























































































































Clearly if the procedure terminates then we have a minimal m-connecting
path that is also a closest path to Z. To see that the procedure will always
terminate it is sufficient to notice that ¢(mw;, Z) > ¢{d(m;1,Z) > 0 with

equality only if 7,1 = ;. ]

Lemma 3.17 If 7 is a minimal m-connecting path between = and y which
is closest to Z, then if (a1, B,71) is a collider on 7, and B* is the first vertex
after B on a directed path from B to a vertex in Z then at least one of the

non-colliders {1, 8, B*), (v1, 5,B8*) has order.

Proof: Suppose for a contradiction that both (¢, 8, 5*) and (1,8, 5*) do
not have order. Note that a; and +y; are both adjacent to 5*: otherwise one
of the non-colliders is unshielded, and hence has order. By Lemma 2.1, we
further have a7 — £ and v, 7— 5*.

There exists a vertex v between z and «; along 7 such that either:

(i) v is not adjacent to 5%,
(ii) v is a child of 8*, or
(iii) if 7w* is the path formed by concatenating the subpath w(z, ) and the
(v, B*) edge then v is either (a) a collider on both = and 7* or (b) a

non-collider on both paths, or (¢} v = z.

Figure 15: Diagram for the proof of Lemma 3.17: either {z,..., 0w, 5% Yns-- 2 4)
is an m-connecting path closer to Z, or at least one of the non-colliders {a, 5, %)

and {vg, 4, 5%} has order.



Such a vertex is guaranteed to exist because z satisfies either clause (i)
or (iii)(c). (Note that v — §* is ruled out since § — *.) Let @41 be the
vertex closest to 8* on the path n(z, 8) which satisfies these conditions, and
let {cm, ..., 1) be the non-endpoint vertices on the sub-path (41, 5).
See Figure 15. By construction, every vertex «; (1 < j < m) fails to satisfy
any of these conditions, hence each «; is adjacent to 5%, is not a child of g%,
and is either a collider on 7 and a non-collider on 7 or vice versa.

We show by induction that for 1 < j <'m, a; — 8" hence o; is a collider
on 7. By hypothesis, there is an edge f — f* and S is a collider on 7 in
G, hence we have o7 — 8 — B*. By construction, «; (j < m) is not of the
same type on both w and 7*, hence by Lemma 2.1 we have oy — 5% and o
is a collider on . If there is an edge o — £* (j < m), and «; is a collider
on 7, then again by the construction and Lemma 2.1 we have a;; — §*
and a;41 is a collider on 7.

Now consider the vertex ay,+1: by construction o, satisfies one of the
conditions (i)-(iii). Since we have either 4?7 — 8 — * (if m+1 = 1) or
1= oy = B* (if m 4+ 1 > 1), it follows that o1 < 5* is ruled out:
otherwise § would not be ancestral. Thus (ii) is ruled out.

If aye1 is not adjacent to 8* then the path formed by the sequence of
vertices (a1, ---, 01,3, 8%) either forms an unshielded non-collider (m =
1), or forms a discriminating path for {(ay, 5, 5*) (m > 1). Further, since
7 is minimal, by Lemma 3.14 every one of the colliders (a1, Gm, Gm—1),

., {ag, a1, 8) has order. Consequently {(«;, /3, 3*) has order, which is a
contradiction. Hence (i) is ruled out.

Thus condition (iii) holds, 80 @+ is either an endpoint, or of the same
type on both « and n*. Further, a,,+17— 5% since (ii) is ruled out.

By a symmetric argument we may show that there is a vertex v,.1 on

(B, y), such that 7,17 — §* and v, is either an endpoint, or is of the
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same type on both 7 and the path formed by concatenating the % «7v,11
edge and the subpath 7{v+1,y)-

Let p be the path formed by concatenating the subpaths 7 (z, 1),
a1 ? =+ B Ty and (<1, y) (f 2 = a1, OF Y41 = y then omit
the relevant subpath). p forms an m-connecting path given Z because a1
and 7,41 are of the same type as they are on 7, and 8 is an ancestor of Z.

However p is closer to Z than v, which is a contradiction. |

Lemma 3.18 If § is a minimal directed path from v to z in an ancestral

graph G then every non-collider on & is unshielded and hence has order.

Proof: Suppose that (a,b,c) is a non-collider on §. In this case we have
a -»b-+c. If a and ¢ are adjacent then, by the ancestral property, we have
a —+ ¢, which contradicts the minimality of §. O

Though we do not need it here, in fact no non-consecutive vertices on 8

are adjacent.

Corollary 3.19 Suppose that G and Go are mazimal ancestral graphs with
the same adjacencies, and the same colliders with order. If in Gi1: ™ is a
minimal m-connecting path between x and y given Z, 7 is a closest path to
Z, {a,B,7) is a collider on 7, and § forms a minimal directed path from [

to a verter z € Z, then the corresponding path 6* is a directed path in Gy.

Proof: Let (8 = vy, v1,...,vp = z) be the vertices on 6. The proof is by
induction on the edges (v, vi+1) of the path §”.

