
know that the “gap” between these points converges to 0: an upper bound for this
rate of convergence is needed.

In the following subsection, we describe the difficulty of establishing this result for
k > 2. In the general case, the problem becomes more difficult than the problem in
the special case k = 2.

2.1 Fundamental differences

Let 7,,; and 7,7 be the last and first jump points of the (k —1)-st derivative of either the
MLE or LSE, located before and after xg respectively. To obtain a better understanding
of the gap problem, we describe the reasoning used by GROENEBOOM, JONGBLOED,
AND WELLNER (2001B) in order to prove that 7,7 — 7,7 = O,(n~'/%) for the special
case k = 2. Here, we restrict ourselves only to the LSE since it is a simpler case to
deal with than the MLE. Recall that for £ = 2 the characterization of the LSE, g,, is
given by

] 2 Yn($)7 T > 0
Hy(x) { =Y,(z), if and only if z is a jump point of g/, (2.1)

where
H,(z)= /Ox(:c —t)gn(t)dt, and Y,(z)= /Ox(m —)dGy(t),

and G, is the empirical distribution function. For ease of notation, we omit writing the
subscript n on the jump points, but their dependence on n should be kept in mind. On
the interval [77,77"), the function g/, is constant since they are no more jump points
in this interval. This implies that H,, is polynomial of degree 3 on [77, 7). But, from
the characterization in (2.1), it follows that

Hy(75) = Yo (r%),  Hp(r%) = Yo, (7).

These four boundary conditions allow us to fully determine the cubic polynomial H,
on [r7,7T]. Using the explicit expression for H,, and evaluating it at the mid-point
7 = (7 +71)/2, GROENEBOOM, JONGBLOED, AND WELLNER (2001B) established
that

. T T ++) — T P
o = T Vlr) (Calr) = Galr ) (2 ),



Groeneboom, Jongbloed and Wellner refer to this as the “mid-point property”. By
applying the first condition (the inequality condition) in (2.1), it follows that

Yo(r7) +Yn(r")  (Gu(r") =Gn(r7)) (7" —77)
2 8

The inequality in the last display can be rewritten as

Yo(r7) +Yo(rh)  (Go(rF) = Go(77)) (7" —77)
— > Ey
2 8
where G and Yy are the true counterparts of G,, and Y,, respectively, and £, a random
error. Using empirical process theory, GROENEBOOM, JONGBLOED, AND WELLNER

(2001B) showed that

> V(7).

[Enl = Op(n /%) + 0p((rF = 77)*). (2.2)

On the other hand, GROENEBOOM, JONGBLOED, AND WELLNER (2001B) established

that there exists a universal constant C' > 0 such that
Yo(r7) +Yo(r")  (Go(r™) = Go(r7)) (rF —77)

2 8
= ~Cgi (o) (T =77 ) + op((rF —77)%). (2.3)

Combining the results in (2.2) and (2.3), it follows that
-7 = Op(n_1/5).

The problem has two main features that make the above arguments work. First of
all, the polynomial H, can be fully determined on [77,77] and therefore it can be
evaluated at any point between 7= and 7. Second of all, it can expressed via the
empirical process Y,, and that enables us to “get rid of” terms depending on g, whose
rate of convergence is still unknown at this stage. We should also add that the problem
is symmetric around 7, a property that helps establishing the formula derived in (2.3).

When k£ > 2, we have established in BALABDAOUI AND WELLNER (20044),
Proposition 2.2, that g, is the LSE if and only if

~ >Yn(z), x>0
Hy () . . . _(k—1) (2.4)
=Y,(z), ifand only if z is a jump point of gy

where

5 T (g )kl
(o) = [ Mgnu)dt

and

T (o k—1
Yo(x) = /0 ((k_t)mdan(t).
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If 7=, 7T are two successive jump points of §£Lk71), then the four equalities

f{n(Ti) = Yn(Ti), and fI;L(Ti) = Y;(Ti)

still hold. However, these equations are not enough to determine the polynomial H,,
now of degree 2k—1, on the interval [7~, 77| when k > 2. One would need 2k conditions
to be able to achieve this. [We would be in this situation if we had equality of the
higher derivatives of H,, and Y,, at 7~ and 71, that is

HP () =YP(),  BPH) =¥ () (25)

for j =0,---,k — 1, but the characterization (2.4) does not give this much.]

Thus it becomes clear that two jump points are not sufficient to determine the
piecewise polynomial H,,. However, if we consider p > 2 jump points 79 < -+ < T
(all located e.g. after zo), H, is a spline of degree 2k — 1 that is (2k — 2)-times
differentiable at its knot points 7p,---,7,—1. In the next subsection, we prove that if

p = 2k — 2, the spline H,, is completely determined on [ry, 725_3] by the conditions
H, (1) =Y(r;), and H.(7;)=Y'(r), i=0,...,2k—3. (2.6)

This result proves to be very useful for determining the stochastic order of the distance
between two successive jump points in a small neighborhood of .

2.2 A Hermite interpolation problem

In the next lemma, we prove that given 2k — 2 successive jump points 79 < - -+ < Top_3,
of gf{“*”, H,, is the unique solution of the Hermite problem given by (2.6). But before

that, we need the following lemma which gives a definition of B-splines.

Lemma 2.1 Let m > 1 be an integer and x1 < - -+ < Typ41 be arbitrary (m+1) points

in R. There exists a unique vector (ay,---,am+1) € R™TL such that the spline
m+1
B(t)=Y ai(t—z)7", teR
i=1
satisfies

B(t)=0, ift<z or t>xm4 .

Bi(t) >0, if t € (z1,Tm41) (2.8)
Tm+1

/ B(t)dt = 1. (2.9)
1

B is called the B-spline of degree m — 1 with support [x1,Tp+1]. Furthermore,

B(t) = [x1, T (1) m(t — )77, teR; (2.10)
thus B(t) is the divided difference of order m of the function x — (—1)"m(t — :1:)’]:_1,
x € R with respect to the knots x1,..., Tmy1.



Proof. See e.g. NURNBERGER (1989), Theorems 2.2 and 2.9, pages 96 and 99. |

Remark 2.1 Note that for any a and b in R, we have
b—a)" ' =0b-a) "+ (=) a=-b)T".

On the other hand, we can write

m—+1 m—+1 —1 m—1
Satt-amt = Yy (M) el e

i=1 i=1 =
m—1 m—1 m—+1

= ( ; ) (Z amé) "1t =0, forteR,
1=0 i=1

where the last equality follows from the identities in (2.4) of Theorem 2.2 in
NURNBERGER (1989). Therefore, B can also be given by

m+1

B(t)=(-1)™> ai(x; — )" teR,
=1

or equivalently
B(t) = w1, Tmpa]m(- — )77 (2.11)

The latter form will be used in the rest of this chapter.

Lemma 2.2 Let k > 2. The function H, characterized by (2.4) is a spline of degree

2k —1. Moreover, given any 2k —2 successive jump points of H,g2k_1), T0 < -+ < Tog—3,

the (2k — 1)-th spline H, is uniquely determined on [ro, Tor_s] by the values of the

process Yy, and of its derivative Y, at To,- -, Tok—3. Furthermore, for any arbitrary
points T_(op—1) < +-+ < T-1 to the left of o and Tog_o < -+ < Tyr_4 lo the right
of Tar—3, there exist coefficients a_(op_1)," -+, Qar—4 depending on Y, (7;) and Y, (7;),

i=0,---,2k — 3, such that the spline H, can be written as

2k—4
Ht)= Y B, (2.12)

i=—(2k—1)

for all t € |19, Top—3] where, fori=—(2k —1),---,2k — 4, B; is the B-spline of degree

2k — 1 corresponding to the set of knots {7;,- -, Titor }-
Proof. We know that for any jump point 7 of ﬁffk_l), we have

H,(7)=Y,(r) and I:I,:L(T) =Y, (7).

10



This can viewed as a Hermite interpolation problem if we consider that the interpolated
function is the process Y, and that the interpolating spline is H, (see e.g.
NURNBERGER (1989), Definition 3.6, pages 108 and 109).

Now let p = 2k — 2 and consider successive 2k — 2 jump points 79 < - -+ < Tog_3.
We denote 19 = 29 = a, Top—3 = Top—3 = band 71 = x1, -+, Top_4 = Top_4. Also,
for i =1,---,4k — 4, consider the points t; such that t; = to = xg, t3 = t4 = x1,. ..,
taj—5 = tag—4 = Tor—3. Using this notation, we see that the (2k — 1) — th spline H,
satisfies

H,(t;) =Y,(t;) and H,(t;) =Y () (2.13)

for all i = 1,---,4k — 4. Furthermore, we can check that for all ¢ = 1,---,2k — 4, we
have

ti <z < tiyok.

Indeed, for a given ¢ = 1,---,2k — 4, we know that x; = to;41 = to;42 and it is easy to
see that

t; < toir1 = toita < Titok-

Therefore, by Theorem 3.7 in NURNBERGER (1989), page 109, the Hermite
interpolation problem defined in (2.13) has a unique solution in Soi_1 (1, -, Top_4),
the space of splines of degree 2k — 1 that are (2k — 2)-times continuously differentiable
at the knots z1,- - -, xop_4 (or, see DEVORE AND LORENTZ (1993), Theorem 9.2, page
162). Notice that in Niirnberger’s notation (see NURNBERGER (1989)), the parameters
p — 2 and 2k — 1 play the role of £ and m respectively. Also, note that the integer
p = 2k — 2 was chosen here so that the number of equations (2p) and the dimension of
the space Sop—1(z1,- -+, zp) (dim(Sok—1(x1, -+, xp)) = p — 2+ 2k) are equal. It follows

that we can find a_(g5_1), -, @2x—4 such that
) 2k—4
Hy(t)= > iBi(t)
i=—(2k—1)
for all t € [a,b] = [70, Tox_3], where of = (—(2h—1) " -, aop_4)t is the unique solution
of the linear system
B_(2k-1)(70) EE By —4(70) Yo (70)
(B_@2k-1))'(10) -+ (Bak-4)'(70) Y7, (70)
Ma = : : : a= : (2.14)
B_ok-1)(T2k-3) -+ Bok_a(T2x—3) Yo (Tor-3)
(B_(2k-1)) (T2k—3) -+ (Bar—a)'(Tox—3) Y7, (Tok—3)
and B, i = —(2k—1),---,2k — 4, are (4k —4) linearly independent B-splines of degree
2k — 1 and knots 7, - -+ < Ti40k. [ |

11



In the following lemma, we prove a preparatory result that will be used later for
deriving the stochastic order of the distance between the jump points.

Lemma 2.3 Let 7 € U2 4(7;,7;41). If ex(t) denotes the error at t of the Hermite
interpolation of the function y?*/(2k)! at the points 1o, - -, Tor_3, then

—g (F)ex(7) <En + R,

where E,, defined in (2.16) is a random error and R,, defined in (2.18) is a remainder
that both depend on the knots g, -+, Tor_3 and the point T.

