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Abstract

In graphical modelling, a bi-directed graph encodes marginal independences among
random variables that are identified with the vertices of thegraph (alternatively graphs with
dashed edges have been used for this purpose). Bi-directed graphs are special instances of
ancestral graphs, which are mixed graphs with undirected, directed, and bi-directed edges.
In this paper, we show how simplicial sets and the newly defined orientable edges can be
used to construct a maximal ancestral graph that is Markov equivalent to a given bi-directed
graph, i.e. the independence models associated with the twographs coincide, and such that
the number of arrowheads is minimal. Here the number of arrowheads of an ancestral
graph is the number of directed edges plus twice the number ofbi-directed edges. This
construction yields an immediate check whether the original bi-directed graph is Markov
equivalent to a directed acyclic graph (Bayesian network) or an undirected graph (Markov
random field). Moreover, the ancestral graph construction allows for computationally more
efficient maximum likelihood fitting of covariance graph models, i.e. Gaussian bi-directed
graph models. In particular, we give a necessary and sufficient graphical criterion for deter-
mining when an entry of the maximum likelihood estimate of the covariance matrix must
equal its empirical counterpart.

1 Introduction

In graphical modelling, a bi-directed graph encodes marginal independences among random
variables that are identified with the vertices of the graph. In particular, whenever two vertices
are not joined by an edge, then the two associated random variables are assumed to be marginally
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Figure 1: A bi-directed graphG encodingX1⊥⊥X2, X1⊥⊥X4, X2⊥⊥X3, and its oriented sim-
plicial graphGos.

independent. In the Gaussian framework graphical models for marginal independence have
been called covariance graph models (Cox and Wermuth, 1993, 1996) and are a special case
of a linear hypothesis on the covariance matrix (Anderson, 1969, 1970,1973). An estimation
procedure especially designed for covariance graph models is described in Drton and Richardson
(2003). The Markov interpretation of bi-directed graphs is discussed inPearl and Wermuth
(1994); Kauermann (1996); Banerjee and Richardson (2003); Richardson (2003). Examples of
recent work involving graphical models for marginal independence areGrzebyk et al. (2004);
Mao et al. (2004); Wermuth et al. (2004).

It should be noted that other authors (e.g. Cox and Wermuth, 1993, 1996; Edwards, 2000)
have used dashed edges instead of bi-directed edges for the purposeof representing patterns of
marginal independence. However, the bi-directed edges make explicit that graphical models for
marginal independence are special instances of ancestral graphs (Richardson and Spirtes, 2002),
which feature undirected, directed, and bi-directed edges. Through this a connection to path
diagrams (e.g. Koster, 1999) and causality (Pearl, 2000; Spirtes et al., 2000; Richardson and
Spirtes, 2003) is made.

As an example, letX = (X1, X2, X3, X4) be a random vector inR4 that follows a centered
multivariate normal distributionN (0, Σ) with positive definite covariance matrixΣ ∈ R4×4.
Suppose thatX1⊥⊥X2, X1⊥⊥X4, andX2⊥⊥X3. ThenΣ exhibits a pattern of zeroes as

Σ =









σ11 0 σ13 0
0 σ22 0 σ24

σ13 0 σ33 σ34

0 σ24 σ34 σ44









.

This zero pattern can be represented graphically by drawing a vertex for each one of the four
random variables (labelled by the variable index) and joining vertexXv andXw by a bi-directed
edge ifXv 6⊥⊥Xw, or equivalently under normality ifσvw is not restricted to zero. In this example,
we draw the graphG shown in Figure 1.

In this paper we employ the connection between bi-directed graphs for marginal indepen-
dence and ancestral graphs (Section 2 introduces graphical concepts necessary for this connec-
tion). Using simplicial vertex sets (Section 3) and the newly defined orientableedges (Section
4), we show how to construct a maximal ancestral graph that is Markov equivalent to a given
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bi-directed graph, i.e. the independence models associated with the two graphs coincide, and
such that the number of arrowheads is minimal. Here the number of arrowheads of an ances-
tral graph is the number of directed edges plus twice the number of bi-directed edges. We call
the constructed ancestral graph an oriented simplicial graph (see e.g. Figure 1). This graph
provides much useful information about the original bi-directed graph. It can be checked im-
mediately whether the bi-directed graph is Markov equivalent to a directed acyclic graph, the
type of graph that underlies Bayesian networks, or an undirected graph, the type of graph that
underlies Markov random fields. For example, the graphG in Figure 1 is not Markov equivalent
to an undirected graph becauseGos is not an undirected graph, andG is not Markov equivalent
to a directed acyclic graph becauseGos contains a bi-directed edge (see also Pearl and Wermuth,
1994).

Employing information provided by oriented simplicial graphs in covariance graph models
(Section 5) yields criteria for determining when an entry of the maximum likelihoodestimate
of the covariance matrix is available explicitly as its empirical counterpart. For example, the
fact that no arrowheads appear at the vertices1 and 2 in the graphGos in Figure 1 implies
that the maximum likelihood estimates ofσ11 andσ22 must be equal to the empirical variance
of X1 andX2, respectively. In addition, oriented simplicial graphs allow for computationally
more efficient maximum likelihood fitting (compare Drton and Richardson, 2003, §4.2.4). We
conjecture that the ancestral graph construction will also provide useful information in future
work on bi-directed graph models for discrete random variables.

2 Graphical terminology

2.1 Mixed graphs

Commonly agraphG = (V, E) consists of a finitevertex setV and anedge setE ⊆ V × V . If
(v, w) ∈ E and(w, v) ∈ E, then the pictorial representation ofG contains an undirected edge
v − w. If (v, w) ∈ E but (w, v) /∈ E, then the edge is directed asv → w. This definition of
graphs is the traditional basis for graphical models (Lauritzen, 1996, Chapter 2). In this paper,
however, we will consider graphs that feature undirected and directededges in conjunction with
bi-directed edges, drawn asv ↔ w. Graphs with these three types of edges are called mixed
graphs and can be defined formally as follows (cf. Richardson and Spirtes, 2002, Appendix).

Let E = {−,←,→,↔} be the set of possible edges between an ordered pair of vertices. A
mixed graphG = (V, E) is a pair of a finitevertex setV and anedge mappingE : V × V →
P(E), whereP(E) denotes the power set ofE . The edge mappingE has to satisfy that for all
v, w ∈ V ,

(i) E(v, v) = ∅, i.e. there is no edge between a vertex and itself,

(ii) − ∈ E(v, w) ⇐⇒ − ∈ E(w, v),
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(iii) →∈ E(v, w) ⇐⇒ ←∈ E(w, v),

(iv) ↔∈ E(v, w) ⇐⇒ ↔∈ E(w, v),

In this paper, we consider exclusivelysimple mixed graphs, for which there is at most one edge
between two vertices, i.e.|E(v, w)| ≤ 1 for all v, w ∈ V .

For a mixed graphG = (V, E) and verticesv, w ∈ V , we writev − w ∈ G, v → w ∈ G,
v ← w ∈ G or v ↔ w ∈ G if −, →, ← or↔ are inE(v, w), respectively. IfE(v, w) 6= ∅, then
v andw areadjacent. If there is an edgev ← w ∈ G or v ↔ w ∈ G then there is said to be an
arrowhead atv on this edge. If there is an edgev → w ∈ G or v − w ∈ G then there is said to
be atail at v on this edge. A vertexw is said to be in theboundaryof v if v andw are adjacent.
We denote the boundary ofv asbd(v). The boundary of vertex setA ⊆ V is the set

bd(A) = ∪(bd(v) | v ∈ A) \ A.

