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Abstract

In graphical modelling, a bi-directed graph encodes maigimdependences among
random variables that are identified with the vertices ofgtagoh (alternatively graphs with
dashed edges have been used for this purpose). Bi-direaptgare special instances of
ancestral graphs, which are mixed graphs with undirectiegcteéd, and bi-directed edges.
In this paper, we show how simplicial sets and the newly ddfimréentable edges can be
used to construct a maximal ancestral graph that is Markoivalgnt to a given bi-directed
graph, i.e. the independence models associated with thgriaphs coincide, and such that
the number of arrowheads is minimal. Here the number of dreads of an ancestral
graph is the number of directed edges plus twice the numbbi-difected edges. This
construction yields an immediate check whether the orldirdirected graph is Markov
equivalent to a directed acyclic graph (Bayesian networlgroundirected graph (Markov
random field). Moreover, the ancestral graph constructilowa for computationally more
efficient maximum likelihood fitting of covariance graph netgl i.e. Gaussian bi-directed
graph models. In particular, we give a necessary and suffigi@phical criterion for deter-
mining when an entry of the maximum likelihood estimate @& tovariance matrix must
equal its empirical counterpart.

1 Introduction

In graphical modelling, a bi-directed graph encodes marginal indepeedeamong random
variables that are identified with the vertices of the graph. In particulaaneser two vertices
are not joined by an edge, then the two associated random variablesaness to be marginally
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Figure 1: A bi-directed grapl encodingX; 11 X5, X7 1l X4, X5 1l X3, and its oriented sim-
plicial graphG?s.

independent. In the Gaussian framework graphical models for margidepémdence have
been called covariance graph models (Cox and Wermuth, 1993, 198@rara special case
of a linear hypothesis on the covariance matrix (Anderson, 1969, I19738). An estimation

procedure especially designed for covariance graph models is daboribrton and Richardson
(2003). The Markov interpretation of bi-directed graphs is discussd®earl and Wermuth

(1994); Kauermann (1996); Banerjee and Richardson (2003)aRisbn (2003). Examples of
recent work involving graphical models for marginal independenceésarebyk et al. (2004);

Mao et al. (2004); Wermuth et al. (2004).

It should be noted that other authors (e.g. Cox and Wermuth, 1993; E@®&rds, 2000)
have used dashed edges instead of bi-directed edges for the pafpepeesenting patterns of
marginal independence. However, the bi-directed edges make explidifrgpdical models for
marginal independence are special instances of ancestral grapharfl®on and Spirtes, 2002),
which feature undirected, directed, and bi-directed edges. Throlugla ttonnection to path
diagrams (e.g. Koster, 1999) and causality (Pearl, 2000; Spirtes e0@0; Richardson and
Spirtes, 2003) is made.

As an example, leX = (X1, X», X3, X,) be a random vector iR* that follows a centered
multivariate normal distributioaV'(0, 32) with positive definite covariance matrix € R**4.
Suppose thak; 11 X,, X7 1l X4, and X5 I X3. Then: exhibits a pattern of zeroes as

o1 0 o013 O
0 0922 0 0924

o3 0 o033 034
0 o024 034 oy

Y=

This zero pattern can be represented graphically by drawing a vernt@aéh one of the four
random variables (labelled by the variable index) and joining vextgand X,, by a bi-directed
edge ifX, 1 X,,, or equivalently under normality if,,, is not restricted to zero. In this example,
we draw the graplds shown in Figure 1.

In this paper we employ the connection between bi-directed graphs foimabgdepen-
dence and ancestral graphs (Section 2 introduces graphical ¢emesgssary for this connec-
tion). Using simplicial vertex sets (Section 3) and the newly defined orientglges (Section
4), we show how to construct a maximal ancestral graph that is Markoivadgnt to a given



bi-directed graph, i.e. the independence models associated with the twis graipcide, and
such that the number of arrowheads is minimal. Here the number of arrdwloéan ances-
tral graph is the number of directed edges plus twice the number of bi-diredtges. We call
the constructed ancestral graph an oriented simplicial graph (see euge Big This graph
provides much useful information about the original bi-directed grapban be checked im-
mediately whether the bi-directed graph is Markov equivalent to a directdi@graph, the
type of graph that underlies Bayesian networks, or an undirectedh gitago type of graph that
underlies Markov random fields. For example, the gr@gh Figure 1 is not Markov equivalent
to an undirected graph because’ is not an undirected graph, a#lis not Markov equivalent
to a directed acyclic graph becaus®’ contains a bi-directed edge (see also Pearl and Wermuth,
1994).

Employing information provided by oriented simplicial graphs in covarianeplymodels
(Section 5) yields criteria for determining when an entry of the maximum likelitestiinate
of the covariance matrix is available explicitly as its empirical counterpart. ¥ample, the
fact that no arrowheads appear at the verticesd 2 in the graphG°® in Figure 1 implies
that the maximum likelihood estimates @f; andos, must be equal to the empirical variance
of X and X5, respectively. In addition, oriented simplicial graphs allow for computalipna
more efficient maximum likelihood fitting (compare Drton and Richardson, 28032.4). We
conjecture that the ancestral graph construction will also provide lusédumation in future
work on bi-directed graph models for discrete random variables.

2 Graphical terminology

2.1 Mixed graphs

Commonly agraphG = (V, E) consists of a finiteertex sel” and anedge set? C V' x V. If
(v,w) € F and(w,v) € E, then the pictorial representation @fcontains an undirected edge
v—w. If (v,w) € E but(w,v) ¢ E, then the edge is directed as— w. This definition of
graphs is the traditional basis for graphical models (Lauritzen, 199&pt€h2). In this paper,
however, we will consider graphs that feature undirected and direciges in conjunction with
bi-directed edges, drawn as«— w. Graphs with these three types of edges are called mixed
graphs and can be defined formally as follows (cf. Richardson anteSp2002, Appendix).

Let€ = {—,«, —, <} be the set of possible edges between an ordered pair of vertices. A
mixed graphG = (V, E) is a pair of a finitevertex sef” and anedge mapping” : V x V —
P(E), whereP(€) denotes the power set 6f The edge mapping' has to satisfy that for all
v,w eV,

() E(v,v) =0,i.e.thereis no edge between a vertex and itself,

(i) — € E(v,w) <= — € E(w,v),



(i) — € E(v,w) <= «—¢€ E(w,v),
(iv) <€ E(v,w) <= <€ E(w,v),

In this paper, we consider exclusivedymple mixed graphgor which there is at most one edge
between two vertices, i.€E (v, w)| < 1 forallv,w € V.

For a mixed grapli = (V, E) and vertices, w € V, we writev —w € G, v — w € G,
ve—weGorv— weGif —, =, — or— areinE(v,w), respectively. IfE (v, w) # 0, then
v andw areadjacent If there is an edge < w € G orv < w € G then there is said to be an
arrowhead aw on this edge. If there is an edge— w € G orv — w € G then there is said to
be atail at v on this edge. A vertex is said to be in théoundaryof v if v andw are adjacent.
We denote the boundary ofasbd(v). The boundary of vertex set C V is the set

bd(A) = U(bd(v) | v € A) \ A.