Proof. In this proof, we use the explicit B-spline representation of H, that was
introduced in the previous lemma. Let A = (a;;);; and B = (b;;);; be the (4k —4) x
(k — 1) sub-matrices obtained by extracting the odd and even columns of the inverse
of the matrix M given in (2.14). We can write,

2k—4 2k—-3

Hot)= Y | D (aYa(r) + by Y0, (r3)) | Bil®)

i=—(2k—1) \ j=0

for all ¢t € [0, Tok—3]. Fix t =7 € U?ia4(7i, Ti+1). From the inequality condition in the
characterization of the LSE, it follows that

2k—4 2k—3

Do | 20 (@iYulmy) + by (7)) | Bi(7) 2 Ya(7)

i=—(2k—1) \ j=0
or equivalently

2k—4 2k—3

> > (aiyYo(ms) + b Yy () | Bi(7) = Yo(7) > —En, (2.15)
i=—(2k—1) \ =0

where Yj is the k-fold integral of the true density go and E, is given by

2k—4 2k—3

En= > | Y (aii(Yn = Yo)(m5) + by (Y, = Y5)(73)) | Bi(7)
i=—(2k—1) \ 5=0
+ Yo(F) = Yo (7). (2.16)

Based on the working assumptions, the function Y; is (2k)-times continuously
differentiable in a small neighborhood of zy. Using Taylor expansion of Yj(7;) and

12



Yj(7;) around 7 up to the orders 2k and 2k — 1 respectively, the inequality in (2.15)
can be rewritten as

2%—4 2%—3 B
bty ) Y e
+ Qij + by Bi(7) | v\ (5)
i=—(2k—1) | =0 T (2k)! 72k - 1)! 0
+ R,
= (2.17)

where R,, is the remainder of the Taylor expansion and can be given in the integral
form

2k—4 2k—3 T (1 — 2k—1
Rao= D (Z% [P0 - e 21

T e 0 - e o))dt)Bi(f).

The remainder R,, can be viewed as the error of Hermite interpolation at the point 7
where

o 2k—1
”’/ D (6B (t) - o (o))t

is the function being interpolated. The order of R, will be determined in the next
subsection. Note that

2k—4 2k—3

Z Zaij Bi(f')—l = 0 (2.19)

i=—(2k—1) \ j=0
2k—4 2k—3

Z Zaij(Tj_%)"Fbij Bl(f’) =0
——(2k-1) \ j=0
2k—4 2k—3 2k 1 2k—92
(rj —7) (1 —17) L
Z Z Qij + bij (2 —2)! Bi(t) = 0.

——(2k—1)

13



Indeed, since the space of splines of degree 2k — 1 and with simple knots 7, - - -

y T2k—3

includes all the polynomials of degree < 2k — 1, the solution of the Hermite problem
when the interpolated function is a polynomial of degree < 2k — 1 is the polynomial

itself. Therefore, if we consider Py(t) =1, Pi(t) =t—7,- -

, Pop_1(t) =

(t—7)2=1 ) (2k—

1)!, the previous terms are identically zero since they are exactly equal to P;(7) = 0,

j=0,---,2k — 1.
Now

2%k—4  2k—3 )Qk

T)Zk 1

ZI §:< ‘ +@fT

—(2k—1) j=0

(2k —1)!

) Bi(7)

can be recognized as the Hermite interpolation error at the point 7 when (y—7)%"/(2k)!

is the function being interpolated at the knots 7, - - -,
er (7). Indeed, using the binomial identity, we can write

2k—4 2k—3 2k’ )Qki 1

> EZ%J ; ‘+%@ék) Bi(7)
i=—(2k—1) \ j=0
2k—4 2k—3 2%k \2k—1
S Y DT E R R P
. ; (2k)! (2k — 1)!
=—(2k—1) \ j=0
2k—1 2k—4 2k—3
2%k (Tj)Qkfr o2%h — 1 ( )Qk 1—r -
ij bij = | Bi
2 . <> eir P )R | PO
r=1 \i=—(2k—1) \ j=0
2k—4 2k—3 =2k
i=—(2k—1) \ j=0
Using the identity
2k —1\  2k—r (2K
r 2k r
for all r € {0,---,2k}, it follows that
kaz—4 2/62—3 2% ( ) —r+b” 2% — 1 (Tj)2k’—l—7‘ B(_)
, L i ek i\ o1 )k —nr | T
i=—(2k—1) \ j=0
2k—4 2k—3
ok 7_] 2k r (j>2k 1-r -
= (7’) Z Z Qjj )] + bi;(2k o] B;(7)

i=—(2k—1)

- (o

14

Tor_3. But this error is equal to



since for all t € [rg, Tor—3] and 1 <r <2k —1

2k—4 2k—3

Do | 2 ) b2k =) | Bt =

i=—(2k—1) \ =0
Therefore,
2k—4 2k—3 2%k )Qk—l

(5 —7) (-7 _
2 |\ Wy g | B0

i=—(2k—1) \ j=0

2k—4 2k—3 _
(1)) )2kt

7:)%k TS B
= 2 |Xw iy Tl ((211— i | Bir)

i=—(2k—1) \ =0

(B

r=1

2k—4 2k—3 _ _
(j)ka (Tj)Qk 1 B 7_2k

= 2 |\ X e Py | B0 @y

i=—(2k—1) \ j=0

= ex(7)

since Z?ﬁ:‘(l%_l) <Z?iﬁg aij) Bi(7) =1 and Zf’io(_l)r (2Tk) = 0 . We conclude that

the inequality in (2.17) can be rewritten as stated in the lemma. |

2.3 The order of the gap

In this subsection, we show that the gap problem can be reduced to a conjecture
concerning the structure of the error bound for a certain Hermite interpolation problem
(with uniformity in the knots). We restrict here ourselves to the LSE. For the MLE,
the proof follows the same steps except that the notation is more cumbersome.

The error ek (t) defined in the previous lemma can be recognized as a monospline of
degree 2k with 2k — 2 simple knots 7g,- - -, Tor_3. For a definition of monosplines, see
e.g. MICHELLI (1972), BOJANOV, HAKOPIAN AND SAHAKIAN (1993), NURNBERGER
(1989), page 194 or DEVORE AND LORENTZ (1993), page 136. Our bound on the
random error E,, will be based on the following conjecture:

Conjecture 2.1 Let a = xg < 21 < -+ < Xok_3 = b be 2k — 2 arbitrary points and
1 <r <2k—1. Suppose that f that is a function that is r-times differentiable on [a, b]
except for a finite number of points. If Hf denotes the unique interpolating spline of
degree 2k — 1 that solves the Hermite problem:

Hf(xj) = f(z;), and (Hf) (z) = f'(z;)

15



for j =0,---,2k — 3, then there exists a constant C > 0 (depending only on k) such
that

sup [Hf(t) — f(t)] < Cw(fT);b—a)(b—a)
te(a,b]

where w(f();-) is the modulus of continuity of f) on [a,b]:

w(h;0) = sup{|h(t2) — h(t1)|: ti,t2 € [a,b], |ta —t1] < 0}

The above conjecture remains to be proved. In the case of quasi-interpolation, a
similar result is available, and was proved by DE BOOR AND Fix (1973); see e.g.
NURNBERGER (1989), page 189. However, we believe that such a result should also
be true for our Hermite interpolation problem. Although the literature seems to be
more concerned with the approximation error of other types of interpolating splines,
we believe that there is no reason that our spline fails to satisfy a similar property
especially that it tries to “recover” better the original function f by interpolating its
tangent at the knots as well. Also, it should be mentioned that it is known that,
given an interval [a, b], the minimal deviation of a function f from the space of splines
Sm(x1,- -, xp) satisfies

doo(f, (1, -+ ) < K& w(f");0)

if f") € C[a,b] for some r € {0,---,m}, where K > 0 is a universal constant that
depends only on r and 6 = maxg<i<p |Ti+1 — ;| with g = a and z,11 = b (see e.g.
NURNBERGER (1989), Theorem 4.27, page 159).

Now we will derive an upper bound for the random error E,, based on Conjecture
2.1.

Lemma 2.4 If Conjecture 2.1 holds, then the random error E, satisfies

[En| = Op(n™*/ D) 1 0, ((rog—3 — 70)™").
Proof. Let f be the function given by

S NG ) L ) e i
=S | e by ) | B,

i=—(2k—1) \ j=0

where [7;, 7] = [T, 7] if 7; > 7. Then, the error E,, can be rewritten as

E, / " (O)d(Galt) — Golt). (2.20)
0

16



Indeed, we found in the previous subsection that E,, is given by

2k—4 2k—3
En= (D%(Y = Y0) (1) + by (¥, 1@(@)))&(7)%@)%@.

=—(2k—1) \ j=0

Let us denote D,, = Y,, — Yy. The error E,, can be rewritten as

2k—4 2k—3
En= Y (> (ayDu(r) + byD}(75)) Bi(7) — Du(7).
——(2k—1) j=0

Now for arbitrary x and y, we can write

Y _ —1
Du(s) = Bale) + (g = Do) + -+ [ Umd(Galt) — Gole)

and similarly

k-2
Di(s) = Do) + (o = Do) oo+ [ U= d(Gate) — Gule)

Taking x = 7 and y = 7; for j = 0,---,2k — 3 and using the identities in (2.19) up to
the order (k — 2), it follows that

2k4 2k—3

(15 — o k-2
E, = Z/ (@i _75 ; +bij(_<]k _t)g)! Vd(Gp(t) — Go(t)) | Bi(T)
l——(?k 1) 3=0
B 2k 4 2k—3 (75 —t “(Tj—t)k_Q B
o (2k—1) <Z/ =1 +b” (k—2)! Nz, (H)d(Ga(t) Go(t)))
B;i(T)

2k—4 2%k— (7; — t)t=2

_ /Om[ 3 (Z(aij&_l)!wﬁ(jk__;)!)l{aq](t))

i=—(2k—1) " j=0

Bﬁ)} A(Gou(t) — Go()

w
—~~
R
|
~
~—
T
—

which is the form claimed in (2.20).

Even if the function f is formally integrated on (0, 00), it is clear that we can assume
that f is compactly supported on [1p, Tor_3]. For a fixed ¢ € [r9, 7253, there are two
possibilities: ¢ < 7 or t > 7. Suppose without loss of generality that ¢ > 7. Then, f(¢)
which can be also given by

2%—4 2%—3 )L S .
s = % 3 (w0 B 0 ) s B)

i=—(2k—1) \ =0

17



2k—3

2%k—4
= Z Z (aijgt(Tj) + bijgg(Tj)) Bi(7)
~(2k

with
x —t)k1
g9t(x) = ((k_)l)!l[xzﬂ,

is nothing but the error at the point 7 of the Hermite interpolation of g; at the points
70, -+ -, Tok—3. Note that g is a spline of degree k — 1 that is (k — 1)-times differentiable
except at its unique knot ¢. If Conjecture 2.1 holds, there exists C' > 0, such that

|f(t)] < Cw(gik_l)7 Tok—3 — 70)(Tok—3 — 70)" 1.
But

w(g,gkfl),ﬁk—s —7) < 1.

Therefore, it follows that

sup  |f(t)] < C(rop_s — 10)" L. (2.21)

t€[70,72k—3]

Since the function f(¢) depends on the knots g, - - -, 793 and the point 7 (which is a
fixed point in U?£64(Tj, Tj+1), it can be viewed as an element of the class

For = {fm,yl,---,y%,z xS y1 <x ATy, Yok-3 < Yok—2 < Yop—3 + 7“2k;—2}

where z > 0 and r = (r1,---,7r94-2) : 75 > 0, j =1,---,2k — 2 is a fixed (2k — 2)-
vector. To make the link between the members of the class F; , and the function f(t),
the latter can be written as

f(t) = fTo,Tl,"',i“wT2k73 (t)v te [7'077'219—3]-

In this case, x = 70, y1 = 71, Yoar—2 = Tox—3 and {y1, -+, yor—2} = {71, -, 23} U{T}.

