




















ESTIMATION UNDER TREE-ORDER RESTRICTION

E are
<p denote the 1 - <P. Then for 11:1 sueh that R > O.

11

Pr :::: R lvl Pr VI:::: R 11:1

II [1 ~ ( R )]JIIii

:::: exp [-2 I:~ ~
IE2"

Now set ¢ = <pI and apply the inequalities

(3.58)

for ill! such that R > O. Here

<

(~)

and Ai :::: ~~j2 to obtain

(3.59) Ll. :;::: Ll. (1vl; .5) [ (no 1) (~2)J [1exp - -.-.
2n.5

(:3.60) C~ 1) (IJ +
r.

exp (-
\1

--t exp II 2 )', J

(3.61 ) <exp ( 1 ) 21 [ ( p~2)12p + 1 ~ J 1 + exp - 2 J

(3.62) 1,

follows from (3.26) and the definition~=

Pr 1,

~~':L. Since
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The lower bound ~

For p :<; 4,

bound is now obtainpd.

Theorem 3.4. that (} p

and 0 < p < then all > 0,

BS~~ Pr [-
1

-e:<; :<; eJ =I.
(J

where

{ p:<; 2,
(3.65) i](p)

p> 2.

I/O <

(3.56).

and sufficiently

(3.66)

Proof. Let 7ii](p). The proof is idpntical to that of Theorem 3.3 until
From (3.30) it is straightforward to show that

n:<;2} <-====
n>2 -

for any ~t > 0 and sufficipntly large 8. Thus, for At <

Pr rmaxVVI 2: R > 01=Pr [m.ax( fi;;u I ) 2: R > 01
llE2S J IE2 S VAlII J

:<;Pr [q({')max[h 2: RJ
IE2 S

(3.67) =Pr [q({') ()2810g2 op(1)) 2:

Pr [1V1 + q({')op(l) 2: Vi (i] + e - q({')

=Pr[lvl q(~t)op(I)2:Vi(e r)210g2)]

--'r 0 as 8 --'r x.

Here (3.67) follows from and Since Pr[R > OJ 1 as 8
follows that Pr WI :<; RJ --'r 1, so (3.64) follows as bpfore.

x, it

In Table 3.1 we prespnt Hw values of the asymptotic lowpr bounds 7/(p) and

for iT obtained in Thpormns 3.3 and 3.4 \Ve also compare thpsp

obtainedbounds with thp actual values of
is seen to become as p x, as

simulation. The lower bound
x.
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TABLE 3.

for

lower bounds

The simulated values are obtained unck,r the

favorable case p = po, ... , for = 8 = 1000
and p. Each value is based on 10000 reJ:letiticins.

Simulated values of
(J

2 -0.6387 -0.5887 -0.3088
3 -0.6188 -0.5887 -0.3170
4 -0.5961 -0.3179
5 -0.5747 -0.3161

10 -0.4951 -0.2965
50 -0.3046 -0.2110

100 -0.2382 -0.1726
500 -0.1281 -0.1000

1000 -0.0966 -0.0774
5000 -0.0491 -0.5887 -0.0418

The final theorem of this section complements those preceding by presenting
..." . f - (8) . A •hI' . (,,) . (S' A IconclltlOns lor consIstency 0 11,0 m terms ot t e samp e SIzes n] , ... , n s ' trom t Ie

control populations. \Ve again assume for simplicity that
Define

(0 . )P'(l) = min (p,] , ... ,P's ,(3.68)

(3.69) I. (s)
1m li(l)

B-+X
inf (p.] , Jl2"') (2: liO),

Theorem 3.5. Set 11 = lim inf
.5-+00

I'. (s) d () f3 < th • IIJ no -+ 00 an < i _ 00, en JOT' a.

e > 0,

r I (00' (2) l
(3.70) )~~ Pr lmin ~0,

IL(I) i flo

~ eJ-VB -e~ 1.
(J (J

i8 consistent. In particular, is consistent if
increases faster' than a logar'ithmic

-+ 00 and = 00 (i.e.,

if 00 and < then -+ /10 m pnlbabil,itll. i. e.,

Proof. It follows from and that

mm <
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lim Pr

which is eO'lliv'alEmt to

(

- ILo
O,~

a
1.

Remark 3.3. It follows from Theorem 3.5 that when

bounded above -00 in if > 0, if
consisttmt if = 00. if » 8. This supplmneJrlts
cO]rlsistEmc]y eonditions obtained in Theorems 3.2 - 3.4.