We write Bd(v) = bd(v) U {v} andBd(A) = bd(A) U A. An induced subgraph aF over a
vertex setd is the mixed grapldz 4 = (A, E4) whereE 4 is the restriction of the edge mapping
EonAx A.

In a simple mixed graph a sequence of adjacent vertices. ., v;) uniquely determines
the sequence of edges joining consecutive vertigendv; 1, 1 < i < k — 1. Hence, we
can define gath = between two vertices andw in a simple mixed graph as a sequence of
distinct verticest = (v, v1,. .., vk, w) such that each vertex in the sequence is adjacent to its
predecessor and its successor. A path of the form - -- — w, on which every edge is of the
form —, with the arrowheads pointing toward is a directed path from to w. If there is such
a directed path frome to w # v, or if v = w, thenv is anancestorof w. We denote the set of
all ancestors of a vertexby an(v) and for a vertex set C V' we define

an(A) = U(an(v) | v € A).

Finally, a directed path from to w together with an edge — v € G is called adirected cycle

Important subclasses of simple mixed graphs are the followBiglirected graphdeature
only bi-directed edges-~, andundirected graph®nly undirected edges. Directed acyclic
graphs(DAGSs), also calleccyclic directed graphshave only directed edges or < such that
there are no directed cycles. These three types of graphs are cdritathe class oancestral
graphs(Richardson and Spirtes, 2002), whéiés an ancestral graph if the following conditions
are met:

() if v—w € G, then there does not exigtsuch thatt — v € Goru < v € G;
(i) there are no directed cycles;

(iii) if v < w € G, thenv is not an ancestor af.



v w v w v w v w
€ Y € Y x Y 4 Y

Figure 2. Examples of simple mixed graphs. (i) A bi-directed graph, (ii) atiraated graph,
(iii) a DAG, (iv) an ancestral graph that does not fall into one of thevipies three classes of
graphs.

Figure 2 shows examples of the above graph types. As mentioned in theuictioog bi-directed
graphs encode patterns of marginal independence. Undirectedsgeapbde the conditional
independence patterns underlying Markov random fields. DAGs argrdphs that underlie
Bayesian networks. The motivation for the introduction of ancestralhgrams to find a class
of graphs that contains all DAGs while having a Markov property (s&eseetion) that is closed
under conditioning and marginalization. In particular, for every andegteph there exists a
DAG such that the ancestral graph encodes the pattern of conditioegendence arising from
the DAG in a conditioning and marginalization process. This way ances#phginherit causal
interpretability from DAGs (Richardson and Spirtes, 2003).

2.2 Global Markov property for ancestral graphs and Markov equivalence

The global Markov property for ancestral graphs is based omtseparation criterion (Richard-
son and Spirtes, 20033.4), which naturally extends Pearl's (198B¥eparation criterion for
DAGs to ancestral graphs.

A nonendpoint vertex on a path is aollider on the pathif the edges preceding and suc-
ceedingv on the path both have an arrowhead ahat is,— v «, — v <>, <> v «— 0Or — v <
is part of the path. A nonendpoint vertexon a path which is not a collider isreon-collider on
the path A path between vertices andw in an ancestral grapfy is said to ben-connecting
given a setC’ C V (possibly empty), withv, w ¢ C, if:

(i) every non-collider on the path is not @, and
(i) every collider on the path is ian(C).

If no pathm-connecte andw givenC, thenv andw are said to ben-separated give@i'. Sets
A and B arem-separated givety, if for every pairv, w, withv € A andw € B, v andw are
m-separated give®’ (A, B, C are disjoint setsA, B are nonempty).

Now let the vertex set of an ancestral gragh= (V, E) index a family of random variables
(Xy | v e V). ForA C V, let X4 be the random vectarX, | v € A). For disjoint sets
A,B,C C V, A,B # (), theglobal Markov propertyfor the ancestral grapti’ states that
X 1l Xp | X¢, i.e. X4 is conditionally independent of 5 given X, wheneverd and B are
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m-separated givefy' in G. Subsequently, we will writed LL B | C as a shorthand that avoids
making the probabilistic context explicit. Further details on Markov propeofigsaphs can be
found in particular in Lauritzen (1996); Cowell et al. (1999); Edwg2300).

For the graphs shown in Figure 2, the global Markov property of

() the bi-directed graph statedl y andw_LL x;

(i) the undirected graph statedly | (w,z) andw Lz | (v,y);
(i) the DAG statesv Ly | (w,z) andw Lz | v;
(iv) the ancestral graph statedly | z andw Lz | v.

It is clear that bi-directed graphs encode marginal independencestithéiiaglobal Markov
property states the pairwise marginal independentiev if v andw are not adjacent. It can
be shown that in a multivariate normal distribution these pairwise marginal émdiemces hold
iff all independences stated by the global Markov property of the bieticegraph hold (see
Kauermann, 1996; Banerjee and Richardson, 2003). Without makiagiadar distributional
assumption, Richardson (2003!) shows that the independences stated by the global Markov
property of a bi-directed graph hold iff certain (not only pairwise) mabjimdependences hold.
The global Markov property of the ancestral graph in Figure 2(igpestes an indepen-
dence statement with every edge that is missing in the graph. This, howsewet, true for
all ancestral graphs (see Richardson and Spirtes, Z302). If an ancestral grap@ is such
that the global Markov property states thaandw are conditionally independent given some
C whenevers andw are not adjacent, the@@ is amaximal ancestral graphFortunately, for
every non-maximal ancestral graphthere exists a unique Markov equivalent maximal ances-
tral graphG such that is a subgraph of;. Here two ancestral graplkis;, andG, areMarkov
equivalentif the global Markov property for7; states the same independences as the global
Markov property forGGy. Note that bi-directed and undirected graphs as well as DAGs are al-
ways maximal.
Subsequently we will employ repeatedly the following simple Lemma.

Lemma 2.1. If G is a bi-directed graph and- is an ancestral graph such that and G have
the same skeleton and are Markov equivalent, fiea a maximal ancestral graph.

Proof. If v andw are two non-adjacent vertices @, then they are also non-adjacentGh
which implies thaty 1L w is stated by the global Markov property Gfbecause itz every non-
endpoint vertex on a path is a collider. SinGés Markov equivalent t@ it follows thatv_Lw
is also implied by the global Markov property 6f Thus,G is maximal. O
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Figure 3: Examples of bi-directed graphs and their simplicial graphs.

3 Simplicial sets and Markov equivalence

In this section we show how simplicial vertex sets of a bi-directed grapheasdxd to construct
a Markov equivalent maximal ancestral graph by removing arrowhfeaufscertain bi-directed
edges.

Definition 3.1 (Simplicial vertices and sets) A vertexv € V is simplicial, if Bd(v) is complete.
Similarly, a setA C V' is simplicial, if Bd(A) is complete.