Let @ be an arbitrary measure on (0,00). The collection F,, admits a finite
covering number with respect to Lo(Q). In fact, any element f 4, .yo o € Far is
(k — 2)-times differentiable on [z, yax—2]. Therefore, for every € > 0, the collection
F.r admits a finite bracketing number that is bounded by (K/e)/*2) for some
0 < K < oo. More specifically, there exists a constant K > 0 depending only on k and
R =711+ +7r9;_o (an upper bound for the length of the interval [z, yor_o]) such that

log N[](G,fml,LQ(Q)) < K (1> " (2.22)

€
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(see e.g. VAN DER VAART AND WELLNER (1996), Corollary 2.7.2, page 157). It follows
that

/01 \/1 + log Ny (€, Frr, L2(Go))de < oo.
On the other hand, using Conjecture 2.1, we have
ooy @] < Clyzn—o — )" iy (1)
(compare with the bound in (2.21)) and hence the function F, p given by
Fpr(t) = CRM Mo gy (1),

is an envelope for the class F,,. On the other hand, if x belongs to a small
neighborhood [z — §,z0 + d] for some small § > 0, then we can find some constant
M > 0 depending only on §, R and go(zo) such that 0 < sup;e(z,—s,z9+54+7) 90(t) < M.
Therefore,

z+R
EF?(Xy) = C*R**D / go(x)dz < C?MR* 1,

By VAN DER VAART AND WELLNER (1996), Theorem 2.14.2, page 240, it follows that

2
K’ _ _
E (f sup |(Gn - GO)(fmvyla“':ka2)’> < ?EFg,R(Xl) =O(n 'R 1)
Tyl

oo €Fz,r

(2.23)

for some constant K’ > 0 depending only on zg, 6 and R. ] We denote

(Pn - PO)(f:c,th,yzk_z) = (Gn - GO)(f%yh“‘yka—Q)

where f 4, ...y, 1S an element in F, , and define M,, as

M, = inf {D >0: ‘(]P’n — Po)(feunonsy)| < €(y —x)?F

+n 2R/ AN D for all y € [z, x+ R}}

and M,, = oo if no D > 0 satisfies the required inequality. For 1 < j < {Rnl/(zk“)J =
Jn, we have

P(M,, > m)
1<5j<jn
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\(Pn P (o)

> E(y _ $)2k + n—2k/(2k+1)m}

1<j<jn

\(Pn P (o)

> E(y _ $)2k + n—2k/(2k+1)m}

< N PG - DY@ <y g < @R
1<j<jn
p2k/(Zk+1) (P = o) (fays, - yan—sw) | > €0 = 1)2k + m}
2
E { <supy 0<y—z<jn—1/(2k+1) }(]P) - PO)(fJ: Y1y Y2k — 34/)‘) }
< Z k/ (2k41) 5
1<j<jn (e(j = 1) +m)
2
— Z n4k/(2k+1) i { <Supfz,y1 Y2k —3 yEFz Jnil/(ijLl) |(]P)n ; PO)(f%yl’“.’kaiS’y) ‘) }
1<j<jn (e(j = 1) +m)
-2k—1
< C Z AR/ (2k41), —1, —(2k—1)/(2k+1) J 5
1<5<jn (6(] - 1)2k + m)
Z 2k71
= C
1<j<Jn ]—12k+m)
2k 1

< Z

)2 N0 asm oo

where C' > 0 is a constant that is independent of = € [x9 — d,29 + J]. Therefore,
M,, = Op(1) and hence it follows that

|(Pn - PO)(fLyly‘%kafSyy)‘ < e(y - x)Qk + Op(n_%/(2k+1))
which holds for all fy y, ...y s,y € Far and x in some small neighborhood [z —§, xo+0]
of xg. It follows that
[Enl = 0p((rah—s — 70)%) + Op(n=2H/2+1),

To show that Top_3 — 790 = Op(n_l/(2k+1)), we need the following result:

Lemma 2.5 The error ex(t) has no other zeros than 1y, -, Tog—3 in [To, Tok—3].
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Proof. The result follows from Proposition 1 of MICHELLI (1972); see also DE BOOR
(2004). m

Recall that ey (t) is a monospline of degree 2k with 2k — 2 simple knots 79, - - -, Tog_3.
Furthermore, by construction, these knots are also double zeros; i.e. ex(7;) = €}.(7;) =0
for j =0,---,2k — 3. Now, we state two preparatory lemmas that will help determine
the sign of the error ey (t) at any point t € U?i64(7'j, Tj41)-

Lemma 2.6 Let k > 2 be an integer. The monospline My, of degree 2k with simple
knots & = —k +3/2,&1 = =k +5/2,-++ §op—q = k + 1/2,&o—3 = k — 3/2 and such
that My(&;) = M[(&) =0 for j =0,---,2k — 3 has a constant sign: +1 (-1) if k is
odd (even).

Proof. Let By be the Bernoulli monospline of degree 2k. The function Bay(t —1/2) —
Ba1,(0) is equal to the error of the Hermite interpolation of ¢ /(2k)! at the equispaced
knots &, - - -, €ok—3. By uniqueness, it follows that

My(t) = Bog(t — 1/2) — Bay(0)

for all t € [-k+3/2,k—3/2]. The Bernoulli monospline By is the 1-periodic extension
of the Bernoulli polynomial po; of degree 2k which takes extreme values at 0 when
considered as a function on [0, 1]. It follows that Mj is of one sign on [—-k+3/2,k—3/2].
Furthermore, pox(1/2) < por(0) if k is even and por(1/2) > pox(0). Therefore, My, is
nonpositive if k£ is even and nonnegative if k is odd. |

Lemma 2.7 Ift € U?i64(7j»7'j+1)} then
(=1 tex(t) > 0;
i.e., er(t) is nonnegative (nonpositive) if k is odd (even).
Proof. Let 7 be a fixed point in U?ia4(Tj,Tj+1). We can assume without loss of

generality that 7 € (79, 71). There exists A € (0,1) such that 7 = Arp + (1 — \)7y.
Consider now the function

ex(7) + lex(r)|

T0.*** . Tol_ —

( 0 s 12k 3) 2€k(7—_)
Note that it is possible to divide by ey (7) since ex(7) # 0 as 7 is different from the
knots. It is easy to see that the function is continuous in 7g, - - -, 795 _3. Furthermore, it

can only take two possible values, 0 or 1, and therefore has to be constant. But, when

the knots are equally distant, we know from Lemma 2.6 that the constant is 1 (0) if &

is odd (even). It follows that (—1)*~lex(7) > 0. [
We can now state the main result of this section:
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Lemma 2.8 Let k > 2. If g9 € Dy satisfies g(gk) (xo) # 0 and Conjecture 2.1 holds,
then Top_3 — 79 = Op(nfl/(%*l)).

Proof. Let jo € {0,---,2k — 4} be such that [7j,, 7j,+1] be the largest knot interval;
i.e., Tj0+1 — Tjo = max0§j§2k74(7j+1 — Tj). Let a = 70, b= T2k—3-
By Conjecture 2.1, there exists a constant C' > 0 depending only on k such that

R, <C  sup |9 (t) — 9§ (x0)| (b — a)**

t€[ro,72k—3]
using the fact that if f is € C?*[a, b], then

W(f Db —a) < sup [PV (b a).
t€la,b]

Therefore, it follows that

Rl <C sup g () — o8 (wo)|(ran—3 — 70)%F = 0p((T2k—s — 70)%").

t€[r0,725—3]
Using the result of Lemma 2.3 and since the bounds on R,, and E,, (see Lemma 2.4)
are independent of the choice of 7 in UJ2£64(7']-, Tj+1), it follows that

sup (_1)]6_1616(%) < Op(n_2k/(2k+1)) + Op((72k—3 - 7'0)%)-
TE(T59,Tjo+1)

Now, on the interval [7;,, 7j,+1], the Hermite interpolation spline is a polynomial
of degree 2k — 1. On the other hand, the best uniform approximation of the function

t2¢ on [Tjo> Tjo+1] from the space of polynomials of degree < 2k — 1 is given by the
polynomial

2k

Tiotl — Tj 1 2t — (Tj, + Tjo+1)

t N t2k _ Jo Jo ST T2k : Jo — ‘?0 , (224)
2 2 Tjo+1 — Tjo

where Ty is the Chebyshev polynomial of degree 2k (defined on [—1,1]), see, e.g.,
NURNBERGER (1989), Theorem 3.23, page 46 or DEVORE AND LORENTZ (1993),
Theorem 6.1, page 75. It follows that

Ty
24F—1(2)!

1 2%k
24k—1(2k)! (Tj0+1 - Tjo)

(1 le(s) > \ (rios1 — i) (2.25)

o0

since ||Thk||co = 1. But,

2k—4

Tk =70 = Y (Tj41 = 75) < (2k = 3)(Tjo1 — Tjo)-
=0
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It follows that

(_1)k716k(%) > (2]{ — 3)2k:l24k1(2k)' (T2k—3 - TO)2k'

Combining the results obtained above, we conclude that

(=1)" 95" (x0) . N
2k9dk—1 -3 >~ Up D _a —
(2k — 3)2k2 (zk)!(T% 3= 70)7 = Op(n ) + 0p((T2x—3 — 70)™")

which implies that Tor_3 — 19 = Op(n~1/(2k+1)), m

3 The asymptotic distribution

The prepare for a statement of the main result, we first recall the following theorem
from BALABDAOUI AND WELLNER (2004¢) giving existence of the processes Hy.

Theorem 3.1 For all k > 1, let Yy denote the stochastic process defined by

1)*k!
=] B Em 1“ (S”((@%)' R
I (,jl W(s) + Mk 4 <.

If Conjecture 2.1 holds (also see the discussion in BALABDAOUI AND WELLNER
(2004¢) ), then there exists an almost surely uniquely defined stochastic process Hy,
characterized by the three following conditions:

(i) The process Hy stays everywhere above the process Yj:
Hi(t) = Yi(t), teR

(ii) (=1)*Hy is 2k-convez; i.e. (—l)kH,E%_Q) exists and convexz.

(iii) The process Hy, satisfies

| o vy an* =0 =o.

— 00

(iv) If k is even, limpyoo(H(8) = Y2 (£)) = 0 for j = 0,---, (k — 2)/2; if k is
odd, im0 (Hy(t) — Yi(t)) = 0 and limy oo (HT V() — V7D (1)) = 0 for
j=0,-,(k—23)/2.