/10 reInains

of the
o

Remark 3.4. In the more
on 8, the argument

is consistent even if

all i :?: 1, provided that the

Specifically, is consistent if

situation that , ... , , . . . )
of Theorem 3.5 shows that the MLBE

does not inerease with 8, e.g., if v for

increase faster than a root-logarithmic rate.

-+ 00 and

(3.73)

where here

(2004).)

(8) r;:;
. . Ji(l) Ji·o /2

hmmf > ay -v'
8-+00 y10g8

= min{l') I i 1, ... ,8}. (Compare to Proposition 2.3 in [CP]

4. THE COIIEN-SACKROWITZ ESTIMATOR

The Cohen-Sackrowitz estimator (CSE) for the tree-order model Ji.i >
1, ... ,8 originally was formulated for the case where n6S

) =
the sample sizes from eaeh population are equal ([CS] The CSE ean be
easily extended, however, to the case where the sample sizes vary. In this section
we shall first formulate the CSE for unequal sample sizes and then eompare

its asymptotic properties to those of the MLBE j168) under conditions similar to

those in Section 3. In particular, it is again assumed throughout that -+ 00 as
8 -+ 00.

We define the Cohen-Sackrowitz estimator (CSE) for variable SEes as

i = 1,2, ... ,

where
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stc,chast:iCiillly m(:reaslng in each 11i, = 0,1,

< 1.

It follows from , is biased for 110,

and that the of this bias is when JI.Q = 111 = ... = JI8'

this configuration of means is also the least favorable case for the CSE W.Lto

bias. In the bias of can be evaluated explicitly:
Let JIl, ... ,JIs) and for -(X) < 0 < 00 set

Then from

0<[>(0) = -E [min(N(6, 0)] > o.

(4.7)

In particular if

(4.8)

and JI.£ JI (?: JI.o) fori = 1, ... ,8, then

IS)If in addition the data accrue in pairs (d. Remark 3.2) so that 11()
= 1, then

8 and

(4.9) ) = Po

Finally, if in addition we consider the least favorable case where JI = Po, th(·em

(4.10)

\Ve now nn>cm,t a

::::; JIo 0.1995

sufficient condition for the corlslEitellcy of

Theorem 4.1. A sn,t}1(:lc·I'1.t condition that that
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It

.5 -f Because Pi ~ /10,

III

/10 0

where

(4.16)

Us an; i.i.d '" Thus

= - \jJ (0) . _---''--7-J_

where v =Var[min(N(O, 1), so Qs 0 by Chebyshev's Inequality, This implies
the main result, while the second statement follows from the concavity of J(1 and
.Jensen's Inequality. 0

The following two theorems provide information about the asymptotic behavior
of the CSE ;168

) when the sufficient condition for its consistency is not sat­
isfied. As in Section 3, in the remainder of this section we assume for simplicity
that , and also assume that IimS -4CO n(8) v exists, where

necessarily 1 ::; v ::; 00. If v 00 then -f 00 so ;168
) is consistent for /10 by

Theon,m 4.1, so we assume that IJ < 00. \Ve also assume that lim s == a exists
..,---+02 <

(0 ::; a ::; (0), so lim
8-*00

== p = ~ also exists (0 ::; p ::;

Theorem 4.2.
Then as .5 -f eX),

Suppose that /1(8) = (/10'~) for all .5 ~ 1, where p.o ::; p,

I j
/

(J o+v

that 6 == III ~f1o, 6 !l2~f1Q are and id(;'ntically

distrilmted on accord'ing to a distr'ibution with CJLj. G. 4 Then
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has the same limit in probabilityfrom and some algetJl:a
(f

v for sujfficiently 8. It

)
the Law of Numbers and , where , ... ,Us are ij.d N

The above argument continues to apply, where now E,i ,... N (fiE,; , 1)
and E[min(Ui, 0)] = -fi !f!(fiE,)G(E,)dE, (use integration by parts). 0

Remark 4.1. By the well-known inequalities for Mill's ratio (e.g., Feller (1968,
Chapter VII, Lemma 2)), 0 < 'Ii (15) < It is readily seen that 'Ii (15) decreases
rapidly from 4>(0) = =0.399 to 0 as 15 increases from 0 to QQ. 0

Next, recall the definitions of /11;i and 111~) in (3.68) and (3.69)) and define

(4.23)

(4.24)

= max (Ill, ... ,p,s) ,

I. (s) ( )1m, 11(8) =sup /11,112 ...
s-+cc ' ::0: 110)'

It follows from (4.4) that the distribution of jJ.~s) under (p.o, 11], . .. ,/1s) is stochasti­

cally bounded above (below) by its distribution under (Po, p,i:l,· .. ,PI:l)
((Po, 111n, ... ,/{:i)), which in turn is stochastically bounded above (below) by its

I· ,','b " "d ( (00) (00)) (( (00) B'. 1" . ["ClStii utlOn 1111 er p,o, P'(,oo)' ... ,fl(00) Jio, P'(l) , ... , .r c.ommmng t us
with Theorem 4.2a we obtain the following result.