We writeBd(v) = bd(v) ∪ {v} andBd(A) = bd(A) ∪ A. An induced subgraph ofG over a
vertex setA is the mixed graphGA = (A, EA) whereEA is the restriction of the edge mapping
E onA × A.

In a simple mixed graph a sequence of adjacent vertices(v1, . . . , vk) uniquely determines
the sequence of edges joining consecutive verticesvi andvi+1, 1 ≤ i ≤ k − 1. Hence, we
can define apath π between two verticesv andw in a simple mixed graph as a sequence of
distinct verticesπ = (v, v1, . . . , vk, w) such that each vertex in the sequence is adjacent to its
predecessor and its successor. A path of the formv → · · · → w, on which every edge is of the
form →, with the arrowheads pointing towardw, is a directed path fromv to w. If there is such
a directed path fromv to w 6= v, or if v = w, thenv is anancestorof w. We denote the set of
all ancestors of a vertexv by an(v) and for a vertex setA ⊆ V we define

an(A) = ∪(an(v) | v ∈ A).

Finally, a directed path fromv to w together with an edgew → v ∈ G is called adirected cycle.
Important subclasses of simple mixed graphs are the following.Bi-directed graphsfeature

only bi-directed edges↔, andundirected graphsonly undirected edges−. Directed acyclic
graphs(DAGs), also calledacyclic directed graphs, have only directed edges→ or← such that
there are no directed cycles. These three types of graphs are contained in the class ofancestral
graphs(Richardson and Spirtes, 2002), whereG is an ancestral graph if the following conditions
are met:

(i) if v − w ∈ G, then there does not existu such thatu → v ∈ G or u ↔ v ∈ G;

(ii) there are no directed cycles;

(iii) if v ↔ w ∈ G, thenv is not an ancestor ofw.
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Figure 2: Examples of simple mixed graphs. (i) A bi-directed graph, (ii) an undirected graph,
(iii) a DAG, (iv) an ancestral graph that does not fall into one of the previous three classes of
graphs.

Figure 2 shows examples of the above graph types. As mentioned in the introduction, bi-directed
graphs encode patterns of marginal independence. Undirected graphs encode the conditional
independence patterns underlying Markov random fields. DAGs are thegraphs that underlie
Bayesian networks. The motivation for the introduction of ancestral graphs was to find a class
of graphs that contains all DAGs while having a Markov property (see next section) that is closed
under conditioning and marginalization. In particular, for every ancestral graph there exists a
DAG such that the ancestral graph encodes the pattern of conditional independence arising from
the DAG in a conditioning and marginalization process. This way ancestral graphs inherit causal
interpretability from DAGs (Richardson and Spirtes, 2003).

2.2 Global Markov property for ancestral graphs and Markov equivalence

The global Markov property for ancestral graphs is based on them-separation criterion (Richard-
son and Spirtes, 2002,§3.4), which naturally extends Pearl’s (1988)d-separation criterion for
DAGs to ancestral graphs.

A nonendpoint vertexv on a path is acollider on the pathif the edges preceding and suc-
ceedingv on the path both have an arrowhead atv, that is,→ v ←, → v ↔, ↔ v ← or↔ v ↔
is part of the path. A nonendpoint vertexv on a path which is not a collider is anon-collider on
the path. A path between verticesv andw in an ancestral graphG is said to bem-connecting
given a setC ⊆ V (possibly empty), withv, w /∈ C, if:

(i) every non-collider on the path is not inC, and

(ii) every collider on the path is inan(C).

If no pathm-connectsv andw givenC, thenv andw are said to bem-separated givenC. Sets
A andB arem-separated givenC, if for every pairv, w, with v ∈ A andw ∈ B, v andw are
m-separated givenC (A, B, C are disjoint sets;A, B are nonempty).

Now let the vertex set of an ancestral graphG = (V, E) index a family of random variables
(Xv | v ∈ V ). For A ⊆ V , let XA be the random vector(Xv | v ∈ A). For disjoint sets
A, B, C ⊆ V , A, B 6= ∅, the global Markov propertyfor the ancestral graphG states that
XA⊥⊥XB | XC , i.e.XA is conditionally independent ofXB givenXC , wheneverA andB are
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m-separated givenC in G. Subsequently, we will writeA⊥⊥B | C as a shorthand that avoids
making the probabilistic context explicit. Further details on Markov propertiesof graphs can be
found in particular in Lauritzen (1996); Cowell et al. (1999); Edwards(2000).

For the graphs shown in Figure 2, the global Markov property of

(i) the bi-directed graph statesv⊥⊥y andw⊥⊥x;

(ii) the undirected graph statesv⊥⊥y | (w, x) andw⊥⊥x | (v, y);

(iii) the DAG statesv⊥⊥y | (w, x) andw⊥⊥x | v;

(iv) the ancestral graph statesv⊥⊥y | x andw⊥⊥x | v.

It is clear that bi-directed graphs encode marginal independences in that their global Markov
property states the pairwise marginal independencev⊥⊥w if v andw are not adjacent. It can
be shown that in a multivariate normal distribution these pairwise marginal independences hold
iff all independences stated by the global Markov property of the bi-directed graph hold (see
Kauermann, 1996; Banerjee and Richardson, 2003). Without making a particular distributional
assumption, Richardson (2003,§4) shows that the independences stated by the global Markov
property of a bi-directed graph hold iff certain (not only pairwise) marginal independences hold.

The global Markov property of the ancestral graph in Figure 2(iv) associates an indepen-
dence statement with every edge that is missing in the graph. This, however,is not true for
all ancestral graphs (see Richardson and Spirtes, 2002,§3.7). If an ancestral graphG is such
that the global Markov property states thatv andw are conditionally independent given some
C wheneverv andw are not adjacent, thenG is a maximal ancestral graph. Fortunately, for
every non-maximal ancestral graphG there exists a unique Markov equivalent maximal ances-
tral graphḠ such thatG is a subgraph of̄G. Here two ancestral graphsG1 andG2 areMarkov
equivalentif the global Markov property forG1 states the same independences as the global
Markov property forG2. Note that bi-directed and undirected graphs as well as DAGs are al-
ways maximal.

Subsequently we will employ repeatedly the following simple Lemma.

Lemma 2.1. If G is a bi-directed graph and̄G is an ancestral graph such thatG and Ḡ have
the same skeleton and are Markov equivalent, thenḠ is a maximal ancestral graph.

Proof. If v andw are two non-adjacent vertices in̄G, then they are also non-adjacent inG,
which implies thatv⊥⊥w is stated by the global Markov property ofG because inG every non-
endpoint vertex on a path is a collider. SinceḠ is Markov equivalent toG it follows thatv⊥⊥w
is also implied by the global Markov property of̄G. Thus,Ḡ is maximal.
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Figure 3: Examples of bi-directed graphs and their simplicial graphs.

3 Simplicial sets and Markov equivalence

In this section we show how simplicial vertex sets of a bi-directed graph can be used to construct
a Markov equivalent maximal ancestral graph by removing arrowheadsfrom certain bi-directed
edges.

Definition 3.1 (Simplicial vertices and sets).A vertexv ∈ V is simplicial, if Bd(v) is complete.
Similarly, a setA ⊆ V is simplicial, if Bd(A) is complete.

Simplicial sets are also important in other contexts of graphical modelling; for example in
collapsibility (Madigan and Mosurski, 1990; Kauermann, 1996; Lauritzen, 1996,§2.1.3, p.121
and 219) and triangulation of graphs (Jensen, 2001,§5.3).

If there is an arrowhead atv on an edge betweenv andw, then we say that wedrop the
arrowhead atv when eitherv → w is replaced byv − w or v ↔ w is replaced byv → w.