This is Theorem 2.1 in BALABDAOUI AND WELLNER (2004¢). Now we are able to
state the main result of this paper:
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Theorem 3.2 Let xg > 0 and go be a k-monotone density such that gy is k-times
differentiable at xo with (—1)kg((]k) (x0) > 0 and assume that g(()k) is continuous in a
neighborhood of xy. Let g, denote either the LSE, g, or the MLE g, and let F,, be the

corresponding mizing measure. If Conjecture 2.1 holds, then

nIE (g, (w0) = go(w0)) colg) H (0)
n35 (g o) = g (o) | | el HEO)
nﬁ(ggk_l)(ivt;) - g(()k_l)(ﬂﬂo)) Ckf1(go)ﬁ,g2k_1)(0)
and
W (B 0) — Plan)) —a 0 (g0 HP D (0)
where

kg™ () Y
eilan) = { (su(ao))* (W) b

forj=0,--- k—1.

To prove Theorem 3.2 we first use the result of the previous section to derive rates
of convergence of gﬁf), j=0,---,k—1 at a fixed point g > 0.
Consider the event J,, = J,(Ll) N J,SQ) where Jél) , 1 =1,2, are defined by

Jr(zl) J’r(zl)(l'()akaM)

= {there exist (k4 1) jump points 7,1, -+, Tn k+1

(not necessarily successive) satisfying
xo — p~ 1/ (2k+1) STpt <o < Tpgt1 < To + Mn =1/ (@k+1)

fon~ 1/ (k1) < il — Tnt < Mn71/(2k+1)}7
and

TP = I Gk, ¢) = { inf

teh’n,lﬂ’n,k%—l}

a8(0) o ()] < -G}

Proposition 3.1 Suppose that (—1)kg(()k)(wo) > 0 and g(()k) is continuous in a

neighborhood of xo. Let g, be either the MLE @, or the LSE g, andlet0 < j <k—1.
Suppose also that fooo y_l/szo(y) < 0o holds. Then, if Conjecture 2.1 holds, for any
€ > 0, there exists M > 0 and c¢; > 0 such that P(J,) > 1 — € for all sufficiently large
n.
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Proof. Fix € > 0. We will consider first the LSE and we will start with 57 = 0.
Fix € > 0. For ease of notation, we will write the jump points of g}flk*l) without the

subscript n. Let 71 be the first jump point of g,(f‘” after xg — n~ Y@+ 1) the first
jump point after 71 +n -Gk m ) the first jump point after 7, 4 n =Y/ (E+1D),

By Lemma 2.8, there exists M > 0 such that
0< 7ot — 71 < Mn—1/@k+1)

with probability > 1 —e. Note that by construction 7411 — 71 > kn~ Y@+ Fix ¢ > 0
and consider the event

inf  [Gn(t) — go(t)| > en F/(2E+1), (3.1)

te[‘lj ,T]H,l]

On this set and for any nonnegative function g on [71, 74+1], we have

=+

[ @) - ate g(t)dt] > en WO [ gt (3.2)

T1

n

Now, let B be the B-spline of degree k — 1 and with support [z, 2k 11]. Recall from
(2.11) in Section 5 that B can be given by

B(t) = [r1, el (=)

where [x1,--+,2,]g denotes the divided difference of degree m with respect to the
points x1, -+, Ty. After some algebra, we find that B can be given by
k—1 k-1
t— t—
B(t) = (=1)*k %+...+% '
Hj;él(Tj —71) Hj;ék(Tj — Tk)

for all t € [y, Tp41].
Let |n| > 0 and consider the perturbation function

pt)= ] (= -m)xB@.

1<i<j<k+1

It is easy to check that for |n| small enough, the perturbed function

gn,n(t) = Gn (t) + Up(t)

is k-monotone on (0, 00). Indeed, p was chosen so that it satisfies pU) (1) = pU) (741) =
0 for 0 < j < k — 2, which guarantees that the perturbed function g, , belongs to
Ck*2(0, o0). For 0 < j < k — 3, the properties of strict convexity and monotonicity
of (—1)3@53’) on (0,00) are preserved by gff% as long as |n| is small enough. For k — 2,
(—1)k_2§,(1k_2) is piecewise linear and hence not strictly convex on (0,00). Since p is a
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spline of degree k — 1, the function (—1)’“_2@7(7’?{ 2 is also piecewise linear and one can

check that it is nonincreasing and convex for very small values of n. It follows that

lim Qn(§777n) B Qn(gn)

n—0 n

=0.

This implies that
Th+1 _
[ aG. - e o
T1
The previous equality can be rewritten as
Th41 _ Thk+1
[ 0 @) - ey dt = [ pd(Gate) - Gote)
T1 T1
Taking g = p in (3.2), we obtain

Tk+1

/ Tk“p@)d(Gn(t)Go(t))\ > e MO [ i

T1
— e k/2R+1) H (15— 7i) (3.3)

1<i<g<k+1

> op k@R (n—l/(2k+1)>k(k+1)/2 -

— o~ BHR)R/(2(2k41))

where in (3.3), we used the fact that B-splines integrate to 1, whereas in (3.4) we used
the facts that there are k(k + 1)/2 terms in the product [];; ;<4 41(7; — 7i) and that
-T2 VD) 1 << <k+4 1

Let 0 <z < y1 < -+ < ygp—1 <y be (k+ 1) points in (0,00) and consider the
function fz 4, ...y, ,,y defined by

! =% I @i-w) ot U S By
T Yk 1Yk ik J ? Hj;éo(yj ) ijék—l(yj 1)

where yo = x. Let r = (rq,---,rg), 7 > 0 for i = 1,--- k, be a fixed k-vector and
consider the collection of functions

For = {fx7y1,~~~7yk—17yk rrx<yr<THrL L Yk-1 < Yk S Yk-1 Tt Tk}-

For a fixed x > 0 and r, the collection F; , has a finite covering number with respect
to L2(Q) where @ is an arbitrary probability measure. In fact, denote

H0§l<l’§k(yl’ )
[ (i — 5)

aj = (=1)"k
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and consider the collections of functions
Fa,R; = {t = ooy — ) M ), o<y, <a+ Rz <y, <o+ R}

where R; = 11 +---+r; for j = 1,---,k and R = Rj. By VAN DER VAART AND
WELLNER (1996), Lemmas 2.6.16 and 2.6.18, pages 146 and 147, the collections
Far;»J =1,k —1 are VC-subgraph classes. Furthermore, the function

Fx,R<t) = kRk(k_l)/z(x - t)]—gi-_ll[x,l‘-&-R] (t)

is a common envelope for these classes. To see that, notice that for j = 0,---, k, the
product [[;/.;(yjs —y;) contains k terms and hence o is a product of k(k+1)/2—k =
k(k — 1)/2 that are at most R distant from one another. It follows that

aj < kRFED2 forj =0, k.

For an arbitrary probability measure (), we have
2 2 pk(h—1y [T 2k—2 2 pk(k+1)—2
IFs rllG2 = K RE™ )/ (t — 2)2*2dQ(t) < K2RFk+1)=
x

which is independent of (). By Theorem 2.6.7 in VAN DER VAART AND WELLNER
(1996), there exist a universal constant K > 0, two constants D; > 0 and V; > 0 that
depend only on z, R; and R such that the eHFLRHZQ’Q—covering number of F; g, with
respect to La(Q) is given by

1\ Vi
N(EHFI,RHQQ,Q’fm,RjaL2(Q)) § KDj () .

€

It follows that the collection F, , admits a finite e-covering number with respect to
Ly(Q). Furthermore, it is easy to see that the function k x Fj r is an envelope for
this collection. Therefore, there exist a universal constant K > 0, D > 0 and V > 0
depending only on z and R;, j =1,---,k such that

€

1 1%
N (e FoilBgs Foy La(Q)) < KD <)

and therfore

1
slql?p/ \/1 + log(N <6||FI7RH2Q’27]:$£’ Lz(Q))de < o,
0

On the other hand, if x is in a small neighborhood [z¢ — §, 29 + d] for some small
d > 0, there exists some constant C' > 0 depending only on 0, R and go(xg) such that
0<go<Conz,z+ R| for all x € [xg — J,x09 + J]. It follows that

x+R
EF?p(Xy) < K*RMED / (t — )% 2go () dx

K°C k-1 p2k-1 _ K*C rgery—1
2%k — 1R R 2k — 1R ’

IN
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Therefore, by the Theorem 2.14.1 in VAN DER VAART AND WELLNER (1996), we have

2
Jry, oy, €Fw,r

!
< %EFD? r(X1) = O(n~ ' REGHDFL), (3.5)

(Gn - GO)(f:v,yl,-",yk)

for some constant K’ depending only on xg, § and R.
We denote

(P'I’L - PO)(fxuylf"vykfl:y) = (Gn - GO)(f:anlz"ﬁyk*l)y)

where fi .y, ..y 1y € Fz,r and define M, as
M, = inf {D >0: ‘(Pn = Po)(fen o nrw)| < €y — w)(gkﬂ)km

+ p~GHRR/QREI D for all y € [z, 2 + R]} ;

note that M, is possibly equal to infinity if no D > 0 satisfies the required inequality.
Let n > N. For 1 < j < |RnY/®k1D | = j  we have

P(M,, >m)
< Z P{H y: (j— D VD <y g < jp/ERHD,
1<j<jn

‘(Pn _PO)(fﬂc,ylgu,yk,l,y) > e(y—x)(3+k)k/2 + n—(3+k)k/(2(2k+1)) m}

< > P{a y: 0<y—a<jn /O,
1<j<jn
n(3+0k/(22k+0) | (p — PO (Foapans)| > €l — 1)B+RIk/2 4 m}
2
E { <Supy10§y—x<jn1/(2k+1) (P = Po)(fapn, 6 1.w) > }
< Z BT/ (2k+1)

. 2
1<5<jn (e(j = 1)BFRR/2 4 m)

(Pn - PO)(ffE,yl,"',ykfhy)

)]

FE { (Supf%yl,wykl,yefzdn_l/(gk“)
_ Z nB+k)E/(2k+1) 5
1<7<in (e(j = DEFIN2Z 4 m)
jk(k+1)71

< C Z n(BFR)k/ (2k+1),, =1 —(k(k+1)=1)/(2k+1) i
1<5<jn (e(j — 1)BHRIE/2 4 )
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PGS

= C Z 5
1<j<]n 3+k)k/2+m)
JLESS
< CZ 5, N\ 0 asm — oo,

e(j—1) (3+k)k/2 1 )

where C' > 0 is a constant independent of z € [zg — §, 29 + 6]. Therefore, M,, = Op(1)
and hence

(Pr — Po)(fags o s)| < €y — m)(3+k)k/2 +0, (n—(3+k)k/(2(2k+l))>

uniformly in z,y. It follows that
Th+1
’/ d(G,, — Go)(t )‘ 0, (n—(3+k)k/(2(2k+1)))

and we can choose ¢y = ¢ to be large enough so that the probability of the event (3.1)
is arbitrarily small. This proves the result for j = 0.
Now let 1 < j < k — 1. This time we will need (k + 1 + j) jump points 71 <

© < Tgy144. As for j = 0, 71 is taken to be the first jump point of gﬁﬁ‘” after
zo —n~ Y@+ 7 the first jump point after 7 +n (1) and so on. Notlce that the

existence of at least k + 1 + j jump points is guaranteed by the fact that 90 (950) #0
which implies that with probability 1, the number of jump points tends to infinity with
increasing sample size n. Consider the function

W)= J[ (m—m)xB)
1<i<j<k4j+1

where Bj is the B-spline of degree k + j — 1 with support [71, Tpy145]; i€

(r — )kt (Thej — 1) )

Bit) = (-1 + ) ( ot

Hj;él(Tj —71) Hj;ék+j(73 Thtj)
It is easy to check that p; = qj(-j ) is a valid perturbation function (it is a spline of degree
k — 1) since for |n| small enough, the function

gn,n,j = gn + np;
is k-monotone. It follows that

lim Qn(gn,n,j) - Qn(gn)
n—0 n

=0

which implies that

/Tk+1+J . (t) (gn (t) B go(t))dt _ /Tk+1+i p; (t)d(Gn(t) -Gy (t))dt

T1 T1
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By successive integrations by parts and using the fact that qu (r1) = q§i) (Tk+145) =0

fori=0,---,k+ j — 2, we obtain
Tk+1+4j

/Tk+1+j (—l)jq]‘ 0 (g,(f)(t) _ g(()j)(t))dt — / p;(t)d(Gy(t) — Go(t))dt.

