




















difference between two large attribute values was less in-
formative than a small difference between two small at-
tribute values. This data set complements the bull’s eye
data set because the Multi-way Normalized cut is greater
than 0, the clusters are dence and there are redundant
features.

Due to time and memory limitations small subsets of the
letters were explored. Between the training and test sets
each letter appears approximately 750 times. The train-
ing set of the ‘SM’ data consisted of 50 occurrences of each
letter, the ‘WA’ and ‘ETl training data contained 100 of
each letter, and the training set for the ‘ACT” and ‘ACIM’
data had 200 of each letter. We also chose to re-sample
sets of 150 letters, 25 times from each of the test data sub-
sets, to test the parameters on smaller data sets, because
it was noted that on the artificial data that larger data
sets provided for better clusterings even with the learned
parameters applied.

Table 2 gives the results of the learning experiments for
both 8,0k and f, 54 on the training and 3 gives the
results for the test data. Table 4 presents the results for
the re-sampled test data while 5 presents the clustering
results if unlearned parameters are used. The optimal a’s
chosen by the two methods differ, which is due in part to
the fact that it is rare, in either method, to have a unique
optimal « and ties were decided differently between the
methods.

For the subsets ‘SM’ and ‘WA’ a fairly good clustering
can be cobtained with equal weights applied to the fea-
tures. Some of the learned parameters equal zero which
suggests that there are redundant features. The cluster-
ing error on the training data for the ‘ACT’ and ‘ACIM’
data sets is reduced by over 50% by using the learned
parameters, while the clustering error for the ‘ET sub-
set is reduced to less than one-third. This suggests that
in addition to possible redundant features there could be
noisy features which do not provide positive information
about the clustering. From Table 2 we can see that the
gape is not always smaller than the Ay as is required for
the assumptions of Theorem 1 to hold, vet the clusterings
still perform well. More information about the bound and
distance from the true clustering is found in Section 7.3

A priori it might be thought that the o chosen from
the CE on the training set might over fit the training
data. Table 3 reports that data does not provide much ev-
idence for this, in all but one case the parameters chosen
with this method have lower classification errors than the
second set of learned parameters. For all but the ‘El
data set the learned parameters reduce the classification
error by over 50% from the unlearned parameters. This
maﬁa J?Caﬁ;? the learning algorithm does not minimize
¥ s error direc Onee again we notice that in
ases the gapy is larger than the Ay,

We seemn to get better results with one larger test set than

we do with the smaller re-sampled test sets, we attribute
this to the stability of the eigenvectors when n is large.
The mean of the 25 data sets with the learned parameters
applied are presented in Table 4 and the results before
learning are given in Table 5. The clustering error for
the re-sampled test data is reduce in a pattern similar to
when the large test set is used and the learned parameters
are applied. The standard deviation for the samples is
reported in parenthesis next to the mean. While the mean
of the clustering is relatively low when using the learned
parameters, there appears to be quite a bit of variability
between the 25 data sets.

In addition to looking at the performance of the learned
parameters compared to the unlearned parameters, it is
interesting to ask whether there is a common set of impor-
tant features across letters. Figure 2 plots the parameters,
Bk, assigned to each feature for the five different sub-
sets tested. The 8, g4 are very similar and are not shown.
While there is variation in the magnitude of the param-
eters, there seem to be some agreement in the weights
selected as important. It appears that features twelve
and fourteen are relatively important for all of the data
sets, while one, two, five and nine do not appear to be
very important for clustering these subsets. The param-
eters learned from the letters ‘S’ and ‘M’ appear to be
the most different from the others. To further test this
idea of a common set of features, the 6, 54 learned from
the ‘SM’ subset, were applied to the other subsets and
the clustering errors for the multiple disjoint test sets are
reported in Table 6.
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Figure 2: Comparison of learned parameters on various
data sets for the letters

7.3 Stability Theorem

All of the experiments previously discussed chose clus-

terings by minimizing the gap, while mainiaining a large
eigengap. This set of experiments are designed to show
that the clusterings achieved by optimizing this e
vion are cloge to the optimal clustering. We performed