Definition 3.2 (Simplicial graph). Let G be a bi-directed graph andGs the mixed graph ob-
tained by dropping all the arrowheads at simplicial vertices ofG. We callGs the simplicial
graphinduced by the bi-directed graphG.

Figure 3 shows the bi-directed graphsG1, G2, andG3 with their simplicial graphsGs
1, Gs

2,
andGs

3, respectively. As shown in the Theorem 3.3, a simplicial graph is a maximal ancestral
graph that is Markov equivalent to the bi-directed graph that induced it.

Theorem 3.3 (Markov equivalence of the simplicial graph).Let Gs be thesimplicial graph
induced by a bi-directed graphG. Then
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(i) Gs is a maximal ancestral graph;

(ii) G andGs are Markov equivalent;

(iii) G is Markov equivalent to an undirected graph iffGs is an undirected graph iffG is a
disjoint union of complete graphs.

Proof. (i) Let v ∈ V . First assume that there existsw ∈ V such thatv − w ∈ Gs. By definition
of Gs, v must be simplicial. Hence, there may not exist an arrowhead atv, which means that
there may not existu ∈ V such that eitherv ← u ∈ Gs or v ↔ u ∈ Gs.

Next assume that eitheru → v ∈ Gs or u ↔ v ∈ Gs and that there exists a directed path
v → v1 → · · · → vk → u ∈ Gs. However, the presence of the directed edgev → v1 ∈ Gs

implies thatv is simplicial, which is in contradiction to the fact that there is an arrowhead atv
on the edge betweenv andu. Thus,Gs is an ancestral graph.

Finally, Gs is a maximal ancestral graph by Lemma 2.1 in conjunction with the Markov
equivalence established in (ii) below.

(ii) Since two vertices are adjacent inGs iff they are adjacent inG, the claim follows if we
can show that two non-adjacent verticesv andw arem-connected givenC ⊆ V in G iff they
arem-connected givenC in Gs.

First, letv andw be two non-adjacent vertices that arem-connected givenC ⊆ V in G.
Let π = (v, v1, . . . , vk, w) be a path inG that is of minimal length among all paths inG that
m-connectv andw givenC. This implies thatv1, . . . , vk are not simplicial. Moreover, because
G is a bi-directed graph,v1, . . . , vk are colliders and{v1 . . . , vk} ⊆ C; compare Richardson
(2003, Lemma 6(iii) and (iv)). Since two vertices are adjacent inGs iff they are adjacent inG,
there exists a (unique) pathπs = (v, v1, . . . , vk, w) in Gs. Sincev1, . . . , vk are not simplicial in
G, they are colliders onπs, and{v1 . . . , vk} ⊆ C yields thatπs is m-connectingv andw in Gs.

Conversely, letv andw be two vertices that arem-connected givenC ⊆ V in Gs and let
πs = (v = v0, v1, . . . , vk, vk+1 = w) be a path inGs that is of minimal length among all paths
in Gs thatm-connectv andw givenC. Assume there exists a simplicial vertexvi onπs. Then it
follows thatvi−1 andvi+1 are adjacent inGs, and thatπs

−i = (v, v1, . . . , vi−1, vi+1, . . . , vk, w)
is a path inGs. By definition ofGs, a vertexu in Gs is either such that every edge with end-point
u has an arrowhead atu, or such that every edge with end-pointu has a tail atu. This implies
thatπs

−i m-connectsv andw givenC contradicting thatπs is the shortest such path. Therefore,
all v1, . . . , vk are non-simplicial vertices and thus colliders onπs. Moreover, no vertex among
v1, . . . , vk is ancestral to a vertex inC. This implies that{v1 . . . , vk} ⊆ C, which yields that
the pathπ = (v, v1, . . . , vk, w) in G is m-connectingv andw givenC.

(iii) If Gs is an undirected graph, then by (ii)G is Markov equivalent to an undirected graph,
namelyGs. Conversely ifGs is not an undirected graph, assume that there exists an undirected
graphU that is Markov equivalent toG. Necessarily,G, Gs andU have the same skeleton.
SinceGs is not undirected, there exists a vertexv that is not simplicial, i.e. there exist two
non-adjacent verticesu andw in bd(v). The global Markov property forG states thatu⊥⊥w.
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However, the path(u, v, w) m-connectsu andw given the empty set inU . Thus, the global
Markov property ofU does not stateu⊥⊥w, which contradicts the assumption thatU andG are
Markov equivalent.

Finally the simplicial graphGs is an undirected graph iff the vertex set of the inducing bi-
directed graphG can be partitioned into pairwise disjoint setsA1, . . . , Aq such that (a) ifv ∈ Ai,
1 ≤ i ≤ q, andw ∈ Aj , 1 ≤ j ≤ q, are adjacent, theni = j, and (b) all the induced subgraphs
GAi

, i = 1, . . . , q are complete graphs (Kauermann, 1996).

Remark 3.4. The simplicial graphGs sometimes may be a DAG. For example, letG be the
bi-directed graph over the vertex setV = {u, v, w} that has two edges asu ↔ v ↔ w. The
Markov property of this graph statesu⊥⊥w and the simplicial graphGs is equal to the DAG
u → v ← w. However, there exist bi-directed graphs that are Markov equivalent to a DAG but
for which the simplicial graph still contains bi-directed edges. For example, the graphG2 in
Figure 3 is equivalent to the DAG obtained fromGs

2 by replacing the bi-directed edgev ↔ w
by eitherv → w or v ← w. We pursue this further in the next section.

4 Orientable edges and Markov equivalence

4.1 Orientable edges

In this section, we develop a general notion of orientable edges that will allow us to orient
some of the bi-directed edges in a simplicial graph, that is replace them by directed edges, such
that the new graph with fewer bi-directed edges is still a maximal ancestral graph that is Markov
equivalent to the original bi-directed graph. In fact, the resulting graphwill minimize the number
of arrowheads in the class of maximal ancestral graphs that are Markovequivalent to the original
bi-directed graph.

Definition 4.1 (Orientable edges).An edge between two verticesv andw is

(i) orientable asv → w if Bd(v) ⊆ Bd(w);

(ii) uniquely orientable asv → w if Bd(v) ( Bd(w);

(iii) coveredif it is both orientable asv → w and orientable asv ← w, or equivalently if
Bd(v) = Bd(w);

(iv) non-orientableif it is neither orientable asv → w nor orientable asv ← w.

Lemma 4.2 (Picture for non-orientable edges).LetG be a bi-directed graph. An edge between
v andw in a bi-directed graphG is not orientable iff there exist verticesx ∈ bd(v) \ {w} and
y ∈ bd(w) \ {v} such that the induced subgraphG{x,y,v,w} equals one of the two graphs shown
in Figure 4.
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Figure 4: Induced subgraphs of a bi-directed graph with non-orientable edge betweenv andw.

Proof. The claim follows immediately from Definition 4.1; compare also Pearl and Wermuth
(1994).

Lemma 4.3 (Transitivity of orientability). Let u, v andw be three distinct vertices. If there
are edges betweenu andv, andv andw that are orientable asu → v andv → w, respectively,
then there is also an edge betweenu andw, which is orientable asu → w.

Proof. By definition 4.1(i),Bd(u) ⊆ Bd(v) ⊆ Bd(w), which implies the presence of an edge
betweenu andw becauseu ∈ Bd(v) ⊆ Bd(w). This edge is orientable asu → w because
Bd(u) ⊆ Bd(w).