Simplicial sets are also important in other contexts of graphical modelling; tonple in
collapsibility (Madigan and Mosurski, 1990; Kauermann, 1996; Laurit46€86,52.1.3, p.121
and 219) and triangulation of graphs (Jensen, 2653).

If there is an arrowhead at on an edge between andw, then we say that wdrop the
arrowhead aty when eithern — w is replaced by — w orv < w is replaced by — w.

Definition 3.2 (Simplicial graph). Let G be a bi-directed graph and the mixed graph ob-
tained by dropping all the arrowheads at simplicial verticesthf We callG* the simplicial
graphinduced by the bi-directed grapH.

Figure 3 shows the bi-directed grapfis, G, andGs with their simplicial graphg+3, G35,
andGj, respectively. As shown in the Theorem 3.3, a simplicial graph is a maxincak#al
graph that is Markov equivalent to the bi-directed graph that induced it.

Theorem 3.3 (Markov equivalence of the simplicial graph).Let G® be thesimplicial graph
induced by a bi-directed grap&d. Then



() G*is a maximal ancestral graph;
(i) G andG* are Markov equivalent;

(i) G is Markov equivalent to an undirected graph @f is an undirected graph if€z is a
disjoint union of complete graphs.

Proof. (i) Let v € V. First assume that there existsc V' such thaty — w € G*. By definition
of G%, v must be simplicial. Hence, there may not exist an arrowhead &which means that
there may not exist € V' such that eithev < u € G* orv < u € G*.

Next assume that either — v € G® oru < v € G* and that there exists a directed path
v— v — - — v — u € G5 However, the presence of the directed edge> v, € G*
implies thatv is simplicial, which is in contradiction to the fact that there is an arrowhead at
on the edge betweanandu. Thus,G? is an ancestral graph.

Finally, G* is a maximal ancestral graph by Lemma 2.1 in conjunction with the Markov
equivalence established in (ii) below.

(i) Since two vertices are adjacent @ iff they are adjacent iz, the claim follows if we
can show that two non-adjacent vertieeandw arem-connected giveilt’ C V in G iff they
arem-connected gived' in G*.

First, letv andw be two non-adjacent vertices that areconnected giver’ C V in G.
Letm = (v,v1,...,v, w) be a path inG that is of minimal length among all paths d# that
m-connecty andw givenC'. This implies that, ..., v, are not simplicial. Moreover, because
G is a bi-directed graphyi, . .., vy are colliders andv; ...,v,} C C; compare Richardson
(2003, Lemma 6(iii) and (iv)). Since two vertices are adjacerttinff they are adjacent i,
there exists a (unique) patti = (v, v1, ..., v, w) in G5. Sincewy, . . ., v are not simplicial in
G, they are colliders on®, and{v; ..., v} C C'yields thatr® is m-connecting andw in G*.

Conversely, lety andw be two vertices that arei-connected giverlt' C V in G* and let
7 = (v = vo,v1,...,vk vp+1 = w) be a path inG*® that is of minimal length among all paths
in G* thatm-connecty andw givenC'. Assume there exists a simplicial vertexon*. Then it
follows thatv;_; andv;4; are adjacent ii7*, and thatr® ; = (v, v1,...,vi—1,Vit1, ..., Uk, W)
is a path inG*. By definition ofG*, a vertexu in G* is either such that every edge with end-point
u has an arrowhead at or such that every edge with end-poinhas a tail at:.. This implies
that7® , m-connect andw givenC' contradicting thatr® is the shortest such path. Therefore,

all v1, ..., v, are non-simplicial vertices and thus collidersoh Moreover, no vertex among
v1, ..., v IS @ancestral to a vertex i@@. This implies thaf{v; ..., v} C C, which yields that
the pathr = (v, v1, ..., v, w) IN G is m-connectingy andw givenC'.

(i) If G* is an undirected graph, then by (@)is Markov equivalent to an undirected graph,
namelyG?®. Conversely ifG* is not an undirected graph, assume that there exists an undirected
graphU that is Markov equivalent té-. NecessarilyG, G° andU have the same skeleton.
Since G? is not undirected, there exists a vertexhat is not simplicial, i.e. there exist two
non-adjacent verticeg andw in bd(v). The global Markov property fof states that: Ll w.
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However, the pathiu, v, w) m-connectsu andw given the empty set i&/. Thus, the global
Markov property of/ does not state |l w, which contradicts the assumption tliaandG are
Markov equivalent.

Finally the simplicial grapiz® is an undirected graph iff the vertex set of the inducing bi-
directed grapld; can be partitioned into pairwise disjoint sets, . . ., A, such that (a) i € A;,
1 <i<gq,andw € A;,1 < j < g, are adjacent, thein= j, and (b) all the induced subgraphs
Ga,,i=1,...,qare complete graphs (Kauermann, 1996). O

Remark 3.4. The simplicial graphz® sometimes may be a DAG. For example, débe the
bi-directed graph over the vertex Sét= {u,v,w} that has two edges as— v < w. The
Markov property of this graph statesll w and the simplicial graplé=* is equal to the DAG
u — v <« w. However, there exist bi-directed graphs that are Markov equivedesn DAG but
for which the simplicial graph still contains bi-directed edges. For exampdegthphGs, in

Figure 3 is equivalent to the DAG obtained fraw§ by replacing the bi-directed edge<— w

by eitherv — w orv <+ w. We pursue this further in the next section.

4 Orientable edges and Markov equivalence

4.1 Orientable edges

In this section, we develop a general notion of orientable edges that wilv aifoto orient
some of the bi-directed edges in a simplicial graph, that is replace them loyediredges, such
that the new graph with fewer bi-directed edges is still a maximal ancestath ginat is Markov
equivalent to the original bi-directed graph. In fact, the resulting gvépminimize the number
of arrowheads in the class of maximal ancestral graphs that are Megkivalent to the original
bi-directed graph.

Definition 4.1 (Orientable edges).An edge between two verticesindw is
(i) orientable a — w if Bd(v) C Bd(w);
(i) uniquely orientable as — w if Bd(v) € Bd(w);

(iii) coveredif it is both orientable av — w and orientable ag® « w, or equivalently if
Bd(v) = Bd(w);

(iv) non-orientablef it is neither orientable a® — w nor orientable as «— w.

Lemma 4.2 (Picture for non-orientable edges)LetG be a bi-directed graph. An edge between
v andw in a bi-directed graphG is notorientable iff there exist vertices € bd(v) \ {w} and

y € bd(w) \ {v} such that the induced subgragh,, , ...,; €quals one of the two graphs shown
in Figure 4.
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Figure 4: Induced subgraphs of a bi-directed graph with non-orieneailye between andw.

Proof. The claim follows immediately from Definition 4.1; compare also Pearl and Wermuth
(1994). O

Lemma 4.3 (Transitivity of orientability). Letwu, v andw be three distinct vertices. If there
are edges betweanandwv, andv andw that are orientable as — v andv — w, respectively,
then there is also an edge betwaeandw, which is orientable as — w.