T1 T1

Therefore, if we assume that there exists ¢ > 0 such that

inf
LE[T1, Tt 144]

39(0) — g (1)) > en= I/ CRY (3.6)

then

[ b - Go<t>>dt\

1
Th41+j

> cn—(’“‘j)/(z’““)/ q;(t)dt

1
> ¢ (k4 j) n—k=D)/@k+) (n—l/(2k+1)>(k+1+j)(k+2+‘j)/2

= ¢ (k+ j) n~(@E=D+EH)(E+i+1))/ (2(2k+1)

= ¢ (k+j) n~ Gkt (EH)?)/20Ek+1))
Using similar empirical process arguments as in the proof for j = 0 it can be shown
that

Tk+1+j . .
‘ / "9y (Od(Gn(t) - Go(t))dt‘ = 0, (n~ kI HEI/ 0Ok
T1

and the result for 1 < 57 < k — 1 follows. For the MLE, the result can be proved
similarly by using the same perturbation functions and also consistency of the MLE.
|

Proposition 3.2 Let 9 > 0 and gy a k-monotone density such that (—1)kg((]k) (xo) >
0. Let g, denote either the MLE g, or the LSE §,. If Conjecture 2.1 holds, then for
each M > 0 we have,

sup Q,(Lk_l)(xo n n—l/(2k+1)t> . g(()k—l)(xo)‘ _ Op(n—l/(2k+1)) (3.7)

[t]<M
and
k=1 nf(ifj)/(QkJrl)g(()i)(xO)

7() —1/(2k+1) 4y _
sup | (a0 +n t) —
jt|<M ; (i —J)!

ti—j’ = 0, (n~(k=0)/(2k+1))

(3.8)

forj=0,--- k—2.
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Proof. To prove (3.8), we will use induction starting from the highest order of
differentiation k — 1. The techniques used here are very much analogous to the ones
used in the case k = 2 in GROENEBOOM, JONGBLOED, AND WELLNER (2001B). But
this was possible mainly because of the result established in the previous lemma.

We begin by establishing (3.7). Let M > 0 and 0 < ¢ < 1. We consider two
sequences of (k+1) jump points T1,1, " s Th1,0 and 712, -+, Tp11,2 as described in the
previous theorem, where 7 7 is the first jump point of g,(f_l) after zg+Mn~1/ k1) and
71,2 is the first jump after 75,41 1 + n~1/(2k+1) - Similarly, we define two other sequences
Ti,—1" " Thtl,—1 and 71 2, -+, Tp41,—2 to the left of xg. By the previous theorem, we
can find ¢ > 0 so that,

inf gl (@) - g5 ()] < /R

n
tE[T1,i,Th41,i]

for i = —2,—1, 1,2 with probability greater than 1 —e. Let & and &2 be the minimizer
of |g§f’2) — gék72)| on [71,1, Tk+1,1] and [712, Tk+1,2] respectively. Define {_; and £_
similarly to the left of zg. For all t € [zg — Mn~ YD 20 4 Mn~1/CE+1] we have

with probability greater than 1 — ¢
(—1F 20—y < (—~1)F 2D ()
(125D (&) — (~1)F 258D ()
& —&
(—1)F 2682 (&) — (= 1)k 2982 (&) + 2002/ kD)
& —&
< (=12 (&) + 27O

<

<

since & — & > n~ V@D Similarly, with probability greater than 1 — €, we have that

(=128 D (14) > (~D)F2g¢ D (=) > (~1)F 29D (6_y) — 200~/ CFHD),

Now, using the fact that &40 = z¢ + Op(n_l/(2k+l)) and differentiability of gék_l) at

the point x, we obtain (3.7).
Using similar arguments in the proof of Lemma 4.4 in GROENEBOOM, JONGBLOED,
AND WELLNER (2001B), we can show (3.8) for j = k — 2 which specializes to

ﬁﬂﬁ\} gff_g)(wo + n—l/(2k+1)t) _ g(()k—2) (20) — n—l/(2k+1)tg(()k—1)($0) _ Op(n—Q/(2k+1))
<

for all M > 0. Indeed, since the jump points 75,5 = 1,---,k+1,i = —2,—1,1,2 are at
distance from z( that is Op(n_l/ (2k+1)) | we can find with probability exceeding 1 — e,
K > M such that & and & are in [zg + Mn =YD g0 4 Kn~V/CHD] ¢ 5 and €4
in [xg — Kn~V/Ck+D) 20 — Mn~Y/2k+D] But we know that, with probability greater
than 1 — ¢, we can find ¢ > 0 such that

1952 (6x1) — gSF 7 (641)| < e~/ @RHD),

n
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Also, with probability greater than 1 — ¢, we can find ¢ > 0 such that

sup gq(@kfl)(t) _ gékil)(xo) < /p M@kt
te[xofanl/(QkJrl),xO+Kn71/(2k+1)]

Hence, with probability greater than 1—3e, we have for any t € [z — Mn V@D o4
Mn~Y/(k+1)

(=122 (1)
(D22 (&) + (1) gl - &)
(12 (& ) (=) 2g6" ™ (wo) + VD)t — )
(~1)F g5 (o) + <51 =) (=125 (o) + (¢ = &) (-1 5" (a0)
—en= /(2k+1) n~ 1/(2k+1)(§1 —t) (39)
(=128 (o) + (¢ — 20) (—1) 29" (o) — (¢ + 2K )n =2/ @R+,

where in (3.9), we used convexity of (—l)k*QQ(()k_Q) “from below”. On the other hand,
o (k-2)
)k 290

v

)+
) —

Y

v

v

using convexity of (—1 but this time “from above”, we have

(-1 g2 (1)

(1252 (6) — (~1)F 25D ()

< (D2 + -

(t—¢&-1)

< (—l)k_2§(()k_2)(§_1)+Cn_2/(2k+1)
(=1DF 200" (€)= (~DF 20" (€ ) o+ 200 /R4D

- (t—€)
&1 —&
< P2 D ) 4 (61— w0) (- 1F 2 D o) + (6 — w0120 ()
(1) 2D ) (¢ — € y) 4 20n—2/ R U E1)
&1 —&
< (2D a0) + (61 — o) (-)F 2 Do)+ (€1 — w0 (-1 0)

i <(_1)k—29(()k_1)(m0) n C/71_1/(21<;+1)> (t—€_1) +2m—2/(2k+1)@
&1 —&

- - D
< (=DF2g0 P (wo) + (8 = o) (~1)F g5 (o) + <;+2c+2Kc') n 2/ @)

where v € (§-1,20), D1 = SUDgc[zg—600+4] |g((]k) ()| and [zg — 0,20 + 6] can be taken

to be the largest neighborhood where g(()k) exists and is continuous. In all the previous

calculations, n is taken sufficiently large so that [z¢— Kn~1/@k+D) 20 +Kn_1/(2k+1)] C
[xg — 0, x0 + §]. We conclude that (3.8) holds for j =k — 2.
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Now, suppose that (3.8) is true for all j/ > j — 1; i.e., for all M > 0

k=1 (-3 /(2k+1) ,(2)
sup gg/) (:UO + n*l/(2k‘+1)t) . Z n (i—J )/( '*‘./)'go (:E(])tz'fj/ _ Op(ni(kij/)/@k‘i’l))'
jtl <M = (i —7')!

We are going to prove (3.8) for j — 1. We assume without loss of generality that k and
j — 1 are even. In what follows, £11 denotes the same numbers introduced before but
this time there are associated with 97(3_1); i.e., for any 0 < € < 1, there exist ¢ > 0 and

K > M such that
99V (ex1) — g9V (€1)] < en(b=i+D)/ (1)

with probability greater than 1 —e and where &; € [zg+Mn~ Y@+ g4 Kn~1/(Ck+1)]
and €1 € [xg — Kn~ VD g0 — Mp~1/Ck+1)],

Now, using the induction assumption, we know that we can find ¢/ > 0 such that,
with probability greater than 1 — e,

k=1 —(i—j/)/(2k+1)g(()i)(xo)

—(f—4! _(4' _ n i— i’
DD < ) gy 4 R -5 o i
i=j’
< ¢~ k=a)/ (k) (3.10)

for all |t| < M and j' > j — 1.
Using convexity of g,(f_l) “from below”, we have for all |t — x| < Mn=1/ k1) with
probability greater than 1 — 2e,

g (t)

> gi e +ad et -&) +- + C ij)!gqgk_l)(fl)(t - &)
(j—1) k—j+1)/(2k+1 = 9(@(%) i—j
> gy (&) —en”BTITD/GERD (Y (i— ) (& —0) 7 (t—&)
i=j ’

— g 2 e
9o (o) i1 | t—&1) (k—1) (t —&)ka
+ i:jZJr1(i_0j_1)!(§1_x0) j ot % (aco)W

@R () f e/ (B )

2!
- t— &)k
4+ —dn 1/(2’“4’1)(7‘. 3.11
(k=) (3.11)
Using Taylor expansion of g(()j 71)(51) around g(()j 71)(1‘0), we can write
G-1) (-1 4) g5 " (o) -
g0 (&) = g5 (o) + g5 (o) (& —wo) -+ W(& — )"
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. g((Jk)(V) (& — xo)k—jﬂ
(k—j5+1)!
where v € (x9,&1). Using this expansion and the fact that
‘t . 51‘ < Kn—l/(2k+1)7

the right side of (3.11) can be bounded below by

k—1 _ 0) N
1= =]— i ]

k—1 (1) ) o

900 (@0) (o i 8 L e (=€)

+i§1(i_0j_1)](51 x0)"? 51 +---+ 9 (x0) ]

k—j (k)
KP T v .
— (C + C/ E p') n (k=3+1)/(2k+1) + M(gl - x(])k A

= ¥ V(@) + 9§ (wo) (t — x0)

g5 (@) ) )
+T ((51 —20)? +2(&1 — 20)(t — &) + (t = &1)7)
oD () K2 ‘
4. 'p' (&1 — 20)FTI7P(t — &)P
p=0 ’
k—j (k)
AN y p
_ <C+0/Zpl) n— (k=i +1)/(2k+1) | (k;goj(+)1)|(€1 _xo)k j+1
p=1 '
- . (k=1)( ,
= )+ g ot — o)+ S
k—j i
Ner o SSETY mtmisnereny _ DIEMTT e
p=1 ! (k —J+ 1)!

since 0 < & — zg < Kn~1/(2k+1),
Now, we use convexity of g,(i U “from above”. We first need to establish a useful
inequality. Since g,(f‘” is convex, we have for all ¢ € [zg — Mn~ VD g0 4

Mn=/CE+1] and
g ) - g e

gED) < gl D) + (¢ —€-1).
En1 — &1
By successive integrations of the last inequality between £_1 and ¢, we obtain that
(t—¢&)?

g9 V) —g¥ V() < g9t — &) +a¥ThE) ol
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(k—2)

g 2E) —gv 2 (El) (t— e)h
&1 —&-1 (k=)

It follows that with probability greater than 1 — 2¢, we have
3 V()
1) 20) 1) (B = &)
gD + g (€ )t - ) + g7 e )
90" (€0) = 96" (6-1) + 2en = @R (¢ — gy )k

&1 —& (k—j)!
U (1) + en-C—HD/@k4)

IA

IN

1 40 () o 4
i (g A 20) 7 4 nmWEIERD ) (¢ — )

k=1 () )
i : t—¢&

+ ( > (Z-g_‘)w(&_l — xg)" I +cfn<kal>/<2k+l>) <2§1>

¢ n—1/<2k+1)) =&
(k= j)!