1,,j
(j

Theorem 4.3. For a general parameter' .sequence /10 :s: /1],1"2, ... ,

(4.25)

r fiw
lim Pr l-s-,c:x::; 0'

for all E > 0, where

(4.26) 0 < = <
(j

that = .)

Remark 4.2. In the least favorable case where l"i = 1"0 for all
== 0 and

1, have that
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L
of Jio a = The simulated values are obtained

under the least favorable case p, = for.5

and = Each simulated
value is based on 10000 Footnote

Bias MSE Var Bias MSE Var
1 -0.2821 0.7332 0.6545 -0.2821 0.7332 0.6545
2 -0.2782 0.4047 0.3267 -0.2443 0.3901 0.3300
3 -0.2772 0.2939 0.2198 -0.2304 0.2743 0.2235
4 -0.2762 0.2376 0.1603 -0.2230 0.2132 0.1624
5 -0.2762 0.2069 0.1298 -0.2185 0.1800 0.1316

10 -0.2761 0.1381 0.0640 -0.2092 0.1070 0.0648
50 -0.2760 0.0906 0.0131 -0.2015 0.0549 0.0150

\100 -0.2760 0.0824 0.0064 -0.2005 0.0465 0.0065

as.5 -+ 00. For example, if as in Remark 3.2 the data accrue in pairs

, then = 8, 1, and a = v = 1, so" -0.1995 in the
least favorable case, which agrees with (4.11). For a general parameter sequence

{IO S li1, Ji2, ... the difference Ji,o is bounded, while if n~8) increases faster

than a linear rate (i.e., if a then il~s) is a consistent estimator of {iO'

5. SIMULATION STUDIES AND BIAS CORRECTIONS

but its bias decreases

Alt,hol:lgh this bias renders the MSE of

seen to be smaller. This sUl~gests

may better than either

of the bias, mean squared error and variance of
1, and so th(,ir values are the

values of 8,

with 8 and thus remains bounded.

than that of , the variance of
the that bias-corrected versions of

same. For

In Remark 3.2 we noted that when a = p = 1, -.5550a is an asymptotic lower
bound for the bias of the MLBE p.~s) as 8 -+ 00, although its actual (simulated) bias
is somewhat smaller, namely -0.2764a. In Remark 4.2 we noted that in the same
situation = v = 1, so pI), the bias of the eSE converges to -0.1995a in
tbe least favorable case. Here we use simulations to determine tbe exact b(,havior
of the and thus obtain comparisons between its performance and that of
the eSE.

In Table 5.1, simulated
and are pn3sent(::d. For 8
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or Two such versions are now pnJplJSE,d and "UHUC", based on the
corrections introduced in

Ftom

where = IIi /10, As in of bo can be obtained

as follows. In substitute estimates fori = 1, ... ,8, then appnJximctte
the sampling repeatedly from the 8 1 normal distri-
butions there. The minimum appearing in (5.1) is computed for each
sample, then the expectation is approximated by E, the mean of these minima.
Thus we obtain

b'(s) ( !~ (s)o WI , ... ,

(5.2) =E [min
fEZS + 2:iEf

\Ve consider the following two estimates of Ll i :

].

(5.3)

1,2.j

(0;.4) Li (s) 'Is) 'Is) . 1 2
U i,Z = /1, - /10 1 = ., ,... ,8.

The corresponding bias-corrected MLBEs for /1'0 are given by

( ~ ~) vIs) _ A(S) _ bA(s)(" (s) ;' (s))
0.0 110,j-/1·0 0 Wl,j"",ws ,j'

The associated MLBEs for /1i are (recall (1.3))

(5.6) P;:'( max (p~':L Xi(S)),i= 1,2, ,8,

(5.7) max (Il~·:t 11)05)) , i = 1,2, ,8.

Table 5.2 presents the (simulated) bias, MSE and variance of the bias-corrected

MLBEs and 11.~o5~ under the same conditions as in Table 5.1. It is seen that the

bias corrections are succcessful: both and have substantially lower bias

and MSE than the MLBE and the CSE , while the variances increase only

slightly. The bias of is always smaller than that of , but the latter has

lower variance for all 8 :: 2. The MSE of is slightly larger than that of for

small values of 8 but this reverses for 8 :: 4, where we would recommend that
be used.
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