Table 2: Training Data The results of the learning process on the training data in the Letters experiments. The
last three columns are the pre-learning results, showing that the learned parameters decrease the clustering error

substantially.
B cE Ba,54 B = 0.1
a CE gaps A a CE gapg Ag CE qgaps A

SM 4 0.0 3.67eb5 8.34e5 | 6 11.0 T7.60e-3 1.47e-2 | 40 B.87e-1 2.07e-1

WA 10 2.0 6.87e-11 3.71e-10 | 0.8 40 9.10e-3 5.13e-2 | 50 1.73e-2 4.90e-2

ACI 4 7.2 4.00e-3 3923 | 8 8.2 5.46e-5 3.38¢-5 | 16.8 4.94e¢-2 1.33e-2

AICM | 8 134 1.23e-3  6.60e-5 1 163 1.16e-4 6.78-5 | 344 6.67e-2 7.79e-3

El 2 85 3723 343e3 4 85 1.13e-3 5.96e-4 | 33.5 4.68¢-2 3.42e-2

Table 3: Test Data The results of learning on the test data. The last three columns are the pre-learning results,
revealing that in the test data the learned parameters also decrease the clustering error

Oo,cE Ba,54 fi16 = 0.1
a CE gapg Ay a CE gapy Ag CE gapg Ay
SM 2 28 360e5 1.07e4| 6 1.0 748e-6 2.84e-5 | 285 8.58e-1 2.26e-1
WA 10 3.2 1.54e9 5789 0.8 53 1.04e-2 4.88e-2| 85 2.05e-2 4.05e-2
ACI 4 7.1 4.00e-3 441e-3 | 8 79 5.43e-5 3.65e-5 | 15.5 4.87e-2 1.67e-2
AICM | 8 121 1.19e-3 7125 1 140 1.04e-4 5.99-5 | 33.2 6.67e-2 1.47e-2
EI 2 179 5633 483 | 4 44 3.36e-3 2.50e-3 | 154 4.9le-2 3.67e-2
Table 6: Generalization of parameters "
Osm.cE -
CE gape Ap | o
WA | 4.8 (1.0) 9.0e-3 (1.8¢-3) 3.9e-2 (3.4e-3) i
ACI | 9.7(29) 19e-2 (3.0e-3) 2.0e-2 (3.1e-3) B
AICM [ 323 (9.6) 6.9e2 (8.5e-3) 1.de-2 (4.0e-3) 2 ., =
El | 193 (10.7) 6.2e-3 (1.1e-3) 4.4e-3 (2.0e-3) 3 =
a set of experiments using an artificially constructed § o =
matrix with n=100 and K=5, with clusters of sizes 10,
20, 30, 20 and 20. This matrix is not block diagonal, the o 7
node volumes are unequal (max D;/ min, D; ~15) and un- 0 107 e e o
evenly distributed (smallest D; is in the smallest cluster). Iog( total noise/Val V }

This matrix is perfect for the clustering K, resulting in
a block-stochastic matrix P. Symmetric i.i.d. noise was
added to the S matrix such that Si; = Si; + noise;; ~
e/n x uniform[0,1) and the corresponding P matrix was
constructed. Figure 3 plots the value of the bound in The-
orem 1 averaged over 10 noise realizations as a function
of this noise, for the clustering obtained by the Meila-Shi
spectral algorithm [Meild and Shi, 2001b}; K = 5 for this
data set. As one can see, the bound is informative up to
significant noise levels (SNR of about 1). Since the node
volumes are known, in the best cases the bound can rep-
resent a proof that the optimal clustering for this data set
has been actually found.

Table 7 reports the bound obtained by Theorem 1 and the
true y?-based distance, defined in {13). The true distance
is usually much lower than the bound, especially, in the
cases when gapy 18 larger than A, and the bound is no
longer meaningful. As can be seen in Table 7 for these
experiments the bound is usually meaningless, Le. greater

Figure 3: Bound value in Theorem 1 averaged over 10
noise realizations with bars representing plus and minus
one standard deviation. The solid (blue} line is the the
noise divided by average degree versus the bound.

than 1, but the true distance is very low. This suggests
that while having a small gaps in relation to the Ay is a
sufficient condition for a close to optimal clustering it is
not necessary.