(k)

9" (v)
L

IN

(&1 — mo)F I

k—1 (7) _ 9
+.- 4+ M@—l _ xo)ijl) (tf'—l)

_ k—j
(k-1) “1ekn)) (=€)
+ (o o) +en ) & —J)

) KP DKFk-Jt+1 )
+ (Cu FE) Y 1k,) (=i 1)/ k1)

. _ k—j
= g (@) + 5 (@ ><t—xo>+---+g(§’“‘”<xo>“(kf°j) T K (a4 2k4)

with K’ = ¢(1 4+ KF7) + ¢ Zk a Kp + M It follows that (3.8) holds for j — 1.
|

Recall that the characterization of the LSE g, involved the processes Y, and H,
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defined by

tk—1 t2
g; = / / . (tl)dtldtg cee dtkfh T > 07

x tr to
:/ / / Gult))dtrdts -~ dty. >0,
0 0 0

Since we are interested in estimating the true density or its [-th derivative (I < k—1)
at a point g > 0, we need to define a local version of these processes. We define the
local Y,, and H,,-processes respectively by

xo+tn—
erfc(t) = n23i1/0 / /

{G (v1 n(x0) Z u—a:o )du}Hf ~Ldv;,

and

1/(2k+1)

o j =0
and
) o zo+tn—1/(Zk+D)
k— 1 (01 — '
{gn e o>}dm-~dvk
+A(k71)n - +A(k72)ntk72+"'+/~11nt+1‘10m
where

n(k+1 /(2k+1) n(k+1)/(2k+1)

( y (k- 1)(x0)> _ (k—l).(G (z0) — Gn(xo)>
i n(k+2 2k+1
= BT ) o)
(e

A, = p@D/Ek) 0))
A(]n = 2k/<2k+1) ( n(xO) Yn(x0)> )
and G fo n
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Example 3.1 k=3

x0+¢n41/7 w

0 zo

[ (s + 0= o) + 30— 0 o) )

0

and

A = oo [ +/ / w / {gnw) — go(o) — (u — z0)gh(w)
1

- —(u— mo)Qgg(xo)}dudvdw + Aopt® + Aipt + Aop,

2
where
- nd7 s
e R
A TR AT
and

Agn = n6/7<ﬁn(xo)yn(xo)>.

In the following lemma, we will give the asymptotic distribution of the local process
Y!¢ in terms of the (k — 1)-fold integral of two-sided Brownian motion, go(zg), and
g(()k)(:vo) assuming that the true density gg is k-differentiable at xg and continuous in
an open neighborhood around xy.

Lemma 3.1 Let xg be a point where gy is k-differentiable and g(()k) 1§ continuous at
xo. Then

yloe v/ 90(o) fot o [P W (s1)dsy - - dsgr + ﬁt%gék)(wo), t>0
n(t)= Vaol@o) [0 [0 0 142k (k)
go(xo) f; Jo - Jo, W(st)ds1 -~ dsp—1 + g5t% g5 (z0), t <0

in D[—K, K] for every K > 0 and where W is standard Brownian motion starting at
0.

Proof. Fix K > 0. We will prove the lemma for ¢ > 0 and similar arguments can be
used for t € [-K,0). We have

xoFtn /D gy v2
Yifc(t) _ n2k/(2k+1)/ / / {Gn(vl)—Gn(fvo)
x0 xo Zo
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B /:1 (go(l“o) + (u— w0)gh(zo) + - + 1 (u — x0)*” 19(()k 1)($0)>du}

0
dvld’Uz e dvk_l

= An +Bn7

where

1/(2k+1)

xo+tn— Vk—1 V2
A - n2k/(2k+1)/ / /
n =

0 o 0

{Gn(vl) — Gn(l'o) — (GQ(Ul) — Go(l‘o))}d’uldvg cee d’l)]gfl,

and

B — n2k/(2k+1)/m0+m

1/(2k+1)

Lol

{Go(m) Go(xo) — / <go($0)+(u—ﬂf0)96(9€0)

o+ (u— mo)k1gék_1)(x0)>du}dvldv2 <o dug_1.

(k— 1)

But, with U, denoting \/n(Ty —I), [n(t) = n~t 327 1j, <y Where &1, - -+, &y are iid.
U(0,1) random variables, we have

zo4tn—1/(2k+1)
n2k/(2kz+l)—l/2/ / / ( (Go(v1)) — Un(Go(ﬂfo))>

dv1 dUQ dvk 1

k1 xo+tn—1/(2k+1) Vk—1
— n2<2k+1>/ / / ( (Go(v1)) — Un(Go(wo)»

d’Uldvg d’l)k_l,

Il

An

and using Taylor expansion of Gy(v1) in the neighborhood of x,

- zottn—1/(2k+1) Ul _ xo k+1 . 3 k—1
B, = ot [ [ [ e (i = o ) T

Ltn—1/(2k+1) B kil
+n21§i1/x0 ! /k “'/”2(1)1—%0) g :Uo Hdv
0 7
0 0 T (k +1

0
= Bnl + Bn27
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where [v] — xo| < |v1 — z|. Now,

1/(2k+1)

ok 1 (k) To+tn— Vk—1 k2
Bhe = nZti———g (xo)/ vg — x0) " dvg - - - dvg_y
" (k+1)170 20 20 k:
—1/(2k41)
a1 (k) / . / Ukt / et
= n?2k+1 ly) U3 — fL‘O dvy - - - dug,—
(k + 3)!90 ( ) xo xo '
—1/(2k+1)
S 1 (k) /mOHn 2%k—1
— 2%+l — = dvi_
n (2k—1)!go (zo) . (Vg—1 — o) Vg1

2k (k) 1 t 2k
= n2H g (xo)i(zk)! IEYGTEEY

1
= G @0

Furthermore, by continuity of g(()k) at xg, we deduce that Bp1(t) = o(1) uniformly in

0 <t < K and hence

I
B, — ng ) (20)t2", (3.12)

as n — oo uniformly in 0 <t < K.
Using the identity

4

U(Go(v)) — U(Go(zo)) = W(Go(v)) — W(Go(z0)) — (Go(v) — Go(z0))W (1),

where W is two-sided Brownian motion process, we have

d 2k—1 xo+itn~
An = n2(2k+1)/ / /

<Un(’01) — U(Ul) — (Un(.%'(]) — U(l‘o))d’vl s dvk_l

. /xo+tn 1/ (2k+1) /m ./1)2 <W(G0(U)) _W(Go(fvo))>

ok_1 zo+tn~ Y/ @+
_W(l) 2(2k+1)/ / /
0

(Go(v1) — Go(zg))dvy - - - dvg—q

1/(2k+1)

= Anl + An2 + An3-
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But,

2k—1 zo+tn =/ CRHD
App < 2n2CHT|U, — UHOO/ /
xo xo

1/(2k+1)

ok—1 xo+tn— Vi—1
= 2p2@0) U, — U||Oo/ / / vy — x0)dvg - - - dvg_q
xo Zo

2k—1 xo+tn_1/(2k+1) Vk—1 V4 1
= 2n20 0 ||U, — Ul|oo (v — z0) dvg
z0 0 2

d’l)l dvk 1

zo+tn—1/(2k+D)

2k—1 1 L2
— 2n2(2k+1> ”Un — UHOOM / ('Uk_l - CCO) dvk_l
° x

0

st L )\
frnd + -
2n U, — Ullso (k1) <n1/(2k+1)>
/ 2

_ ztk—lnﬁcflocoyglfz) )

1 [ log(n)?

k—1

2t O(nk/(%-f—l) 219

since ||U,, — Ul|oc = O (n*1/2 (log(n))2) via KOMLOS, MAJOR AND TUSNADY (1975);

see e.g. SHORACK AND WELLNER (1986), page 494.
On the other hand, using the fact that gy is nonincreasing, we have

/ / vl — xo d’U1 d’l}k 1
v3 1
/ / ’01 — .To d’L)2

/(2k+1)

IN

ok—1 ro+tn—
Aws < [W(1)lgo(o)noD /

2k—1 xo+tn~
= |W<1>|go<xo>n2<2k“’/

1/(2k+1)

ok_1 1 zo+tn 1/ (2k+1)
= Wl o (ver — 20)
-/
k

= W (1)lgo(zo)n 20 (’f )

E!'\ nl/(k+1)

1
= [W(1)|go(wo)t*n 2@+ —,, 0, (3.14)

as n — oo uniformly in 0 <t < K.
Finally, using the change of variables s; = n'/* D (v; — xo) for j = 1,...,k — 1,
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we have

ok—1 zo—i-tn?’:-&l Vjo—
An2 = n 2(2k+1) / / / ( GO ’Ul ) W(Go(l‘o))>dvl PN dvk—l
0 o o

2k—1 _ (k=1 Sk—1 52
= n2CHOn <2k+1>// / ( (Go(n7+7 sy + m0)) — W(Go(xo))>

dSk 1

2(2k+1> / / / (Go TLQk‘H S1 + .%'0) Gg(l‘o))dsl <o dSp_1
/ / / <n2k+1 Go(n2k+1 S1 + 1‘0) Go(l'o)))dsl <o dSp_1
— / / / W (s190(wo))dsy - - -dsp—1 asn — oo
0 JO 0
d

\/M/Ot /OSk_l e /082 Wi(s1)dsy -~ dsg_1. (3.15)

Therefore, combining (3.12), (3.13), (3.14) and (3.15) yields

t Sk—1 S2 1
W) > Vaolao) [ [ [T W s + el @)
0 JO 0

for 0 <t < K. A similar argument for —K <t < 0 yields the conclusion. |

Il

We will now rescale this limiting process to obtain a “canonical” version. In the
case of k = 2, Groeneboom, Jongbloed and Wellner (GROENEBOOM, JONGBLOED, AND
WELLNER (2001B)) chose the “canonical process” to be

t
- / W (y)dy + £,
0

and one can establish a link between estimating a non-decreasing convex density and
the following Gaussian problem:

X(t) = fo(t)dt + dW (¢) (3.16)

where fj is convex. Integrating (3.16) twice and choosing fo(t) = 12t?, we have

/ X(y)dy = / W (y)dy +t* =Y (2).
0 0

Similarly, one can establish a link between the k-monotone density estimation
problem and the Gaussian problem:

X(t) = folt)dt + dW (¢)
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where (—1)¥ fy has a convex (k — 2)-th derivative. If we choose fo(t) = t* and integrate
the previous stochastic differential equation k — 1 times, we get

k+1tk+1+W( )

1
Xlt) = /X /<:+1)(l<:+2tk+2 /W

Xg(t) = / / X 81 d81d82 (k‘—i—?) tk+3 / / W(Sl)dSldSQ

' k! U rSk—1 82 d
kal(t) = % + s W(Sl)dSldSQ ceedSp_1 = Yk(t)
(zk)' 0 Jo 0

Here we will rescale the limiting process so that we obtain the “canonical process”

k!
/ / / W 31 d81d82 ~dsp_1 + ( )k (2]{7) Qk, t > 0.