Proof. By definition 4.1(i),Bd(u) € Bd(v) C Bd(w), which implies the presence of an edge
betweenu andw because, € Bd(v) € Bd(w). This edge is orientable as — w because
Bd(u) C Bd(w). O

The binary relation between vertices based on orientability is not antisymmeteniral
since covered edges may exist; e.g. the edge w in the graphGs in Figure 3 is covered.
Thus, it is not a partial order. However, the binary relation based aquarorientability does
provide a partial order on the vertex set of a graph.

Definition 4.4 (Unique orientability relation). For two verticesv and w, we writev < w if
eitherv = w or v andw are joined by an edge that is uniquely orientablevas> w. We call=<
theunique orientability relation

Lemma 4.5 (Partial order). The unique orientability relation is a partial order on the vertex
setV.

Proof. (reflexivity): By definition,o < v forallv € V.

(antisymmetry): Ifv < w andw < v butv # w, thenBd(v) € Bd(w) andBd(w) €
Bd(v), which is a contradiction.

(transitivity): Letu < v andv < w. Then clearlyy < w if v = v orv = w. Otherwiseu, v,
andw are three distinct vertices and there are edges betweedwv, and betweemn andw that
are uniquely orientable as — v andv — w, respectively. ThuB8d(u) € Bd(v) € Bd(w).
Sinceu € Bd(v), it follows thatu € Bd(w), i.e. there is an edge betweemndw, which must
be uniquely orientable as — w becaus@d(u) C Bd(w). O
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4.2 Orientable edges in the simplicial graph

An edge between two verticesandw in a bi-directed grapld- is orientable ag — w iff it is
orientable a® — w in the simplicial graplG? that is induced by>. However, more can be said
about the orientable edgesdf.

Lemma 4.6 (Edges in the simplicial graph).Let G be a bi-directed graph with simplicial
graphG*® and letv andw be adjacent. Then

() if v —w € G*, then this edge is covered,
(i) if v — w € G*, then this edge is uniquely orientable@as— w;

(i) if v < w € G*, then this edge may be covered, uniquely orientable asw or v «— w,
or non-orientable.

Proof. (i) If v —w € G?*, then bothv andw are simplicial. Sincev € Bd(v), andBd(v) is
complete, it follows thaBd(v) C Bd(w). Similarly, Bd(v) 2 Bd(w).

(i) If v — w € G%, thenv is simplicial andBd(v) C Bd(w) follows from the argument
in the proof of (i). Thus, the edge — w € G? is orientable a» — w. Next, assume that
the edgev — w € G* is also orientable as < w. This means thaBd(w) C Bd(v). Since
there is an arrowhead aton the edger — w € G*, w is not simplicial. Therefore, there exist
x,y € bd(w) such thatr: andy are not adjacent id*. Butz,y € bd(w) C Bd(v), hence
Bd(v) is not complete contradicting — w € G*. Therefore, the edge — w € G* is not
orientable a® «— w.

(iii) In the graphGf in Figure 3, the edge < w is non-orientable; compare Lemma 4.2. In
the graphG; in Figure 3v < w is covered, whereas in the graptj in Figure 3 it is uniquely
orientable a® — w. O

4.3 Oriented simplicial graphs

We now show how a maximal ancestral graph can be constructed by ingptaeentable bi-
directed edges in the simplicial graph by directed edges while preservirgp¥aquivalence
to the original bi-directed graph.

Definition 4.7 (Oriented simplicial graph). Let G° be the simplicial graph of a bi-directed
graphG. Create a new grapli°® from G* as follows:

(i) replace every bi-directed edge @#° that is uniquely orientable as — w by the directed
edgev — w;

(ii) replace every covered bi-directed edgedfi by a directed edge such th&t°® contains
no directed cycles.
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We callG°¢ an oriented simplicial grapinduced by the bi-directed graph.

Such an oriented simplicial graph will always exist: it can be constructied tise fact that
the unique orientability relation is a partial order (Lemma 4.5). This fact implidshkasertex
set of G can bewell-orderedasV = {v1,...,v,} such that

vijvj:>i§j.

It follows from Lemma 4.6(ii) that after the introduction of the directed edgestép (i) of
Definition 4.7, an edge; — v; can only occur ifi < j. Furthermore, in step (ii) we can select
the directed edges such that — v; € G only if i < j. ThenG°® does not contain any
directed cycles and meets the criterion to be an oriented simplicial graph.

ExampleG, in Figure 3 shows that there may indeed exist multiple oriented simplicial
graphs induced by a given bi-directed graph because replacinggee ed w in G35 by either
v — w orv « w Will result in an oriented simplicial graph.

Lemma 4.8 (Edges in the oriented simplicial graph).Let G be a bi-directed graph and°*
be an induced oriented simplicial graph. It holds that

(i) if v —w is an undirected edge 6%, then it is covered,
(i) if v — wis a directed edge i6:°%, then it is orientable as — w;
(i) v < wis a bi-directed edge i6:°¢ iff it is non-orientable.

Proof. (i) An edge inG°* is undirected iff this edge is already undirectedify, and the claim
follows from Lemma 4.6(i).

(ii) An edge inG?* is directed either if it is already directed @&, or if it is bi-directed and
orientable inG®. Thus the claim follows from Lemma 4.6(ii).

(i) The claim follows immediately from Definition 4.7. O

Figure 5 shows oriented simplicial graphs for the three bi-directed gra@ph&'s, andGs
whose simplicial graphs we depicted in Figure 3.

Theorem 4.9 (Markov equivalence of an oriented simplicial graph).Let G be a bi-directed
graph andG** be an induced oriented simplicial graph. Then

(i) G°¢is a maximal ancestral graph;
(i) G andG°* are Markov equivalent;

(i) G is Markov equivalent to an undirected graph@?® is an undirected graph if7 is a
disjoint union of complete graphs;

(iv) G is Markov equivalent to a DAG if*°* contains no bi-directed edges;
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Figure 5: Examples of oriented simplicial graphs.

(v) G°¢ has the minimum number of arrowheads of all maximal ancestral grdipat are
Markov equivalent t@~. Here the number of arrowheads of an ancestral gréptith d
directed and bi-directed edges is defined as(G) = d + 2b.

Proof of Theorem 4.9(i)Sincev — w € G iff v — w € G* it follows that there may not exist
an arrowhead at or w; compare the proof of Theorem 3.3(i). Furthermore, by definitiesf,
does not contain any directed cycles. Finally, assume that there existsw € G°° and a
directed pathr = (v = vg,v1,..., v, V511 = w) from v to w. Then by Lemma 4.8, all the
edgesy; — v;4+1 ON are orientable as; — v;,1. By transitivity of orientability (Lemma 4.3),
it follows that there is an edge — v, € G°° that is orientable as — v. The transitivity then
implies that the edge «— w € G°° is orientable a® — w, which contradicts the assumption
thatv — w € G°%, which occurs iff the edge betweenandw is non-orientable; compare
Lemma 4.8(iii). In conclusion, we have shown tli#t® is an ancestral graph. The maximality
of G°% will follow from the proof of Theorem 4.9(ii) and Lemma 2.1. O

In the proofs of parts (ii)-(v) in Theorem 4.9, we will make use of resuttsmeconnecting
paths in an oriented simplicial graph that are obtained in Appendix A.