The binary relation between vertices based on orientability is not antisymmetric ingeneral
since covered edges may exist; e.g. the edgev ↔ w in the graphG2 in Figure 3 is covered.
Thus, it is not a partial order. However, the binary relation based on unique orientability does
provide a partial order on the vertex set of a graph.

Definition 4.4 (Unique orientability relation). For two verticesv andw, we writev ¹ w if
eitherv = w or v andw are joined by an edge that is uniquely orientable asv → w. We call¹
theunique orientability relation.

Lemma 4.5 (Partial order). The unique orientability relation is a partial order on the vertex
setV .

Proof. (reflexivity): By definition,v ¹ v for all v ∈ V .
(antisymmetry): Ifv ¹ w andw ¹ v but v 6= w, thenBd(v) ( Bd(w) andBd(w) (

Bd(v), which is a contradiction.
(transitivity): Letu ¹ v andv ¹ w. Then clearly,u ¹ w if u = v or v = w. Otherwiseu, v,

andw are three distinct vertices and there are edges betweenu andv, and betweenv andw that
are uniquely orientable asu → v andv → w, respectively. ThusBd(u) ( Bd(v) ( Bd(w).
Sinceu ∈ Bd(v), it follows thatu ∈ Bd(w), i.e. there is an edge betweenu andw, which must
be uniquely orientable asu → w becauseBd(u) ( Bd(w).
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4.2 Orientable edges in the simplicial graph

An edge between two verticesv andw in a bi-directed graphG is orientable asv → w iff it is
orientable asv → w in the simplicial graphGs that is induced byG. However, more can be said
about the orientable edges inGs.

Lemma 4.6 (Edges in the simplicial graph).Let G be a bi-directed graph with simplicial
graphGs and letv andw be adjacent. Then

(i) if v − w ∈ Gs, then this edge is covered;

(ii) if v → w ∈ Gs, then this edge is uniquely orientable asv → w;

(iii) if v ↔ w ∈ Gs, then this edge may be covered, uniquely orientable asv → w or v ← w,
or non-orientable.

Proof. (i) If v − w ∈ Gs, then bothv andw are simplicial. Sincew ∈ Bd(v), andBd(v) is
complete, it follows thatBd(v) ⊆ Bd(w). Similarly,Bd(v) ⊇ Bd(w).

(ii) If v → w ∈ Gs, thenv is simplicial andBd(v) ⊆ Bd(w) follows from the argument
in the proof of (i). Thus, the edgev → w ∈ Gs is orientable asv → w. Next, assume that
the edgev → w ∈ Gs is also orientable asv ← w. This means thatBd(w) ⊆ Bd(v). Since
there is an arrowhead atw on the edgev → w ∈ Gs, w is not simplicial. Therefore, there exist
x, y ∈ bd(w) such thatx andy are not adjacent inGs. But x, y ∈ bd(w) ⊆ Bd(v), hence
Bd(v) is not complete contradictingv → w ∈ Gs. Therefore, the edgev → w ∈ Gs is not
orientable asv ← w.

(iii) In the graphGs
1 in Figure 3, the edgev ↔ w is non-orientable; compare Lemma 4.2. In

the graphGs
2 in Figure 3v ↔ w is covered, whereas in the graphGs

3 in Figure 3 it is uniquely
orientable asv → w.

4.3 Oriented simplicial graphs

We now show how a maximal ancestral graph can be constructed by replacing orientable bi-
directed edges in the simplicial graph by directed edges while preserving Markov equivalence
to the original bi-directed graph.

Definition 4.7 (Oriented simplicial graph). Let Gs be the simplicial graph of a bi-directed
graphG. Create a new graphGos fromGs as follows:

(i) replace every bi-directed edge inGs that is uniquely orientable asv → w by the directed
edgev → w;

(ii) replace every covered bi-directed edge inGs by a directed edge such thatGos contains
no directed cycles.

11



We callGos anoriented simplicial graphinduced by the bi-directed graphG.

Such an oriented simplicial graph will always exist: it can be constructed using the fact that
the unique orientability relation is a partial order (Lemma 4.5). This fact implies that the vertex
set ofG can bewell-orderedasV = {v1, . . . , vp} such that

vi ¹ vj =⇒ i ≤ j.

It follows from Lemma 4.6(ii) that after the introduction of the directed edges instep (i) of
Definition 4.7, an edgevi → vj can only occur ifi < j. Furthermore, in step (ii) we can select
the directed edges such thatvi → vj ∈ Gos only if i < j. ThenGos does not contain any
directed cycles and meets the criterion to be an oriented simplicial graph.

ExampleG2 in Figure 3 shows that there may indeed exist multiple oriented simplicial
graphs induced by a given bi-directed graph because replacing the edgev ↔ w in Gs

2 by either
v → w or v ← w will result in an oriented simplicial graph.

Lemma 4.8 (Edges in the oriented simplicial graph).Let G be a bi-directed graph andGos

be an induced oriented simplicial graph. It holds that

(i) if v − w is an undirected edge inGos, then it is covered;

(ii) if v → w is a directed edge inGos, then it is orientable asv → w;

(iii) v ↔ w is a bi-directed edge inGos iff it is non-orientable.

Proof. (i) An edge inGos is undirected iff this edge is already undirected inGs, and the claim
follows from Lemma 4.6(i).

(ii) An edge inGos is directed either if it is already directed inGs, or if it is bi-directed and
orientable inGs. Thus the claim follows from Lemma 4.6(ii).

(iii) The claim follows immediately from Definition 4.7.

Figure 5 shows oriented simplicial graphs for the three bi-directed graphsG1, G2, andG3

whose simplicial graphs we depicted in Figure 3.

Theorem 4.9 (Markov equivalence of an oriented simplicial graph).Let G be a bi-directed
graph andGos be an induced oriented simplicial graph. Then

(i) Gos is a maximal ancestral graph;

(ii) G andGos are Markov equivalent;

(iii) G is Markov equivalent to an undirected graph iffGos is an undirected graph iffG is a
disjoint union of complete graphs;

(iv) G is Markov equivalent to a DAG iffGos contains no bi-directed edges;
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Figure 5: Examples of oriented simplicial graphs.

(v) Gos has the minimum number of arrowheads of all maximal ancestral graphs that are
Markov equivalent toG. Here the number of arrowheads of an ancestral graphG with d
directed andb bi-directed edges is defined asarr(G) = d + 2b.

Proof of Theorem 4.9(i).Sincev − w ∈ Gos iff v − w ∈ Gs it follows that there may not exist
an arrowhead atv or w; compare the proof of Theorem 3.3(i). Furthermore, by definition,Gos

does not contain any directed cycles. Finally, assume that there existsv ↔ w ∈ Gos and a
directed pathπ = (v = v0, v1, . . . , vk, vk+1 = w) from v to w. Then by Lemma 4.8, all the
edgesvi → vi+1 onπ are orientable asvi → vi+1. By transitivity of orientability (Lemma 4.3),
it follows that there is an edgev → vk ∈ Gos that is orientable asv → vk. The transitivity then
implies that the edgev ↔ w ∈ Gos is orientable asv → w, which contradicts the assumption
that v ↔ w ∈ Gos, which occurs iff the edge betweenv andw is non-orientable; compare
Lemma 4.8(iii). In conclusion, we have shown thatGos is an ancestral graph. The maximality
of Gos will follow from the proof of Theorem 4.9(ii) and Lemma 2.1.

In the proofs of parts (ii)-(v) in Theorem 4.9, we will make use of results on m-connecting
paths in an oriented simplicial graph that are obtained in Appendix A.

Proof of Theorem 4.9(ii).We proceed by elaborating the proof of Theorem 3.3(ii).
First, letv andw be two non-adjacent vertices that arem-connected givenC ⊆ V in G.