Let us denote by o and a, the multiplicative term 1/go(zo) and (—1)kg(()k) (x0)/k!, the
leading coefficient of the drift term in the limiting process

t prSk—1 52 —1)k
£ = \/M/o /O /0 W(s1)dsy - - dsp_1 + ( k1!> gék)(m)(_l)k(zkk!)!t%

respectively. In the following, we are going to find constants r; and r9 such that

d
TIYa,U(er) =Y (t)

kl
Yoo(t) = a(-1) k t%—i-a// / W (s1)dsy -+ - dsg—1

4 a(— 1)k k' 2k 4 o1/2 / /sk ' / W (ast)dsy - - - dsy,
(k)] 1 -1
! o |
4 a(— 1)k(2k) 12k 4 q1/2 / / / —W(sl)dsl ~dSp_1
d k' _ 52 1
4 kKU on i [ o2 1
= a(-1) k) —t" + /O'/O /0 A W(sl)ﬁdsl'--dsk_l

Il

k! at  rsp—1 82
a(—1)F ¢ 4 a1/2_ka/ / . / W (s1)dsy - - dsg—1.
(2k)! 0o Jo 0



Therefore,

d kK 2% ok [T [ *
71Yq0(r2t) = a(-1) r1(r2t) ™ + o /2= cr/ / / W (s1)dsy -+ dsg_1,
' 0 0 0

(2F)
and
arlr%k =1,
rat/2 kg =1,
roov = 1.

Solving the previous system of equations yields

- ()

and therefore

B 1 (_1)kg(()k)($0) (2k—1)/(2k+1)
o= and (3.17)
Voolzo) \ k!y/go(0)
9000 >2/<2k:+1>
BTG : 3.18
" ((ng“() (3.18)
k!
Thus,
Yoo (t) 2 1yk<t>
(&} 72

- gmo)(kﬂgow)Qk‘”“%*”yk<<Mmymkﬂ)t)
(=1 e (=144 x0)

Note that (3.17) specializes to A.9 in GROENEBOOM, JONGBLOED, AND WELLNER
(2001A), page 1651 when k = 2.

Let us now have a closer look at the difference of the two local processes Y¢ and
I},ll"c. The asymptotic behavior of this difference, as we will show later, will have a
crucial role in establishing the asymptotic theory of the LSE.

We have,

Hy“(t) = Yy (t)

R / “ / / :2{(@n(m)—énm))—(Gn@l)_Gn(m)))

dvy -+ dvk—l} + z‘~1(/rf—1)n7fk_1 +o o At + Agp,

__1
2%k xo+tn 2k+1 Vg —1 v2 _
= n2k+1/ / / Gn(v1) — Gp(v1) |doy -+ - dvg—q
o o o
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RU1)/(2h1) i N N
<Gn($o) - Gn(ﬂio))tk_l + Aoyt Agt + Agp

 (k—1)!
ok x0+tn7#+1 Vi
= n 2k+1 / / / ( (v1)> d'Ul e dkal
0 0
- le(lcfl)ntki1 + A(kfl)n -+ Alnt + AOn

__1
ok zo+tn 2k+1 Vg1 Vo B
= n2k+1/ / / Gn(v1) — Gp(v1) |duy -+ - dog—y
o Zo o

+ Apogynt" 2+ 4 Apgt + Agy

ok xo—l—tnfﬁ Vp—1 va /o
= n%ﬂ/ / / <Gn(v1) —Gn(v1)>dv1~-dvk_1
xo x0 0
2k 300-&-1571#“1'1 Vg—1 v3 o ,
—n%ﬂ/ / / dvg - - dvp_1 % / (G’n(vl) —Gn(v1)>dvl
xo o o 0

2

+ A(k 2)n k_ -+ Alnt + A(]n
ok m0+tn2’€+1
= n2k+L / / / < (1)1)>d1)1 s dkal
)kt / (Guler) = Galon) ) don + Ag_opt"~2
k-2 " J, \m (b=2)n

+ A )tk_g—l—"'—i-lelnt—i-zzl(]n

ok x0+tn2k+1
= n2k+1 / / / < (Ul)> d'Ul e dkal

— Aoyt 2+ At 4 Ayt + Agy,

ok x0+tn2k+1
= nZ2k+1 / / / < (’Ul)) deI [ dvk‘—l

+ A(k 3)n tk -+ Alnt + AOn

2k ~ —1 —1
= nIH <Hn(:no + tnZ+1) — Y, (20 + tn%ﬂ)> >0,

by the first Fenchel condition satisfied by the LSE.

A natural thing to do is to rescale the processes Y/¢(t) and HY°(t) so that the
rescaled Y!°¢(t) converges to the process Yj we defined already. Since the scaling of
Yoo (t) will be exactly the same as the one we used for Yy, we define H! as

HL(t) = r HY  (rot)
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where

T =

1 (_1)kg(()k)(l,0) (2k—1)/(2k+1) (_1)kg(()k)(x0) —2/(2k+1)
Jgo@co)( Vao(wo)k! ) T (m) |

Now, we can write

(HHW(©0) = rirk(HP)P(0) = 2@y (g0) (n(w0) — go(20))

(H)"H0(0) = gt (HP)WHD(0) = n® D e (g0) (37, (0) — gh(0))
(H)*2(0) = riry2(HP) 2 (0) = 02/ ey_o(g0) (37 (x0) — g6 (20))

(HL)P=D(0) = rr2E 1 (H9) =1 (0) = nV/@HDe) (90) (35D (20) — g5 (0)).

Now, let us consider the MLE §,. Recall that the characterization of this estimator
involves the process H,, given by

R k-1
Hn(t):/o (tgf‘;)dGn(t), for all >0

u)
and that
. <& t>0
Hu(t)y ~ k L (k—1)
= 3, when t isa jump point of g

is a necessary and sufficient condition for g, to be the MLE. Note that ﬁ[n and H
defined in BALABDAOUI AND WELLNER (2004A), Lemma 2.6 arc different: H,, (t ) =
(t* /kYH,,(t) for t > 0.

We define the local processes fﬁioc and ITIT{LOC as

. —(vzo) )
/ / go(v gn() 90 (o)

1/(2k+1)

R xo+tn~
Yéoc(t) — n%/(%ﬂ)go(mo)/

dvduvy -+ - dvg_q
2k/(2k+1) (z0) o e w1 ( )(v)
+n gomo/ / / ~ d(G,, — Go)(v
zo o xo gn(v)

dv1 e d’l)k_l
and
=R xro+itn~ /(2k+1) v1 g — (v—.mo)j g(]) (1’,’0)
o) = /R0 gy / / / n =A 5T 90

( ) 90( 0) gn(v)
dvdvy -+ - dvg_1 + A(k 1)n -+ AOn
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where for 0 < j < k-1

. 1 (2k—5)/(2k-+1)

- _ (k—1)! 4y
==yt (o0~ =)

With this particular choice of A\jn, 0<j<k-—1, we have
A1 (1) — T1(1)

2%/ (2k+1) rotin vt Qn — go(v)
n go(xo) LT Cdvdur - dog_g

n2k/(2k+1)go(Io) / .. _ d(@n _ Go)(v)dv1 <o dvp_q
xo fedy) gn(v)

+ ;{(k*l)ntki1 + -+ A\On
= go(To k-l 20 gn('U) n o 7

+ ;{(k‘—l)ntk_l +-+ A\On'

1/(2k+1)

—1/(2k+1)

But notice that for any ¢ > 0

/t]dG@o: L fe-n.
0 gn(u) e

It follows that

zo+tn— 1/ (2Zk+D)
— dG,,(v)dvy - - - dvg—
/ / / (o) “Cn ()AL dvi
zo+n—1/(2k+1) R
= '/ / / (k D(vy) — H,S“”(ﬂ?o)) dvy -+ dvg_y
xo

Iin=3/@k+1)
— ( (o 4 tn 1/ GEHDY Zit n H,(L])(ivo)) .

-

Therefore,

He(t) — Yloo(t)

.FAIn(azo + tn 1/ (2k+1)) tk k=l g =i/ (2k+1)
n2k/(2k+1)90(370){ - (k: — 1)! +3 k /R + Z 1 'j 7(1”(550)
7=0

+ g(k—l)ntk_l + 4+ AOn

an/(2!<:+1)90§;”0) { — kH, (zo + tn~ Y/ @kFH1) L gl —k/(2k+1)
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k— k—1
Jn—J/ 2k+1) <A . 1k . k! A
Hr(L]) za) — ,ka_]> + 715] ]/(2k+1)xk—]}
Z (z0) ke (k— N0 ;J(k—J) 0
+ A\(k—l)ntk_l + -+ A\On

_ n?k/(zkﬂ)gOEjO){ — kHy (o + tn YDy 4 (g 4 g1/ 2RF ”)’“}

by replacing the coefficients /Tjn, 0 < j <k —1 by their expressions. It follows that

Rloo(t) — Dloc(t) = n2H/2k+D) (7;0(_"’32; ‘ (;(mo VOO By ml/(%“))) > 0.

As for the LSE, we define Y,! and H! by

~

Yl

n

(t) = 1Y, (rat)
and

~

H () = ri H(rot).
Lemma 3.2 Let K > 0. Then

}/}n = Yk
in D|-K, K].

Proof. We apply the same arguments in the proof of Lemma 3.1 in the case of the
LSE. |

Now, let A! denote either H! or ﬁfl Recall that

1 (2k—3)/(2k+1)

and
N n(2k—1)/(2k+1) ~ (k—1)! A
A - g _ k=3
N R T ( 0 G )

To show that the derivatives of H! are tight, we need the following lemma.

Lemma 3.3 Forallj € {0,...,k—1}, let A}, denote either Aj, or ﬁjn, If Conjecture
2.1 holds, then

Ajp = 0,(1). (3.19)



Proof. We will show the lemma only for the LSE as the arguments are very similar
for the MLE. Let j € {0,...,k — 1} and denote A, (z) = H,(z) — Y, (z) for all z > 0.
We will start by proving (3.19) for j = k — 1 and k£ — 2 and then use induction for
2 < j <k —3. Proving (3.19) for j = k — 1 would have been sufficient but we wanted
to show it for j = k — 2 to give a better idea about how the proof works.