Proof of Theorem 4.9(ii) We proceed by elaborating the proof of Theorem 3.3(ii).
First, letv andw be two non-adjacent vertices that areconnected giver’ C V in G.

Letm = (v = wvp,v1,...,Vk V1 = w) m-connectv andw givenC' in G and be such that
no shorter pathn-connects andw givenC. Thenw, ..., v are colliders{v; ...,v;} C C,
andv;_1 andv;11, ¢ = 1,...,k, are not adjacent id:. Therefore, foralk = 1,...,k — 1,

Vi—1 € Bd(vi) but Vi—1 ¢ Bd(viﬂ), and similarlvag ¢ Bd(vi) but Vi42 € Bd(’UZ'_H). It
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follows thatBd(v;) Z Bd(v;+1) andBd(v;) 2 Bd(viy1) foralli =1,...,k — 1, which yields
that all the edges; «— v;41 € G,i = 1,...,k — 1, are non-orientable. Thus, by Lemma
4.8(iii), v; <« v € G°%, i = 1,...,k — 1, and allv,, ..., v;_1 are colliders on the path
7 = (v,v1,...,v,,w) iN G°. In addition it follows similarly that, € Bd(v;) \ Bd(v),
which entails thaBBd(v;) € Bd(v) and that the edge betweenandv; is not orientable as
v < v1. Thus,v; is a collider onr®®. Analogously, we can show that is a collider onm®,
which concludes the proof of the fact theff is a path inG°* thatm-connects andw givenC'.
Conversely, letv andw be two vertices that are.-connected giver C V in G°°. By
Proposition A.5 from the Appendix, there exists a path= (v, v, ..., v, w) thatm-connects
v andw givenC' in G° and is such that, ..., v are colliders with{v; ..., v} C C. This
entails that the path = (v, vy, ..., v, w) in G m-connect andw givenC'. O

Proof of Theorem 4.9(iii).The claim follows immediately from Theorem 3.3(iii) sin€&* is
an undirected graph iff7* is an undirected graph. O

Proof of Theorem 4.9(iv)Let G be a bi-directed graph such th@* does not contain any bi-
directed edges. It follows from Definition 3.1 that the induced subgf@{fhis undirected and
complete ifA C V is a simplicial set. Let, ..., A, be the inclusion-maximal simplicial sets
of G. Let D be a directed graph obtained by replacing each induced subgfgph=1,...,q,
by a complete DAG. Them itself has to be acyclic, i.e. a DAG, which can be seen as follows:
First, sinceGG°¢ is an ancestral graph and thus does not contain any directed cycliescizd
cycler in D must involve a vertex € U(4; | i =1,...,q). Letv € A;. Since the induced
subgraphdy,,i = 1,...,q, are all acyclicyr must also involve a vertex not id;. Therefore,
there must exist an edge — w on 7 such thatw € A; andx ¢ A;. Since the setsl;
are inclusion-maximal simplicial sets, no vertexAp, i # j, is adjacent to any vertex if;.
Hence,x ¢ U(A; | i = 1,...,q), which implies that the edge — w is also present id7°°.
The presence of an arrowheaduain G°°, however, implies thai is not a simplicial vertex,
and thusw cannot be in4;, which is a contradiction.

Now two vertices are adjacent @@° iff they are adjacent irD. If two verticesv andw
are not adjacent and = (v,v1,...,v;, w) is @ shortesin-connecting path gived@ in G,
then, by Proposition A.5 from the Appendix,= (v, v;, w) with v; being a collider; otherwise
there would have to be a bi-directed edgeiff. In particular,v; ¢ U(A; |i=1,...,¢q) and
thus, (v, v1, w) has identical edge structure InandG°%. Similarly, a path inD that is shortest
among pathsn-connecting two vertices andw given C'is of the formn = (v, vy, w) with
v ¢ U(4; | i=1,...,q) being a collider. Thus(v, v1,w) has identical edge structure ¢f*
and in particular is alse:-connecting inG°¢, which concludes the proof of Markov equivalence
of G and the DAGD.

Conversely, letG be a bi-directed graph with an oriented simplicial gragtf such that
v — w € G°. Suppose for a contradiction th&tis equivalent to a DA . Note thatD must
have the same skeleton &sand thus a%7°°. By Lemma 4.8(iii),v < w is non-orientable.
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Hence, by Lemma 4.2, there exist bd(v) \ {w} andy € bd(w) \ {v}. By the global Markov
property ofG, x 1Lw andv1Ly. It follows that on the pathiz, v, w) in D, v must be a collider.
Thereforepy < w € D. But thenw is a non-collider on the patfv, w, y) in D contradicting
the independencell y. O

Remark 4.10. The proof of Theorem 4.9(iv) in particular provides a proof of the kdarequiva-
lence result stated without proof in Pearl and Wermuth (1994, Thm. 1pend and Richardson
(2003, Prop. 2).

Proof of Theorem 4.9(v)Let G be a maximal ancestral graph that is Markov equivalent to the
(bi-directed) graphG. The graphsZ, G, andG° must have the same skeleton. Assume that
arr(G) < arr(G°%). Then either (a) there exists— w € G°° such thaty — w € G or (b) there
existsv « w € G° suchthat — w € G orv —w € G.

Case (a): Ifv — w € G°°, thenw cannot be simplicial. Hence, there existy € bd(w)
such thatr andy are not adjacent i6:°%, thus not adjacent itr. The global Markov property
of G states that 1L y. SinceG is an ancestral graph amd- w € G, however, there may not be
any arrowheads ab on the edges betweenandw, andy andw in G. Thereforex andy are
m-connected giveld in G, which yields that the global Markov property 6fdoes not imply
x1ly; a contradiction.