Let π = (v = v0, v1, . . . , vk, vk+1 = w) m-connectv andw given C in G and be such that
no shorter pathm-connectsv andw givenC. Thenv1, . . . , vk are colliders,{v1 . . . , vk} ⊆ C,
andvi−1 andvi+1, i = 1, . . . , k, are not adjacent inG. Therefore, for alli = 1, . . . , k − 1,
vi−1 ∈ Bd(vi) but vi−1 /∈ Bd(vi+1), and similarlyvi+2 /∈ Bd(vi) but vi+2 ∈ Bd(vi+1). It
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follows thatBd(vi) 6⊆ Bd(vi+1) andBd(vi) 6⊇ Bd(vi+1) for all i = 1, . . . , k − 1, which yields
that all the edgesvi ↔ vi+1 ∈ G, i = 1, . . . , k − 1, are non-orientable. Thus, by Lemma
4.8(iii), vi ↔ vi+1 ∈ Gos, i = 1, . . . , k − 1, and allv2, . . . , vk−1 are colliders on the path
πos = (v, v1, . . . , vk, w) in Gos. In addition it follows similarly thatv2 ∈ Bd(v1) \ Bd(v),
which entails thatBd(v1) 6⊆ Bd(v) and that the edge betweenv andv1 is not orientable as
v ← v1. Thus,v1 is a collider onπos. Analogously, we can show thatvk is a collider onπos,
which concludes the proof of the fact thatπos is a path inGos thatm-connectsv andw givenC.

Conversely, letv andw be two vertices that arem-connected givenC ⊆ V in Gos. By
Proposition A.5 from the Appendix, there exists a pathπos = (v, v1, . . . , vk, w) thatm-connects
v andw givenC in Gos and is such thatv1, . . . , vk are colliders with{v1 . . . , vk} ⊆ C. This
entails that the pathπ = (v, v1, . . . , vk, w) in G m-connectsv andw givenC.

Proof of Theorem 4.9(iii).The claim follows immediately from Theorem 3.3(iii) sinceGos is
an undirected graph iffGs is an undirected graph.

Proof of Theorem 4.9(iv).Let G be a bi-directed graph such thatGos does not contain any bi-
directed edges. It follows from Definition 3.1 that the induced subgraphGos

A is undirected and
complete ifA ⊆ V is a simplicial set. LetA1, . . . , Aq be the inclusion-maximal simplicial sets
of G. LetD be a directed graph obtained by replacing each induced subgraphGos

Ai
, i = 1, . . . , q,

by a complete DAG. ThenD itself has to be acyclic, i.e. a DAG, which can be seen as follows:
First, sinceGos is an ancestral graph and thus does not contain any directed cycles, a directed
cycleπ in D must involve a vertexv ∈ ∪(Ai | i = 1, . . . , q). Let v ∈ Aj . Since the induced
subgraphsDAi

, i = 1, . . . , q, are all acyclic,π must also involve a vertex not inAj . Therefore,
there must exist an edgex → w on π such thatw ∈ Aj and x 6∈ Aj . Since the setsAi

are inclusion-maximal simplicial sets, no vertex inAi, i 6= j, is adjacent to any vertex inAj .
Hence,x 6∈ ∪(Ai | i = 1, . . . , q), which implies that the edgex → w is also present inGos.
The presence of an arrowhead atw in Gos, however, implies thatw is not a simplicial vertex,
and thusw cannot be inAj , which is a contradiction.

Now two vertices are adjacent inGos iff they are adjacent inD. If two verticesv andw
are not adjacent andπ = (v, v1, . . . , vk, w) is a shortestm-connecting path givenC in Gos,
then, by Proposition A.5 from the Appendix,π = (v, v1, w) with v1 being a collider; otherwise
there would have to be a bi-directed edge inGos. In particular,v1 /∈ ∪(Ai | i = 1, . . . , q) and
thus,(v, v1, w) has identical edge structure inD andGos. Similarly, a path inD that is shortest
among pathsm-connecting two verticesv andw given C is of the formπ = (v, v1, w) with
v1 /∈ ∪(Ai | i = 1, . . . , q) being a collider. Thus,(v, v1, w) has identical edge structure inGos

and in particular is alsom-connecting inGos, which concludes the proof of Markov equivalence
of Gos and the DAGD.

Conversely, letG be a bi-directed graph with an oriented simplicial graphGos such that
v ↔ w ∈ Gos. Suppose for a contradiction thatG is equivalent to a DAGD. Note thatD must
have the same skeleton asG and thus asGos. By Lemma 4.8(iii),v ↔ w is non-orientable.
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Hence, by Lemma 4.2, there existx ∈ bd(v)\{w} andy ∈ bd(w)\{v}. By the global Markov
property ofG, x⊥⊥w andv⊥⊥y. It follows that on the path(x, v, w) in D, v must be a collider.
Therefore,v ← w ∈ D. But thenw is a non-collider on the path(v, w, y) in D contradicting
the independencev⊥⊥y.

Remark 4.10. The proof of Theorem 4.9(iv) in particular provides a proof of the Markov equiva-
lence result stated without proof in Pearl and Wermuth (1994, Thm. 1) andDrton and Richardson
(2003, Prop. 2).

Proof of Theorem 4.9(v).Let Ḡ be a maximal ancestral graph that is Markov equivalent to the
(bi-directed) graphG. The graphsḠ, G, andGos must have the same skeleton. Assume that
arr(Ḡ) < arr(Gos). Then either (a) there existsv → w ∈ Gos such thatv −w ∈ Ḡ or (b) there
existsv ↔ w ∈ Gos such thatv → w ∈ Ḡ or v − w ∈ Ḡ.

Case (a): Ifv → w ∈ Gos, thenw cannot be simplicial. Hence, there existx, y ∈ bd(w)
such thatx andy are not adjacent inGos, thus not adjacent inG. The global Markov property
of G states thatx⊥⊥y. SinceḠ is an ancestral graph andv − w ∈ Ḡ, however, there may not be
any arrowheads atw on the edges betweenx andw, andy andw in Ḡ. Therefore,x andy are
m-connected given∅ in Ḡ, which yields that the global Markov property of̄G does not imply
x⊥⊥y; a contradiction.

Case (b): Nowv ↔ w ∈ Gos but there is no arrowhead atv on the edge betweenv and
w in Ḡ. By Lemma 4.8(iii)v ↔ w is non-orientable inGos, and by Lemma 4.2 there exists
x ∈ bd(v) \Bd(w) such thatx andw are not adjacent inGos. Thusx andw are not adjacent in
G andx⊥⊥w is stated by the global Markov property ofG. In Ḡ, however,v is a non-collider on
the path(x, v, w) and thus this pathm-connectsx andw given∅, which yields that the global
Markov property ofḠ does not implyx⊥⊥w; a contradiction.