~(k—1)

Now consider k successive jump points, 71, -, Tk, of gn where 7 is the first

jump after zg. By the mean value theorem, there exist 7'1(1) € (11, 72), 72(1) € (12,73),

ey T]gl)l € (7h_1, %) such that A/ (7, - )) =0for 1 <i<k—1. Also, by the same

theorem there exist 7'(2) (7'1( ) 7'2(1)), cee Ig )2 € (7,51)2,7'21)1) such that A’ (7. (2)) =0
for 1 <i< k-2 It is easy to see that we can carry on this reasoning up to the
(k — 1)-st level of differentiation and so there exists 7(*~1) such that

Aglkfl) (T(kfl)) —0.

(k—1)

Denote 7 =71 . We can write

AFD(@g) = AlF (o) — ALV (7).
But since

AFD(z) = / ’ d(Gn(t) — Gp(t)), for x>0,
0

[ e <m‘
o [ atu0-aeo]+
]

)dt‘

Golt)

Lfma>cm»\

IN

/|%@—%mwm—

/x:d(Gn(t) - Go(t))'.

Fix 0 < e < 1. By Lemma 2.8 and Proposition 3.2, we can find M > 0 and ¢ > 0 such
that with probability greater than 1 — €

o <717 <20+ Mn =1/ (@k+1)

and
98" (o)
gn(t) - gO(xO) - 96(900)(’5 - xO) - (Ek‘—il)'(t — xo)k_l < C?’L—k/(2k+1)
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for &g — Mn~Y@k+1) <t < zq + Mn~Y@k+1)_ On the other hand, using Taylor
expansion, we can find d > 0 that

(k1)
golt) = o) + gla)(t ~z0) =+ = O 1 < (e

< IpHE@kD
for zg — Mn~ Y@+ < ¢ < g0 + Mn~Y @k and where ¢ = dM*. Tt follows that

/|gn —go(t)|dt < (c+c’)n_k/(2k+1)/ dt
o

= (c+ c’)n_k/(QkH) X (T — xp)
< (C + c’)Mn_(k+1)/(2k+1).

To finish off the proof, we only need to check that

/ i d(Gn(t) - Go(t))‘ = 0, (n~(k+1)/@k+1)).

o

But this can be shown using similar arguments to those in the proof of Proposition
3.1. Indeed,

/ " d(Galt) - Golt)) = /0 o (DA(Ca(t) — Golt))

x0

is an empirical process indexed by the point 7 € [z, z¢ + Mnfl/(%*l)].
Consider now the empirical process

Un:2) = [ 7 15,90d(Gu(0) = Golt)
for 0 < y < z and the class of functions

{fy, fyz t) = }(t)7y§Z§y+R}

for a fixed y > 0 and R > 0. One can prove that there exist, 6 > 0 and R > 0 such
that

[Un(y, 2)| < e(z —y)FH1 4 O, (n~(k+D/(2k+1)y

for all |y — xo| <0, z € [y,y + R] and for all € > 0. It follows that

/T d(G,(t) — Go(t))' = o ((T _ xo)k—&-l) i Op(n—(k+1)/(2k+1))

zo

= Op((n—(k+1)/(2k+1))
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and the result follows for j = k — 1. Note that we obtain the same result if we replace
o by any 2 in an neighborhood of zg of the form |z — Mn =Y Ck+1) g4 Mp =1/ Ck+D]
for some constant K > 0; i.e., we can find K > 0 indenpendent of x such that

< Kn—(k+2)/(2k+1)

AFD (@)

with large probability.
Now, let j = k — 2. We have,

A;k—m (zg) = /Oxo (zo — t)d(@n(t) — Gp(t)).

X (k=2

Let 7 be a zero of A,,
We can write

) (we can find such a zero the same way as we did for ASH)).

AFD(m) = A2 (zy) — AK2(r)
_ / (20 — )d(Cn(t) — Gn(t)) — /()T<r—t>d<én<t>—Gn<t>>
- / (20 — )d(Con(t) — Gn(t)) — (7 — ) [d(énu)—«;n(t»

=~ [ (50~ (Gnlt) = Balt) ~ (7 20) A1),
zo
Let M > 0 be such that zqg < 7 < g + Mn~ Y@+ By the previous result, there
exists ¢ > 0 such that

< en~2/(@k+1)

(1 — o) ALV (r)

with large probability.
Now

/T(xo —)d(Gn(t) — Gn(t))' < /T(t — 20)|gn(t) — go(t)|dt +

zo o

[ (= 0)i@a(t) - Goto)|

Zo

We can find d > 0 such that

nlt) = gn(o0) — gan) ¢ — o) = -+~ D50 (¢ )t | < /D
and
gV (wo)
90(t) — go(zo) — go(z0)(t — z0) — 20 (- wo)F | < dn R/ R

(k—1)!



for all t € [zg — Mn~V/ kD) 24 4+ Mn~1/ k1] with large probability. It follows that

/ (1 — 20)[Gn(t) — go(B)]dt < 2d n—t/@k+D) / (t — 20)dt

o o

= d n—k/(2k+1) (7_ _ 370)2
S 4dM2 n—(k+2)/(2k+l)'

with large probability. Finally, using again empirical processes arguments, we can show
that

[ = @)t = Gofe)| = O~ He2/ 40

Zo

and the result follows for j = k — 2. The same result holds if we replace x¢ by any
x € [zg— Mn =YD =1/ k1) g0 4 Mn~1/ D] for some M > 0; i.e., we can find
K > 0 indenpendent of x such that

‘Aglk:—Q) (IL‘) < Kn—(k+2)/(2k+1)

with large probability.
Now let 0 < j < k — 3 and fix € > 0. Suppose that for all 7/ > 7 and M > 0, there
exists ¢ > 0 such that for all z € [xg — Mn =Yk 24 4 Mp~1/Ck+D]
(k=1 = AP ()] < en—h=i/Ck+D),
with probability greater than 1 —e. We can write,
(k=1 - )IAY (y)

- /y(y — )" A(G(t) — Ga(1)
Oy hel—i ~
_ /0 (=) + (x = )7 d(Gu(t) — Gn(t)

B (k—1—j ) yx_ k—1—j—1 1A () _
oD O ) [ A e (U RHT)

=1



Take x to be a zero of Aﬁf ) (such zero can be constructed using the mean value theorem
as we did for j = k — 2 and j = k — 1). Thus there exists M > 0 such that zg —
Mn V@41 < g < zg + Mn~Y/Z+D - Now by applying the induction hypothesis,
there exists ¢ > 0 such that we have for all y € [xg — Mn =~V G+ g0 4 Mp~—1/ kD]
we have

k—1—j

h-1-800) < ¢ 30 (17T )y apn- e orz

1 Z;@—“’“”d(@“” -G, (0)]

But,
k—1—j . k—1—j .
1= . —1- i
Z <k ; J>|y_$|ln—(2k—(3+l))/(2k+1) < ( (k : ]>(2M)l> n—(2k—3)/(2k+1)
=1 =1
and

‘ /y(x B t)kil*jd(én(t) _ (Grn(t))‘ — Op(n7(2kfj)/(2k+1))

by using empirical processes arguments. Therefore, the result holds for 7 and hence
forall j =0,---,k— 1. |

Lemma 3.4 Let 0 < j <2k —1 and c> 0. Let H., denote either ﬁé or H.. Then
() = 1
in D[—c,c| for j = 0,---,2k — 1 and where Hy, is the stochastic process defined in

Theorem 3.1.

Proof. The arguments are very similar to the ones used in Groeneboom, Jongbloed
and Wellner (GROENEBOOM, JONGBLOED, AND WELLNER (2001B)). We prove the
lemma for H. as the arguments are similar for H.. Let ¢ > 0. On [—c,c], define the
vector-valued stochastic process

Za(t) = (L), -+ (L2 0), Y4 1), -, (V)52 0), (L) (1), (7)) 1))
This stochastic process belongs to the space
Ek[icv C] = (C[*C, C])3k72 X (D[*C, C])2

where C[—c,c] and D[—c,c| are respectively the space of continuous and right-
continuous functions on [—c¢,c]. We endow the space Ex[—c,c] with the product
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topology induced by the uniform topology on C|[—c,c|] and the Skorohod topology
on D[—e¢,].

By Lemma 3.3, we know that (H.)U) is tight in C[—¢,¢] for j = 0,---,2k — 2. It
follows from the same lemma together with the monotonicity of (ﬁ,{b)(%*l) that the
latter is tight in D[—c,c]. On the other hand, since the processes (YY,---, (Y} )(*=2)
and (Y! ) =1 converge weakly, they are tight in (C[—¢, ¢])* " and D[—c¢, ¢] respectively.
Now, for a fixed € > 0, there exists an M > 0 such that with probability greater than 1—
€, the process Z,, belongs to Ej, y/[—¢, ] where Ej, ar = (Ca[—c, ¢))** 2 x (Dar[—¢, d])?
and Cys[—c, c] and Dys[—c, c] are respectively the subset of functions in C'[—c¢, ¢] and the
subset of monotone functions in D[—c, ¢| that are bounded by M. Since the subspace
Ej m[—c, ] is compact, we can extract from any arbitrary sequence {Z,/} a further
subsequence {Z,,»} that is weakly converging to some process

Z[) = <H07 Ty H0(2k_1)7 }/67 T 7YE](k_2)7 ((]2k_1)7 Yb(k_l)) (320)

in Ey[—c,c] and where Yy = Y}.
Now, consider the functions ¢1 and ¢2 : Ex[—c, ] — R defined by
$1(z1, -, 23K) = tei[f_lf }(Zl(t) — 29k(t)) A O
and

C

Pa(z1, -, 231) = / (21(t) — 2ok (t))d23k—1(2)-

—C

It is easy to check that the functions ¢; and ¢o are both continuous. By the continuous
mapping theorem, it follows that ¢1(Zy) = ¢2(Zy) = 0 since ¢1(Zpr) = ¢o(Zypn) =0
and therefore,

Ho(t) = Yi(2),

for all t € [—¢, ] and

[ oty - viwpar =2 =o

—C

It is easy to see check that (—1)’“Hé2k_2) is convex. Since ¢ > 0 is arbitrary, we see that
H)j satisfies conditions (i) and (iii) of Theorem 3.1. Furthermore, outside the interval
[—¢, ¢] we can take H! and Y! to be identically 0. With this choice, the condition (iv)
of Theorem 3.1 is satisfied. By uniqueness of the process Hy, it follows that Hy = Hj.
Since the limit is the same for any subsequence {Z,, }, we conclude that the sequence
{Z,} converges weakly to

Zk = (Hka o 7H[ng_1)7 ka o 7Yk(k_2)7H]£;2k_1)7Yk(k_1)>
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and in particular Z,(0) —4 Zx(0) and (H.)0)(0) —4 H,gj)(O) forj=0,---,2k—1. 1

Proof of Theorem 3.2. For the direct problems, we apply Lemma 3.4 at t = 0
together with the fact that for j =0,---,k — 1,

(H})(0) = ¢j(g0)n™ /¥ (G, (20) — go(x0))
and
(ﬁfz)k-i_j(o) -G (QO)n(k_j)/(2k+1)(§n($o) — go(xo)) —p0 asmn— o0

which follow from the respective definitions of .FNLZ1 and fIﬁL, and also strong consistency
of the MLE (for H!). For the inverse problem, the claim follows from Lemma 3.4 and
the inverse formula in BALABDAOUI AND WELLNER (2004A), Lemma 2.2. [

Acknowledgements: We gratefully acknowledge helpful conversations with Carl
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