Case (b): Now «— w € G°° but there is no arrowhead aton the edge betweemand
w in G. By Lemma 4.8(iii)v < w is non-orientable irG°*, and by Lemma 4.2 there exists
x € bd(v) \ Bd(w) such that: andw are not adjacent i¥°*. Thusz andw are not adjacent in
G andx 1L w is stated by the global Markov property@f In G, howeveryp is a non-collider on
the path(z, v, w) and thus this pattn-connects: andw given (), which yields that the global
Markov property ofG' does not implyr_1Lw; a contradiction. O

5 Maximum likelihood estimation in covariance graph models

5.1 Covariance graph models

Let G be a bi-directed graph, and
P(G)={E e RV | Z = (0,u) Sym. pos. def.cy, = 0 V(v,w) 1 v > w ¢ G} (5.1)
be the cone of symmetric positive definite matrices with a zero pattern induagd Blyen
N(G) = (Mv(0,%) | £ € P(G)) (5.2)

is the covariance graph modedssociated witl7. It can be shown that every distribution in
N(G) already satisfies all conditional independences stated by the global Wiartperty for
the bi-directed grapliy (Kauermann, 1996, Prop. 2.2).
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Assume thatS € RV*V is the empirical covariance matrix computed from an i.i.d. sample
drawn from some unknown distributioNy, (0, X) € N(G), i.e. the (v, w)-th entry inS is
the dot product of the vectors of observations for thh andw-th variables divided by the
sample sizen. For empirical covariance matri and sample size, the log-likelihood function
lsy : P(G) — R of N(G) can be written as

nV n n _
lsn(X) = 5 log(2m) — Elog 1Z| — §tr (2 1S) . (5.3)

HereV also denotes the cardinality of the vertex Betlf S is positive definite then the global
maximum of/s ,, overP(G) exists and thu& can be estimated by the maximizerdgf,,. The
likelihood equations obtained by setting to zero the partial derivativég,pfvith respect to the
non-restricted entries iB are non-linear and take on the form

N =ESE N Yo,weV:v=w or vewe G (5.4)

compare Drton and Richardson (20G3,2). A positive definite matri@(S) € P(G) that
solves the equations (5.4) is calladsolution to the likelihood equatiorsf N(G). By a con-
nection between conditional likelihood functions in covariance graph moddlgha likelihood
functions of seemingly unrelated regressions (Drton and Richard€@3, 24.2), it follows
from Drton (2004); Drton and Richardson (2004b) that for a givesitive definite empirical
covariance matri¥' there may exist multiple solutions to the likelihood equations (5.4) and the
likelihood functions may exhibit multiple local maxima.

5.2 Parameterization of Gaussian ancestral graph models

Since subsequent theorems are obtained via results in Gaussian drgregtinamodels, we
briefly review the parameterization of these models.

Let G be an ancestral graph. The parameterization associates one paraitietactvvertex
in V and each edge iy, respectively. Due to property (i) in the definition of an ancestral graph
(see Section 2.1), we can defineg C V as the set of vertices that are such that any edge
with endpointv has a tail av. Clearlyv —w € G impliesv, w € ung, andv < w € G implies
thatv, w ¢ ung. Let A be a symmetric positive definiten; x ung matrix such that\,,, # 0
onlyif v = worv—w € G. LetQ) be a symmetric positive definitd” \ ung) x (V' \ ung)
matrix such that2,,, # 0 only if v = w orv < w € G. Finally, let B be aV x V matrix
such thatB,,, # 0 only if w — v € G. With the parameter matriceés B, €2, we can define the
symmetric positive definite matrix

—1 A_l 0 -T
S W [ (5:5)

Let N(G) be the Gaussian ancestral graph model associatedGyitle. the family of all cen-
tered normal distributions that are globally Markov with respecttdAs shown in Richardson
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and Spirtes (20028), the normal distributiotVy, (0, 3) with > = X (A, B, Q2) defined in (5.5)
isin N(G). Conversely, i{G is amaximalancestral graph, then for amWi, (0, X) € N(G) there
exist uniqued, 2, B of the above type such that= 3(A, B, 2). Note that ifG is a bi-directed
graph then the definition dN(G) made here agrees with the definition in (5.2). Further details
on the parameterization can be found in Richardson and Spirtes (£80B®rton and Richard-
son (2004a). Note, however, that Richardson and Spirtes (20823 t@ what is here denoted
Iy — B.

Now let G be a bi-directed graph an@”® an induced oriented simplicial graph. SinGe
and G are Markov equivalent the reparameterization mapypings, 2) — X(A, B,Q2) has
image equal t@(G). By Richardson and Spirtes (2002, Thm. 8.14, Lemma 8.22), the mapping
is a diffeomorphism, which implies the following Lemma.

Lemma 5.1. If G is a bi-directed graph with oriented simplicial grapfi®®, then (A, B, )
solves the likelihood equations &¥(G?°) iff ¥(A, B,Q2) solves the likelihood equations of
N(G).

5.3 Empirical maximum likelihood estimates of covariances

Employing the graphical results established in Sections 3 and 4, we shothatefor a simpli-
cial setA in a bi-directed grapli7, the A x A submatrix of a solution to the likelihood equations
(5.4) must agree with the counterpart in the empirical covariance mtrix

Theorem 5.2 (Empirical covariances).Let G be a bi-directed graph with associated covari-
ance graph modeN(G). If A C V is simplicial, S is a symmetric positive definite matrix, and

A

Y (S) € P(G) is a solution to the likelihood equations (5.4), then
$(S) axa = Saxa. (5.6)

Proof. Let G* be the simplicial graph induced lty. By Theorem 4.9(ii), the covariance graph
modelN(G) and the Gaussian ancestral graph madéd=*) based orG* contain exactly the
same multivariate normal distributions. LNt G*) be parameterized by the precision matkix
the matrix of regression coefficienisand the covariance matriX as described in Section 5.2.
In particular, it follows from Richardson and Spirtes (2002, Lemma 8.4)tha= (A, B, ),
then

(AN axa = Saxa. (5.7)
Let Ay, ..., A, be the inclusion-maximal simplicial sets 6f Then these sets are pairwise
disjoint and the induced subgrapbs, , i = 1,...,q, complete undirected graphs. In fact,

U;A; = ungs. It follows thatA is a block-diagonal matrix such that,,, = 0 if there does not
exist an inclusion-maximal simplicial sét; such thaty € A; andw € A;. Now the discussion
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in Richardson and Spirtes (2038.5) and Lemma 5.1 imply that every solution to the likelihood
equations for\, B, Q2 in the Gaussian ancestral graph moNél>*) satisfies

(AN a,xa, = Sayxa, Yi=1,...,q,
and, in particular, sincd C A, for somey,
(A Y axa =Saxa Vi=1,...,q.
In conjunction with Lemma 5.1 and (5.7), this yields the claim. 0

) Theorem 5.2 implies in particular that for a simplicialyerh@e V' a global maximum
3(S) € P(G) of the likelihood function ofN(G) must satisfyb>(.S),, = Syy. In general this is
false for non-simplicial vertices as the next theorem shows.

Theorem 5.3 (Non-empirical variances).If v € V' is not simplicial, then there exists a sym-
metric positive definite matri§ such that any global maximg(S) € P(G) of the likelihood
function ofN(G) satisfies

2(S)vv 7é va-

Proof. Sincev is not simplicial, there exist non-adjacent vertieesndw such that, — v € G
andv « w € G. LetR = V' \ {u,w, v}, and choos& as the block-diagonal matrix

R u w v
R IR Or Or Og
w0 3 1 1
5= 0 1 3 1| (5-8)
v \0p 1 1 3
wherely is the R x R identity matrix, and)y is the zero vector iR, i.e.0); = (0,...,0).

Clearly, S is symmetric and positive definite.