Base case: (i=1) Since («, §v) is a collider on 7 in Gy, and = is minimal,
by Corcllary 3.15 {«, 5,7) also forms a collider in G;. By Lemma 3.17 at
least one of the non-colliders, {a, 3,1}, (v, 3, 1) has order in G;, and by
Proposition 3.7 is also a non-collider in Gy. It then follows that § — 14 in

Go as required (in fact, both non-colliders, are present in Gg).
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Inductive step: (1 < i < n) Assume that the subpath 6*(3,v;) forms a
directed path from 8 to v;. By Lemma 3.18 the non-collider (v;1, 14, 1501}
has order, and hence is a non-collider in Go. By the induction hypothesis we

have v;_1 — v; in Go, hence v; — v421 in Go as required. O

3.9 Characterization of Markov equivalence
We now state and prove the main result of this paper.

Theorem 3.20 Mazimal ancestral graphs Gy and Go are Markov equivalent
if and only if G1 and Gs have the same adjacencies and the same colliders

with order.

Proof: (=) Since G; and G, have the same adjacencies and colliders with
order, by Proposition 3.7, G; and G- also have the same non-colliders with
order.

If  and y are m-connected given Z in Gy, then by Proposition 3.16 there
exists a minimal m-connecting path =, between = and y which is closest to
Z in Gi. By Corollary 3.15 every triple on 7 is of the same type on the
corresponding path «* in G,. Hence every non-collider on #* is not in Z.
Since 7 is m-connecting, every collider v on 7 is an ancestor of Z, hence if
v ¢ Z then there exists a minimal directed path d. from 7 to some vertex
zy € Z. By Corollary 3.19 the corresponding path &7, forms a directed path
from v to z, in Ga. Thus every collider on 7™ is an ancestor of Z in Gs.
Thus 7* m-connects z and y given Z in Go.

Likewise, it is easy to see (by symumetry) that an m-connecting path in
G, implies that there is an m-connecting path in Gy, hence G; and G, are
Markov equivalent.

{«=) Conversely, if G; and Gy are Markov equivalent then by Proposition 3.3
they have the same adjacencies, and by Proposition 3.6 they have the same

colliders with order. I
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4 Discussion and relation to other work

In prior work, Spirtes and Richardson (1997), provide the following charac-

terization of Markov equivalence for ancestral graphs:

Theorem 4.1 Two mazimal ancestral graphs Gy and Gy are Markov equiv-

alent if and only if:

(i) G1 and Gy have the same adjacencies;
(1) Gi and Gy have the same unshielded colliders; and
(i) If w forms a discriminating path for 8 in G; and Go, then 3 is a collider

on 7 in Gy if and only if it is a collider on = in Go.

Theorem 3.20 is a stronger result since it requires verifying the presence
of only those triples with order, whereas clause (iii) of this result requires
us to verify that if there is a discriminating path in both G and G»> then the
triple discriminated is a collider or non-collider in both. However, as shown
in Figure 7 it is possible for a discriminating path to contain triples without
order, and thus also to discriminate triples without order, which Theorem
3.20 demonstrates is clearly unnecessary.
 More significantly, to verify the conditions of Theorem 4.1, in principle
we need to find every discriminating path for a given triple: otherwise it
is possible that, although a triple is discriminated by some path in G; and
some path in Go, in fact there is no discriminating path that is common to
both graphs. Since there may be exponentially many such paths, finding
them all would not be feasible in polynomial-time.

By contrast, verifying the conditions of Theorem 3.20 requires O(n3e?)
calculations, where the graphs have n vertices, and e edges; see Spirtes and
Richardson (1997). (The algorithm presented in Spirtes and Richardson
(1997} verifies the conditions of Theorem 3.20, rather than Theorem 4.1,

though the paper only proves the latter result.}



4.1 Summary graphs and MC graphs

The problem of constructing graphical representations for the independence
structure of DAGs under marginalizing and conditioning was originally
posed by N. Wermuth in 1994 in a lecture at CMU. Wermuth, Cox and
Pearl developed an approach to this problem based on summary graphs (see
Wermuth et al., 1999, Cox and Wermuth, 1996, Wermuth and Cox, 2000).

For a given summary graph H it is always possible to construct a DAG
D(H) with additional variables such that the DAG is Markov equivalent to H
after marginalizing and conditioning. Consequently, it is always possible to
transform a summary graph into an ancestral graph, via the transformation
described in §2.6. Hence, via this transformation, the results in this paper
also provide an algorithm for determining the Markov equivalence of two
summary graphs.

More recently J. Koster has introduced another class of graphs, called
MC-graphs, together with an operation of marginalizing and conditioning.
(See Koster, 2002, 1999a,b). For MC-graphs it is not always the case
that there exists some DAG which is Markov equivalent to the MC-graph
under marginalizing and conditioning. However, for the subclass of MC-
graphs which are Markov equivalent to DAGs with additional variables un-
der marginalizing and conditioning, we may again apply the results of this

paper to establish Markov equivalence.

4.2 Future Work

Meek (1995), and Andersson et al. (1997) identified those edges which were
present in every graph in a Markov equivalence class of DAGs. To date, no
such characterization has been provided for ancestral graphs, though partial
characterizations of Markov equivalence classes for ancestral graphs have

been obtained using POIPGs and PAGs by Richardson and Spirtes {2003)
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and Spirtes et al. (1993). Ali and Richardson (2002) represented Markov
equivalence classes of maximal ancestral graphs in a way analogous to that
given by Andersson et al. (1997) for DAGs, but a full characterization of the
resulting graph is still work in progress. Chickering (1995) and Chickering
(2002b) provided transformational characterizations of Markov equivalence
and the submodel relation for DAGs. Finding such characterizations for

ancestral graphs remains an open problem.
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