5 Maximum likelihood estimation in covariance graph models

5.1 Covariance graph models

Let G be a bi-directed graph, and

P(G) =
{

Σ ∈ RV ×V | Σ = (σvw) sym. pos. def., σvw = 0 ∀(v, w) : v ↔ w /∈ G
}

(5.1)

be the cone of symmetric positive definite matrices with a zero pattern induced byG. Then

N(G) =
(

NV (0, Σ) | Σ ∈ P(G)
)

(5.2)

is thecovariance graph modelassociated withG. It can be shown that every distribution in
N(G) already satisfies all conditional independences stated by the global Markov property for
the bi-directed graphG (Kauermann, 1996, Prop. 2.2).
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Assume thatS ∈ RV ×V is the empirical covariance matrix computed from an i.i.d. sample
drawn from some unknown distributionNV (0, Σ) ∈ N(G), i.e. the(v, w)-th entry in S is
the dot product of the vectors of observations for thev-th andw-th variables divided by the
sample sizen. For empirical covariance matrixS and sample sizen, the log-likelihood function
ℓS,n : P(G) → R of N(G) can be written as

ℓS,n(Σ) = −
nV

2
log(2π) −

n

2
log |Σ| −

n

2
tr

(

Σ−1S
)

. (5.3)

HereV also denotes the cardinality of the vertex setV . If S is positive definite then the global
maximum ofℓS,n overP(G) exists and thusΣ can be estimated by the maximizer ofℓS,n. The
likelihood equations obtained by setting to zero the partial derivatives ofℓS,n with respect to the
non-restricted entries inΣ are non-linear and take on the form

(Σ−1)vw = (Σ−1SΣ−1)vw ∀v, w ∈ V : v = w or v ↔ w ∈ G; (5.4)

compare Drton and Richardson (2003,§3.2). A positive definite matrix̂Σ(S) ∈ P(G) that
solves the equations (5.4) is calleda solution to the likelihood equationsof N(G). By a con-
nection between conditional likelihood functions in covariance graph models and the likelihood
functions of seemingly unrelated regressions (Drton and Richardson, 2003, §4.2), it follows
from Drton (2004); Drton and Richardson (2004b) that for a given positive definite empirical
covariance matrixS there may exist multiple solutions to the likelihood equations (5.4) and the
likelihood functions may exhibit multiple local maxima.

5.2 Parameterization of Gaussian ancestral graph models

Since subsequent theorems are obtained via results in Gaussian ancestral graph models, we
briefly review the parameterization of these models.

LetG be an ancestral graph. The parameterization associates one parameter with each vertex
in V and each edge inE, respectively. Due to property (i) in the definition of an ancestral graph
(see Section 2.1), we can defineunG ⊆ V as the set of verticesv that are such that any edge
with endpointv has a tail atv. Clearlyv−w ∈ G impliesv, w ∈ unG, andv ↔ w ∈ G implies
thatv, w /∈ unG. Let Λ be a symmetric positive definiteunG × unG matrix such thatΛvw 6= 0
only if v = w or v − w ∈ G. Let Ω be a symmetric positive definite(V \ unG) × (V \ unG)
matrix such thatΩvw 6= 0 only if v = w or v ↔ w ∈ G. Finally, letB be aV × V matrix
such thatBvw 6= 0 only if w → v ∈ G. With the parameter matricesΛ, B,Ω, we can define the
symmetric positive definite matrix

Σ(Λ, B,Ω) = (IV − B)−1

(

Λ−1 0
0 Ω

)

(IV − B)−T. (5.5)

Let N(G) be the Gaussian ancestral graph model associated withG, i.e. the family of all cen-
tered normal distributions that are globally Markov with respect toG. As shown in Richardson
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and Spirtes (2002,§8), the normal distributionNV (0, Σ) with Σ = Σ(Λ, B,Ω) defined in (5.5)
is inN(G). Conversely, ifG is amaximalancestral graph, then for anyNV (0, Σ) ∈ N(G) there
exist uniqueΛ, Ω, B of the above type such thatΣ = Σ(Λ, B,Ω). Note that ifG is a bi-directed
graph then the definition ofN(G) made here agrees with the definition in (5.2). Further details
on the parameterization can be found in Richardson and Spirtes (2002,§8); Drton and Richard-
son (2004a). Note, however, that Richardson and Spirtes (2002) useB for what is here denoted
IV − B.

Now let G be a bi-directed graph andGos an induced oriented simplicial graph. SinceG
andGos are Markov equivalent the reparameterization mapping(Λ, B,Ω) 7→ Σ(Λ, B,Ω) has
image equal toP(G). By Richardson and Spirtes (2002, Thm. 8.14, Lemma 8.22), the mapping
is a diffeomorphism, which implies the following Lemma.

Lemma 5.1. If G is a bi-directed graph with oriented simplicial graphGos, then(Λ, B,Ω)
solves the likelihood equations ofN(Gos) iff Σ(Λ, B,Ω) solves the likelihood equations of
N(G).

5.3 Empirical maximum likelihood estimates of covariances

Employing the graphical results established in Sections 3 and 4, we show next that for a simpli-
cial setA in a bi-directed graphG, theA×A submatrix of a solution to the likelihood equations
(5.4) must agree with the counterpart in the empirical covariance matrixS.

Theorem 5.2 (Empirical covariances).Let G be a bi-directed graph with associated covari-
ance graph modelN(G). If A ⊆ V is simplicial,S is a symmetric positive definite matrix, and
Σ̂(S) ∈ P(G) is a solution to the likelihood equations (5.4), then

Σ̂(S)A×A = SA×A. (5.6)

Proof. Let Gs be the simplicial graph induced byG. By Theorem 4.9(ii), the covariance graph
modelN(G) and the Gaussian ancestral graph modelN(Gs) based onGs contain exactly the
same multivariate normal distributions. LetN(Gs) be parameterized by the precision matrixΛ,
the matrix of regression coefficientsB and the covariance matrixΩ as described in Section 5.2.
In particular, it follows from Richardson and Spirtes (2002, Lemma 8.4) that if Σ = Σ(Λ, B,Ω),
then

(Λ−1)A×A = ΣA×A. (5.7)

Let A1, . . . , Aq be the inclusion-maximal simplicial sets ofG. Then these sets are pairwise
disjoint and the induced subgraphsGs

Ai
, i = 1, . . . , q, complete undirected graphs. In fact,

∪iAi = unGs . It follows thatΛ is a block-diagonal matrix such thatΛvw = 0 if there does not
exist an inclusion-maximal simplicial setAi such thatv ∈ Ai andw ∈ Ai. Now the discussion
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in Richardson and Spirtes (2002,§8.5) and Lemma 5.1 imply that every solution to the likelihood
equations forΛ, B, Ω in the Gaussian ancestral graph modelN(Gs) satisfies

(Λ−1)Ai×Ai
= SAi×Ai

∀i = 1, . . . , q,

and, in particular, sinceA ⊆ Aj for somej,

(Λ−1)A×A = SA×A ∀i = 1, . . . , q.

In conjunction with Lemma 5.1 and (5.7), this yields the claim.

Theorem 5.2 implies in particular that for a simplicial vertexv ∈ V a global maximum
Σ̂(S) ∈ P(G) of the likelihood function ofN(G) must satisfŷΣ(S)vv = Svv. In general this is
false for non-simplicial vertices as the next theorem shows.

Theorem 5.3 (Non-empirical variances).If v ∈ V is not simplicial, then there exists a sym-
metric positive definite matrixS such that any global maximâΣ(S) ∈ P(G) of the likelihood
function ofN(G) satisfies

Σ̂(S)vv 6= Svv.

Proof. Sincev is not simplicial, there exist non-adjacent verticesu andw such thatu ↔ v ∈ G
andv ↔ w ∈ G. Let R = V \ {u, w, v}, and chooseS as the block-diagonal matrix

S =









R u w v

R IR 0R 0R 0R

u 0′R 3 1 1
w 0′R 1 3 1
v 0′R 1 1 3









, (5.8)

whereIR is theR × R identity matrix, and0R is the zero vector inRR, i.e. 0′R = (0, . . . , 0).
Clearly,S is symmetric and positive definite.