In the following we will relax the optimization problem of maximizing the likelihood func
tion £s,, over P(G) by working with a more simply structured supergraphcofLet G be the
bi-directed graph that has all possible edges except for the €dge w; see Figure 6. Let
(S, G) be a global maximum ofs,, (%) over P(G) and let¥(S,G) = 3(S) be a global

maximum of/s ,(X) overP(G). Clearly,P(G) C P(G) and thus

lsn(3(S,G)) = max ls,(X) < max Lgn(X) = Len(2(S,G)). (5.9)
' YeP(G) 7 veP(G) ’

In the bi-directed graplt;, Bd(u) = V \ {w}, Bd(w) = V \ {u} andBd(x) = V if
x ¢ {u,w}. Thus, an edge betweemandy in G is covered ifr,y ¢ {u,w}, and it is uniquely
orientable ag — y if z € {u,w} andy ¢ {u,w}. Thus an oriented simplicial graph induced
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Figure 6: The supergraphi and its oriented simplicial grapfi®s.

by G cannot have any bi-directed edges (Lemma 4.8), which implies(thatequivalent to a
DAG (Theorem 4.9). This DAG can be chosen as a DBGuch that every edge with endpoint
v andw has a tail al: andw, respectively, and every edge with endpairiias an arrowhead at
v; see Figure 6.

Standard results on maximum likelihood estimation in Gaussian DAG models (e.grsAnd
son and Perlman, 1998, compare also Theorem 5.4 below) yield that

R u w v
R IR OR OR OR
B = u | 0 3 0 0.75
¥(S,G) = R
w| 0y 0 3 075
v \0p 0.75 0.75 2.875

(5.10)

is the unique local and also global maximum/gf, over P(G). Since¥(S,G) € P(G) it
follows from (5.9) that(S, G) = 3(S, G) is the unique global maximum df;,, over P(G),
which in conjunction with (5.10) proves the claim. O

5.4 Empirical maximum likelihood estimates of conditional parameters

Oriented simplicial graphs also provide information on when maximum likelihotichates

of conditional parameters are equal to empirical counterparts. Thetiomad parameters we
consider are regression coefficients and conditional variance farotigitional distribution of
variablev given itsparents

pa(v) = pages(v) ={w eV |w — v e G*}.

If pa(v) = 0, then conditioning variable on the empty set is understood to yield the marginal
distribution ofw.

Theorem 5.4 (Empirical conditional parameters). Let G°° be an oriented simplicial graph
induced by the bi-directed grapi, S a symmetric positive definite matrix, abd.S) € P(G)
a solution to the likelihood equations (5.4). Moreoverldte such that no vertex is adjacent
to v by a bi-directed edge «— w € G°. It then holds that the regression coefficients equal

A 2 -1 -1
Z(S)fuxpa(v) [E(S)pa(v)xpa(v)] = vapa(v) (Spa(v) Xpa(v)) ’ (511)
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and that the conditional variance equals

A A 1/\

E(S)UU - E(S>v><pa(v) [2(5)pa(v)><pa(v)] E(S>pa(v)><v
Svo — Syxpa(v) (Spa(v)xpa(v))_1Spa(v)><v' (512)
Proof. If pa(v) = 0, thenv is a simplicial vertex, and the claim reduces}S),, = S,.,

which follows from Theorem 5.2. Otherwise, using the parameterizatidi(6f°®), it follows
from Richardson and Spirtes (2002, Thm. 8.7) that i (A, B, 2), then

-1
Sy xpa(v) [Zpaw)xpa(v)] = Buxpa(v)

and !
Sov — Suxpa(w) [ Spa)xpa)]  Spaw)xw = Qoo-

Now if A, B, €2 solve the likelihood equations faX(G%), then B, p.(,) and,, solve the
likelihood equations of the model in which all parameters\in3, (2 except forB,,, .., and
Q,, are treated as fixed values. It now follows from Drton and Richardz@®4a $§5.1 and 5.3)
that B, a(») @nd€2,, must be unique for all solutions to the likelihood equationdNgt=°)
and equal to the empirical expressions on the right hand side of (5.d1pak®), respectively.
Applying Lemma 5.1 thus yields the claim. O

Remark 5.5. If pa(v) = 0, thenv is simplicial iff it satisfies the assumptions of Theorem 5.4.
Therefore, Theorem 5.3 implies that the statement of Theorem 5.4 is falsaénay ifv is the
endpoint of a bi-directed edge.

Remark 5.6 (Efficient iterative conditional fitting on the oriented smplicial graph). The
algorithm for maximum likelihood estimation proposed in Drton and Richardsf@3Ris a
special purpose algorithm for maximum likelihood estimation of the covariandgxnia a
covariance graph model, but the algorithm does not make use of the infonnpaovided by
Theorems 5.2 and 5.4. An alternative strategy is to run the extension of trétaigto Gaussian
ancestral graph models described in Drton and Richardson (2004a) oriented simplicial
graph. This extended algorithm then avoids unnecessary computatibmslbisplicitly make
use of Theorems 5.2 and 5.4.

5.5 Unsolvability by radicals of the likelihood equations

Theorem 5.3 shows that if is the endpoint of a bi-directed edge then, in a covariance graph
model, the maximum likelihood estimator of the variadi;g may not be equal to the empirical
variance. However, as Theorem 5.7 below shows, it may also be théheasiee solutions to the
likelihood equations yielding an estimate Bf, cannot be computed from the data in finitely
many steps involving addition, subtraction, multiplication, division, or takifth roots. Hence,
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the conditions given in Theorems 5.2 and 5.4 under which closed form esdiegt are both
necessary and sufficient.

Let G be the bi-directed graph in Figure 4(i). If one conditianandw on x andy in the
covariance graph mod@i(G), then one obtains a set of conditional distributions that form a
bivariate seemingly unrelated regressions model. For this model, Drtoniainar&son (2004b)
show that solving the likelihood equations is equivalent to computing the rdasgaintic
polynomial. Furthermore, they give example data for which this quintic hastlgxaree real
roots. Galois theory (Stewart, 1989, Lemma 14.7) now implies that for theéadhdaquintic is
unsolvable by radicals, i.e. the roots of the quintic and thus the solutions to dibdikd equa-
tions cannot be computed from the data in finitely many steps involving additibtragtion,
multiplication, division, or taking:-th roots. (See Geiger et al. (2002) for similar results in the
context of undirected graphs.)

Theorem 5.7 (Unsolvability by radicals). Let G°* be an oriented simplicial graph induced by
the bi-directed grapiG. Moreover, letv be such that there exists a bi-directed edge> w €
G°. Then there exists a symmetric positive definite mafrfor which the global maximum
3(S) € P(G) of the likelihood function oN(G) cannot be computed in finitely many steps
involving addition, subtraction, multiplication, division, or takingth roots.