8 Discussion and conclusions

We have introduced a new criterion for learning the sim-
Hlarity in spectral clustering. The criterion optimizes the
quality of the target clustering, while constraining the pa-
rameters § as little a8 possible in the process. This is
achieved by choosing the gap as the clustering quality,



Table 4: Re-sampling Data Reports the results of learning on the re-sampled smaller test data sets. The mean of 25
data sets of 150 letter is reported with the standard deviation in parenthesis.

buCcE fa,54
a CE gapg Ag o CE gaps Ag
SM | 2 68 (48) 4805 (1.3e5)  1.1ed (2.765) | 6  57(2.5) 5003 (8.0ed) IL.7e2 (1.8¢-3)
WA | 10 4.6 (1.3) 7.6e11 (1.3e-11) 3.4e-10 (3.1e-11) | 0.8 5.8 (1.8)  1.1-2(2.1-3)  4.9e-2 (3.1e-3)
ACT | 4 81(21) 4203 (6.2e4) 4203 (T.5e4d) | 8 12.0(5.3) 6.le-5 (9.8¢-6) 3.5e-5 (8.3¢-6)
AICM | 8 17.3(6.9) 1.3e-3 (1.9e-4)  2.3e-4 (1.2¢-4) | 1 152(3.0) 1.led (1.2e5) 4.8e-5 (1.2e-5)
Bl | 2 154(9.2) 59e3(1.2e-3)  4.8e3(l.1e3) | 4 433 (7.1) 3.5e3 (7.9e-4) 2.4e-3 (8.3e-4)

Table 5: Re-sampling Data Cont’d The clustering error results before learning. The mean of 25 data sets of 150
letter is reported with the standard deviation in parenthesis.

91;13 = 01
CE gapy Ay
SM | 25.2 (12.8) 1.562 (4.7¢-3) 1.2e-2 (7.0e-3)
WA | 93(27) 21e2(3.9e3) 4.0e-2 (9.5¢-3)
ACI | 205 (9.8) 5.0e-2 (8.8¢-3) 1.8e-2 (6.8¢-3)
AICM | 34.1(7.2) T7.1e2(8.2e-3) 1.4e-2 (4.4e-3)
EI | 197 (5.4) 5.1e-2 (6.5e-3) 3.7e-2 (4.8¢-3)

Table 7: Bound Info for the letters The bound from Theorom 1 and the distance defined in (13) of the clustering
found with the learned weights from the true clustering are reported for the training and test data sets and both optimal

weights.
¢ Training data Test data
BocE fa,54 Bo.cE Bo,54
Bound d(Cirue,C) | Bound  d{Cirye,C) | Bound d(Cipyue,C) | Bound  d(Cipye, C)
SM 1.32 0 4.55 0.19 1.01 0.05 0.79 0.02
WA 0.46 0.04 0.53 0.04 0.80 0.06 0.64 0.10
ACI 2.42 0.13 4.84 0.15 2.72 0.13 4.50 0.16
AICM 6.76 0.24 5.14 0.28 50.3 0.21 5.21 0.24
Fl 3.25 0.14 6.69 0.14 3.51 0.19 4.02 0.49

and by adding the squared eigengap as a regularization
term. One of the difficulties of learning in spectral clus-
tering is the numerical optimization of the chosen criteria,
as they often depend on # through functions of the eigen-
values and vectors of P or another matrix. The gradients
of such functions are expensive to compute and often un-
stable. Our choice of objective function also performs well
in this respect, in that it can be optimized by a rather un-
sophisticated gradient descent algorithm. This is partly
due to the eigengap term which has the effect of enhancing
the numerical stability of the problem.

The amount of regularization is selected {semi-) automat-
ically on the training set alone, with no further adjust-
ments on the test set. Of course, some obvious variations
are possible, like using multiple training sets, examining
the 4., ¢, graph on the test data, or other permissible
tunings on the test dats or on an independent validation
set. We have avoided these here, as our focus was to val-

idate the power of the regularization using training data
alone. The experimental results are very promising, as

the algorithm clusters both sparse and blocky data, and

eliminates the noisy features flawlessly.