In the following we will relax the optimization problem of maximizing the likelihood func-
tion ℓS,n overP(G) by working with a more simply structured supergraph ofG. Let Ḡ be the
bi-directed graph that has all possible edges except for the edgeu ↔ w; see Figure 6. Let
Σ̂(S, Ḡ) be a global maximum ofℓS,n(Σ) over P(Ḡ) and letΣ̂(S, G) = Σ̂(S) be a global
maximum ofℓS,n(Σ) overP(G). Clearly,P(G) ⊆ P(Ḡ) and thus

ℓS,n(Σ̂(S, G)) = max
Σ∈P(G)

ℓS,n(Σ) ≤ max
Σ∈P(Ḡ)

ℓS,n(Σ) = ℓS,n(Σ̂(S, Ḡ)). (5.9)

In the bi-directed graph̄G, Bd(u) = V \ {w}, Bd(w) = V \ {u} andBd(x) = V if
x /∈ {u, w}. Thus, an edge betweenx andy in Ḡ is covered ifx, y /∈ {u, w}, and it is uniquely
orientable asx → y if x ∈ {u, w} andy /∈ {u, w}. Thus an oriented simplicial graph induced
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Figure 6: The supergraph̄G and its oriented simplicial graph̄Gos.

by Ḡ cannot have any bi-directed edges (Lemma 4.8), which implies thatḠ is equivalent to a
DAG (Theorem 4.9). This DAG can be chosen as a DAGD such that every edge with endpoint
u andw has a tail atu andw, respectively, and every edge with endpointv has an arrowhead at
v; see Figure 6.

Standard results on maximum likelihood estimation in Gaussian DAG models (e.g. Anders-
son and Perlman, 1998, compare also Theorem 5.4 below) yield that

Σ̂(S, Ḡ) =









R u w v

R IR 0R 0R 0R

u 0′R 3 0 0.75
w 0′R 0 3 0.75
v 0′R 0.75 0.75 2.875









(5.10)

is the unique local and also global maximum ofℓS,n over P(Ḡ). SinceΣ̂(S, Ḡ) ∈ P(G) it
follows from (5.9) thatΣ̂(S, G) = Σ̂(S, Ḡ) is the unique global maximum ofℓS,n overP(G),
which in conjunction with (5.10) proves the claim.

5.4 Empirical maximum likelihood estimates of conditional parameters

Oriented simplicial graphs also provide information on when maximum likelihood estimates
of conditional parameters are equal to empirical counterparts. The conditional parameters we
consider are regression coefficients and conditional variance for theconditional distribution of
variablev given itsparents

pa(v) = paGos(v) = {w ∈ V | w → v ∈ Gos}.

If pa(v) = ∅, then conditioning variablev on the empty set is understood to yield the marginal
distribution ofv.

Theorem 5.4 (Empirical conditional parameters). Let Gos be an oriented simplicial graph
induced by the bi-directed graphG, S a symmetric positive definite matrix, andΣ̂(S) ∈ P(G)
a solution to the likelihood equations (5.4). Moreover, letv be such that no vertexw is adjacent
to v by a bi-directed edgev ↔ w ∈ Gos. It then holds that the regression coefficients equal

Σ̂(S)v×pa(v)

[

Σ̂(S)pa(v)×pa(v)

]−1
= Sv×pa(v)

(

Spa(v)×pa(v)

)−1
, (5.11)
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and that the conditional variance equals

Σ̂(S)vv − Σ̂(S)v×pa(v)

[

Σ̂(S)pa(v)×pa(v)

]−1
Σ̂(S)pa(v)×v =

Svv − Sv×pa(v)

(

Spa(v)×pa(v)

)−1
Spa(v)×v. (5.12)

Proof. If pa(v) = ∅, thenv is a simplicial vertex, and the claim reduces toΣ̂(S)vv = Svv,
which follows from Theorem 5.2. Otherwise, using the parameterization ofN(Gos), it follows
from Richardson and Spirtes (2002, Thm. 8.7) that ifΣ = Σ(Λ, B,Ω), then

Σv×pa(v)

[

Σpa(v)×pa(v)

]−1
= Bv×pa(v)

and
Σvv − Σv×pa(v)

[

Σpa(v)×pa(v)

]−1
Σpa(v)×v = Ωvv.

Now if Λ, B, Ω solve the likelihood equations forN(Gos), thenBv×pa(v) andΩvv solve the
likelihood equations of the model in which all parameters inΛ, B, Ω except forBv×pa(v) and
Ωvv are treated as fixed values. It now follows from Drton and Richardson (2004a,§§5.1 and 5.3)
thatBv×pa(v) andΩvv must be unique for all solutions to the likelihood equations ofN(Gos)
and equal to the empirical expressions on the right hand side of (5.11) and (5.12), respectively.
Applying Lemma 5.1 thus yields the claim.

Remark 5.5. If pa(v) = ∅, thenv is simplicial iff it satisfies the assumptions of Theorem 5.4.
Therefore, Theorem 5.3 implies that the statement of Theorem 5.4 is false in general ifv is the
endpoint of a bi-directed edge.

Remark 5.6 (Efficient iterative conditional fitting on the oriented simplicial graph). The
algorithm for maximum likelihood estimation proposed in Drton and Richardson (2003) is a
special purpose algorithm for maximum likelihood estimation of the covariance matrix in a
covariance graph model, but the algorithm does not make use of the information provided by
Theorems 5.2 and 5.4. An alternative strategy is to run the extension of the algorithm to Gaussian
ancestral graph models described in Drton and Richardson (2004a) onan oriented simplicial
graph. This extended algorithm then avoids unnecessary computations asit will implicitly make
use of Theorems 5.2 and 5.4.

5.5 Unsolvability by radicals of the likelihood equations

Theorem 5.3 shows that ifv is the endpoint of a bi-directed edge then, in a covariance graph
model, the maximum likelihood estimator of the varianceΣvv may not be equal to the empirical
variance. However, as Theorem 5.7 below shows, it may also be the casethat the solutions to the
likelihood equations yielding an estimate ofΣvv cannot be computed from the data in finitely
many steps involving addition, subtraction, multiplication, division, or takingn-th roots. Hence,
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the conditions given in Theorems 5.2 and 5.4 under which closed form estimates exist are both
necessary and sufficient.

Let G be the bi-directed graph in Figure 4(i). If one conditionsv andw on x andy in the
covariance graph modelN(G), then one obtains a set of conditional distributions that form a
bivariate seemingly unrelated regressions model. For this model, Drton and Richardson (2004b)
show that solving the likelihood equations is equivalent to computing the roots of a quintic
polynomial. Furthermore, they give example data for which this quintic has exactly three real
roots. Galois theory (Stewart, 1989, Lemma 14.7) now implies that for these data the quintic is
unsolvable by radicals, i.e. the roots of the quintic and thus the solutions to the likelihood equa-
tions cannot be computed from the data in finitely many steps involving addition, subtraction,
multiplication, division, or takingn-th roots. (See Geiger et al. (2002) for similar results in the
context of undirected graphs.)

Theorem 5.7 (Unsolvability by radicals). LetGos be an oriented simplicial graph induced by
the bi-directed graphG. Moreover, letv be such that there exists a bi-directed edgev ↔ w ∈
Gos. Then there exists a symmetric positive definite matrixS for which the global maximum
Σ̂(S) ∈ P(G) of the likelihood function ofN(G) cannot be computed in finitely many steps
involving addition, subtraction, multiplication, division, or takingn-th roots.