Proof. If v <~ w € G°, then by Lemma 4.2 there exist two verticesandy such that the
induced subgraplt,, , ., .,} iS one of the graphs in Figure 4. L& = V' \ {z,y,v,w} and
chooseS such thatS,,, = 1if u € R, S, = 0if u,2 € R butu # z. The submatrixSg«r
choose equal to the sample covariance matrix of the data in Drton and Riohg&004b, Table
1). Considering the bi-directed gragh in which only the edges betweenandy, andz and

w are absent, instead of the gra@hyields analogously to the proof of Theorem 5.3 that the
{z,y,v,w} x {z,y,v,w} submatrix of$(S) can be computed by fitting the model based on
the graph in Figure 4(i) to thézr, y, v, w} x {z,y, v, w} submatrix ofS. Hence, the discussion
right before Theorem 5.7 applies and yields the claim. O

Remark 5.8 (Dual estimation). Even though the likelihood equations of covariance graph mod-
els may sometimes be unsolvable in the sense of Theorem 5.7, the dual estirkatoeanann
(1996) may still be available as rational function of the data. This occurseirtdlse where
the skeleton of the bi-directed graph, i.e. the undirected graph with the s#jameacies, is
decomposable. For example, the graph in Figure 4(i) has a decompdszlble!s.

A Connecting paths in oriented simplicial graphs

In this appendix we prove results used in the proof of Theorem 4.9.
Let v andw be some fixed vertices that are-connected giverC’ C V in an oriented
simplicial graphG°*. Let I1°*(v, w|C') be the set of paths that-connectv andw givenC' in
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G, and letII¢ (v, w|C) be the set of paths that are of minimal length among the paths in
I1°% (v, w|C).

Lemma A.1. If v;_1, v; andv; 1, are three consecutive vertices on a patin G°°, andwv; is a
non-collider onr, thenv; _; andwv;,; are adjacent.

Proof. If v; is a non-collider, then the edge betwegmndv; _; or the edge between andv;

must have a tail at;. Without loss of generality, assume that there is a tail on the edge between
v; andwv;11. Then by Lemma 4.6(i) and (ii), this edge is orientablevas— v;;1. Hence,
Bd(v;) € Bd(vi+1), from which it follows that;_; € Bd(v;+1), which is the claim. O

Lemma A2. If 7 = (v = vy, v1,...,0%, k1 = w) € I1°°(v, w|C), andv; is a non-endpoint
vertex onm and there is an arrowhead at; on the edge betweean_; andv;, then either (i)
v; € an(C) or (i) the path(v;, viy1, ..., v, w) is a directed path fron; to w.

Proof. Suppose the result is false. Let be the vertex closest to satisfying the antecedent
of the Lemma, but not the conclusion. «f is a collider, then by definition of:-connection,
vj € an(C), which is a contradiction. I6; is a non-collider them; — v, onm. If v 11 = w,

if vj;1 € an(C), or if (vj41,...,v,, w) is a directed path fromy;,; to w, then clearlyv;
satisfies the conclusion of the Lemma, which is a contradiction. Byt if ¢ an(C') U{w} and
(Vj41,- .., vk, w) is not a directed path from,; to w thenv,; satisfies the conditions arj,
but is closer tav, again a contradiction. O

Lemma A3. If 7 = (v =wg,v1,..., 0% V1 = w) € 119 (v,w|C) then no non-consecutive
vertices onr are adjacent.

Proof. Suppose for a contradiction that there are non-consecutive vertidbe path which are
adjacent. Letv,, v,) be a pair of vertices which are furthest apart on the path, i.e.

(p.q) € {(r,s) €{0,....k+1}*|r < s, |r — s| > 1, v, andv, are adjacent i;* }.

If (vp,vq) = (v,w) then clearlyr is not minimal. Hence either # v, or w # v,.

Suppose that # v,. By definition of (p, ¢), v,—1 is not adjacent te,. Consequently, by
Lemma A.1,v, is a collider on(v,_1, vy, v4), and thus the edge betweep ; andv, has an
arrowhead at,,. It then follows by Lemma A.2 that either, € an(C') or (vp, vpt1, . . ., Vg, W)
is a directed path from, to w. In the latter case, € an(v,), but there is an arrowhead &
on the edge between, andv,, which contradicts that** is ancestral. Hence, € an(C). If
vy = wthenthe pathjv, vy, . . ., vp, v4 = w) iIsm-connecting giver®' and shorter than. Hence
vy 7 w. Itthen follows by the same argument this a collider on(v,,, v4, v4+1) and inan(C).
However, this also leads to a contradiction since then the(path, . . . , vy, vg, Vg1, - - -, Vg, W)
is bothm-connecting giverC' and shorter than.

The case where # v, may be argued symmetrically. O
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Corollary A4. If 7 = (v = wvo,v1,..., 0%, V1 = w) € 1125 (v, w|C), then all the non-
endpoint vertices, . . ., v; are colliders onr.

Proof. This follows directly from Lemma A.3 and Lemma A.1. O

Even though all non-endpoints on a pathlfy, (v, w|C) are colliders, not all non-endpoints
must be in the sef’. For example, in the graph$® from Figure 5, the patfw, v, y) m-connects
x andy givenw since the collidew is ancestral tav. However, as the next Proposition shows,
there will always exist a path Y%, (v, w|C') such that all non-endpoints are colliders(inIn
G$° from Figure 5, the patke, w, y) m-connects: andy given{w}.
Proposition A.5. Letm = (v = vg,v1, ..., 0%, Up+1 = w) € 119 (v, w|C) be such that no
other path inlI?%, (v, w|C) has more non-endpoint vertices@hthanz. Then all non-endpoint

verticesvy, ..., v on are colliders that are irC.

Proof. By Corollary A.4, all non-endpoints, . .., v, are colliders. Assume that there exists
v; ¢ C,1 < i<k Sincer € II°*(v,w|C), and thusy; € an(C), there existg € C such that

v; — ... — ¢ € G°. In particular,c # v;_1 andc # v;;1 becausey; is ancestral neither to
v;_1 nor towv;; 1. Lemma 4.8(ii), transitivity of orientability (Lemma 4.3), and the fact &t
does not contain directed cycles imply that— ¢ € G°°. By Lemma A.1,G°® contains edges
betweenc and bothv; _; andv;1. Since the edge between ; andv; has an arrowhead at
andv; — ¢ € G°%, the edge betweer_; andc must have an arrowhead@because otherwise
the fact thatG°® is an ancestral graph would be contradicted (Theorem 4.9(i)). Similady, th
edge between;,; andc must have an arrowhead atlf v;_; — ¢, thenv;_ is adjacent ta
and by the same argument as above there must be an arrowhead tite edge between_»
andc. Repeating this argument yields that there exists a vegtek < ¢ — 1, such that either

vg > ¢ € G°, orvy = v andv — ¢. The same arguments also imply that there exists a vertex
vj, j > 4+ 1, such that eithep; — ¢ € G, orv; = w andw — c. Therefore, the path
(v,v1,...,00,¢,0j,. .., w) IS in I1I°°(v, w|C) and either shorter tham or of equal length
but with more non-endpoint vertices {. This contradicts the choice af and therefore the
assumption of a non-endpoint arthat is not inC' must be false. O
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