The stability theorem 1 and its corollary can be used out-
side of spectral learning. For instance, the bound can tell
one how far a given clustering is w.r.t the unknown op-
timal clustering on a data set, and even, in the luckiest
cases, prove that the best clustering was found. The theo-
rem makes no explicitly assumptions about the similarity
matrix §. However, one should be aware that not every S
will have a clustering good enough to satisfy the bound.

We conclude by remarking that from the perspective of
learning, this work is just a beginning. A frame perhaps
solid enough to allow one to think of the yet unanswered
questions at the core of statistical learning, like sample
complexity, prior knowledge, generalization bounds and
so on. We hope that our future work will contribute o
these areas.
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Proof of Theorem 1

For any clustering C and fixed S matrix, with L defined as
in section 5 we denote by e the indicator vector of cluster

’Yié Eé:’:« :gk ’:lelzgk}y: gyi %"K? Hi = 1_"/\&{4{‘}, u
= the orthonormal matrix formed with the eigenvectors
of L as columns. Thus, I~ L = {’ﬁiégggi . ;gw}{f(f” it is
easy e:schew that if’\{faﬁb; = Z& ’?‘r (I — Lyy* and
gap(C) = MNCut{C} “Egz; 25, For two clusterings C,
we express their respective ¥, V' in the basis defined by U

as Y = UA, Y' = UA" with A, A’ being n »x K matrices
of coefficients. Let

) 5
4:{2} 4:{2‘:} (18)

with 4, A’ K x K matrices.

Lemma 3 If gap(C) < ¢, then ||E|[% < &, where § =
e/Ak and ||El|% represents the Frobenius norm.

Proof Denote by A the k-th column of A.

Z ykil (I L
Z Z A2y (20)

Z ATUT(I - LyU A, (19)

i

k=1 j=1
K K K n
S5 DY TIRUINNG S1) SUNRE)
k=1 =1 k=1 j=K+1
[ —
HEI%

Now, using the hypothesis, we have

ZZ 4/k/~"] + prc || E[E

k=1 j=1

< Zuk +e

AN

MK+1HEH§?

}:uku-ZAk,Hc (22)

o)
< pk NN 42 Y e 199
it L.;LJ ki i V=)
BAR=t=t
= pkl|lElF +e (24)
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Lemma 4 Assume that the conditions of theorem 1 hold

and let Y, A, A, E be as defined before. Let the SVD of A

be given by
ATA =

Vildiag{o?,o2,... 0%}V (25)

with Vi a wnitary matriz. Then o2 > 1—6 for k =

1,...K.
Proof The columns of A are orthonormal. Therefore
AT4 =1 = ATA+E"E

Or o )
ATA = 1-ETE

et ep, £ = 1,.. K be the
there is a unitary matrix ¥

singular values of £. Then,
such that

AT AV, = I —diag{e?, ... e%} (26)



Since ||E||% < & we have that Zle e < 4 and therefore

e} < 6. From (26) we also have that o7 = 1— e} and
Vy = V; which implies 67 >1~§forallk=1,...K. W
Note also that if ||E||%, [IE'||% < 4, then by the Cauchy-

|
Schwartz inequality ;%ETE”i < 4.
Lemma 5 Assume that the conditions of theorem I hold
andletY, A, A, E,Y', A', A", E' and § be as defined be-
fore. Then

WY > K= (VE +1)% (27)
Proof Let
YTy e = |JATAjp (28)
= JJATA' +ETE'||p (29)
> (A2 ||r - |ETEls|  (30)

Let us look at the first term of the difference above.
(s 14
Muw— Z%% -zmwm
g 1 k=1 F=1 k=1

By virtue of the singular value decomposition in (26) A
can be written as

= %diag{O’hOQ:“' OK}‘;; (31)

with V3, V4 complex unitary matrices. Therefore

JATALNE = |V diag{or,00,... ok JVFTA|15(32)
== Hdiag{(fl,@z,... UV‘?%TA’ “% (33)
> (1= )T A (34)
= (1-9[4%I3 (35)

Then, using equation (77} and lemma 3 we obtain

K
jATA > {L—o)Za%f% (36)
> 1~@}(K &) (37)

Using now equation (30) above we obtain

heagl (38)

) (39)
K- (VK +1)% (40)

Asd=1- 2|[YTY'||% and (VK + 1)?/K < 3 the proof
of the t%@@re@s is f m@zéa