Proof. If v ↔ w ∈ Gos, then by Lemma 4.2 there exist two verticesx andy such that the
induced subgraphG{x,y,v,w} is one of the graphs in Figure 4. LetR = V \ {x, y, v, w} and
chooseS such thatSuu = 1 if u ∈ R, Suz = 0 if u, z ∈ R but u 6= z. The submatrixSR×R

choose equal to the sample covariance matrix of the data in Drton and Richardson (2004b, Table
1). Considering the bi-directed graph̄G, in which only the edges betweenv andy, andx and
w are absent, instead of the graphG yields analogously to the proof of Theorem 5.3 that the
{x, y, v, w} × {x, y, v, w} submatrix ofΣ̂(S) can be computed by fitting the model based on
the graph in Figure 4(i) to the{x, y, v, w} × {x, y, v, w} submatrix ofS. Hence, the discussion
right before Theorem 5.7 applies and yields the claim.

Remark 5.8 (Dual estimation).Even though the likelihood equations of covariance graph mod-
els may sometimes be unsolvable in the sense of Theorem 5.7, the dual estimator of Kauermann
(1996) may still be available as rational function of the data. This occurs in the case where
the skeleton of the bi-directed graph, i.e. the undirected graph with the same adjacencies, is
decomposable. For example, the graph in Figure 4(i) has a decomposable skeleton.

A Connecting paths in oriented simplicial graphs

In this appendix we prove results used in the proof of Theorem 4.9.
Let v and w be some fixed vertices that arem-connected givenC ⊆ V in an oriented

simplicial graphGos. Let Πos(v, w|C) be the set of paths thatm-connectv andw givenC in
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Gos, and letΠos
min(v, w|C) be the set of paths that are of minimal length among the paths in

Πos(v, w|C).

Lemma A.1. If vi−1, vi andvi+1 are three consecutive vertices on a pathπ in Gos, andvi is a
non-collider onπ, thenvi−1 andvi+1 are adjacent.

Proof. If vi is a non-collider, then the edge betweenvi andvi−1 or the edge betweenvi andvi+1

must have a tail atvi. Without loss of generality, assume that there is a tail on the edge between
vi and vi+1. Then by Lemma 4.6(i) and (ii), this edge is orientable asvi → vi+1. Hence,
Bd(vi) ⊆ Bd(vi+1), from which it follows thatvi−1 ∈ Bd(vi+1), which is the claim.

Lemma A.2. If π = (v = v0, v1, . . . , vk, vk+1 = w) ∈ Πos(v, w|C), andvi is a non-endpoint
vertex onπ and there is an arrowhead atvi on the edge betweenvi−1 and vi, then either (i)
vi ∈ an(C) or (ii) the path(vi, vi+1, . . . , vk, w) is a directed path fromvi to w.

Proof. Suppose the result is false. Letvj be the vertex closest tow satisfying the antecedent
of the Lemma, but not the conclusion. Ifvj is a collider, then by definition ofm-connection,
vj ∈ an(C), which is a contradiction. Ifvj is a non-collider thenvj → vj+1 onπ. If vj+1 = w,
if vj+1 ∈ an(C), or if (vj+1, . . . , vk, w) is a directed path fromvj+1 to w, then clearlyvj

satisfies the conclusion of the Lemma, which is a contradiction. But ifvj+1 /∈ an(C)∪{w} and
(vj+1, . . . , vk, w) is not a directed path fromvj+1 to w thenvj+1 satisfies the conditions onvj ,
but is closer tow, again a contradiction.

Lemma A.3. If π = (v = v0, v1, . . . , vk, vk+1 = w) ∈ Πos
min(v, w|C) then no non-consecutive

vertices onπ are adjacent.

Proof. Suppose for a contradiction that there are non-consecutive vertices on the path which are
adjacent. Let(vp, vq) be a pair of vertices which are furthest apart on the path, i.e.

(p, q) ∈
{

(r, s) ∈ {0, . . . , k + 1}2 | r < s, |r − s| > 1, vr andvs are adjacent inGos
}

.

If (vp, vq) = (v, w) then clearlyπ is not minimal. Hence eitherv 6= vp or w 6= vq.
Suppose thatv 6= vp. By definition of(p, q), vp−1 is not adjacent tovq. Consequently, by

Lemma A.1,vq is a collider on(vp−1, vp, vq), and thus the edge betweenvp−1 andvp has an
arrowhead atvp. It then follows by Lemma A.2 that eithervp ∈ an(C) or (vp, vp+1, . . . , vk, w)
is a directed path fromvp to w. In the latter casevp ∈ an(vq), but there is an arrowhead atvp

on the edge betweenvp andvq, which contradicts thatGos is ancestral. Hencevp ∈ an(C). If
vq = w then the path(v, v1, . . . , vp, vq = w) ism-connecting givenC and shorter thanπ. Hence
vq 6= w. It then follows by the same argument thatvq is a collider on(vp, vq, vq+1) and inan(C).
However, this also leads to a contradiction since then the path(v, v1, . . . , vp, vq, vq+1, . . . , vk, w)
is bothm-connecting givenC and shorter thanπ.

The case wherew 6= vq may be argued symmetrically.
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Corollary A.4. If π = (v = v0, v1, . . . , vk, vk+1 = w) ∈ Πos
min(v, w|C), then all the non-

endpoint verticesv1, . . . , vk are colliders onπ.

Proof. This follows directly from Lemma A.3 and Lemma A.1.

Even though all non-endpoints on a path inΠos
min(v, w|C) are colliders, not all non-endpoints

must be in the setC. For example, in the graphGos
2 from Figure 5, the path(x, v, y) m-connects

x andy givenw since the colliderv is ancestral tow. However, as the next Proposition shows,
there will always exist a path inΠos

min(v, w|C) such that all non-endpoints are colliders inC. In
Gos

2 from Figure 5, the path(x, w, y) m-connectsx andy given{w}.

Proposition A.5. Let π = (v = v0, v1, . . . , vk, vk+1 = w) ∈ Πos
min(v, w|C) be such that no

other path inΠos
min(v, w|C) has more non-endpoint vertices inC thanπ. Then all non-endpoint

verticesv1, . . . , vk onπ are colliders that are inC.

Proof. By Corollary A.4, all non-endpointsv1, . . . , vk are colliders. Assume that there exists
vi /∈ C, 1 ≤ i ≤ k. Sinceπ ∈ Πos(v, w|C), and thusvi ∈ an(C), there existsc ∈ C such that
vi → . . . → c ∈ Gos. In particular,c 6= vi−1 andc 6= vi+1 becausevi is ancestral neither to
vi−1 nor tovi+1. Lemma 4.8(ii), transitivity of orientability (Lemma 4.3), and the fact thatGos

does not contain directed cycles imply thatvi → c ∈ Gos. By Lemma A.1,Gos contains edges
betweenc and bothvi−1 andvi+1. Since the edge betweenvi−1 andvi has an arrowhead atvi

andvi → c ∈ Gos, the edge betweenvi−1 andc must have an arrowhead atc because otherwise
the fact thatGos is an ancestral graph would be contradicted (Theorem 4.9(i)). Similarly, the
edge betweenvi+1 andc must have an arrowhead atc. If vi−1 → c, thenvi−2 is adjacent toc
and by the same argument as above there must be an arrowhead atc on the edge betweenvi−2

andc. Repeating this argument yields that there exists a vertexvℓ, ℓ ≤ i − 1, such that either
vℓ ↔ c ∈ Gos, or vℓ = v andv → c. The same arguments also imply that there exists a vertex
vj , j ≥ i + 1, such that eithervj ↔ c ∈ Gos, or vj = w andw → c. Therefore, the path
(v, v1, . . . , vℓ, c, vj , . . . , vk, w) is in Πos(v, w|C) and either shorter thanπ or of equal length
but with more non-endpoint vertices inC. This contradicts the choice ofπ and therefore the
assumption of a non-endpoint onπ that is not inC must be false.
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