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, e . [Slen vl . . ,
The lower bound ~—%—ﬁ% =y wffi{ﬁi in Theorem 3.3 is sharper than the bound

[2plog2
\; (Z+pio
a slightly sharper lower bound is now obtained.

in Theorem 3.2 and, unlike the latter, approaches D as g — oc. Forp < 4,

Theorem 3.4. Assume that lim ﬁiw Zw and lim P = p erist. JO <o < oo

B3O i Foey G

and O < p < oo, then for all e > 0,

~{5}
fo oA 7!)/ fg = — Ho
{3.64) 33{1?1{ V/&. €< . __EJ 1,

where

G AT
Zygi(‘)gz P < .2

(365} ﬁ(ﬂ} — ﬁ ’ , ; 2:

Proof. Let 7 = 7j(p}. The proof is identical to that of Theorem 3.3 until (3.56).
From (3.30) it is straightforward to show that

Mmoo <9 i
(3.66) VA <{ o = }S—L+7’ECJ(7}

n>2 2log2
for any v > 0 and sufficiently large s. Thus, for v < —5@ and sufficiently large s,

wt~ u

[ | —pr Dt 1
Pr | max Wy > R > 0| =Pr %}g( N >R >0,

<Pr [q(ﬁ;) maxU; > R}
Te2s

Here (3.67) follows from (3.8) and symmetry. Since Pr[R > 0] = 1 as s — o¢, it
follows that Pr | [max;cps Wi < R} = 1, s0 (3.64) follows as before. O

In Table 3.1 we present the values of the asymptotic lower bounds 7(p) and 7(p)
for ~*——~—’—“— obtained in Theorems 3.3 and 3.4 respectively. We also compare these

bounds with the actual values of J——i”— obtained by simulation. The lower bound
—7n{p) is seen to become sharp as p —~> o0, 1e., as ni = oo,

Remark 3.2. A case of special ;ntere\t occurs when the data accrue in pairs

ES TN s . . . 2y
(X5 X0y, (X ‘“,‘XS; where )&(} ~ N{pg,0?), Xi ~ N{p, 0%}, and all
observations are independent. Here ﬁ{; = s and n'¥ = 1, so Theorem 3.4 ap-
. ., L . . frre —
plies with & = p = 1 to provide the asymptotic lower bound —“393~ = —0.5550
for Bo—H% 45 5 — oc. This bound is not sharp: the actual (simulated) value is

~0.2764 {zee Table 3.1.) -
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TABLE 3.1, The asvmptotic (a8 § =5 o¢) lower bounds —7{p) and
i
—

—7{p} for The simulated values are obtained under the

least favorable case g = (uo. po, ..., po) for ng‘"’ = s = 1000 (so
e = 1) and n'¥ = p. Each value is based on 10000 repetitions.

ol —=nip) —7j{p) | Simulated values of —‘fé—;;—mi
1 —-0.6316 | —0.5550 —-0.2764
2 —0.6387 | —0.5887 —0.3088
31 —0.6188 | —0.5887 -0.3170
4| —0.5961 . -0.3179
51 —0.5747 . -0.3161
10 | —0.4951 . —0.2965
50 | —0.3046 . —0.2110
100 | —0.2382 : —0.1726
500 | —0.1281 : ~0.1000
1000 | —0.0966 : -0.0774
5000 | —0.0491 | —0.5887 —0.0418

The final theorem of this section complements those preceding by presenting

conditions for consistency of [1,(()'9} in terms of the sample sizes n\*, ..., n* from the
control populations. We again assume for simplicity that n,(ls) ERN 'ngS> = nls),
Define
(3.68) /151‘5}) = min{fy,. .., s},
(3.69) ;1,(0?; = lim /1.(5) =inf (g1, pa...) (> po).

(1) ST 7

Theorem 3.5. Set 3 = liminf ,—%% If nés) — o¢ and 0 < B < oo, then for all
0 s—roc 1088
€>U,

By e
(3.70} lim Pr imin k(), —_— VIE) —ec 0 H0 o gJ = 1.
§—+00C o i g

(ac) )
y IR C) BN [0 Hepy THo sy . . . (s}
Thus, if ng’ — o0 and \/:; < o then [y —v po in probelility, die., fig
. . . ~{8) . . . (8} .
s consistent. In particular, /t,é ’is consistent if né) T o0 and B = oo (ie, nl

increases faster than a logarithmic rate).

Proof. Tt follows from (1.2} and (1.4} that

ra 71y (s ) o )
{3.71) min (,X{, ; ‘Xil}) < iy,
oig) . {5y ols {8} P (s} s}
where X! = min (J&;‘ . € XS ) Since n,’ — 00 as 8 = o0, X;f’ — i
; ¢

. ("y.z
is stochastically larger than p,}] +

Je¢ are 1.id. N{0,1) random variables. Since

in probability. Also, .

where Uy, ...,
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—+v/2log s + 0,(1}, (3.71) and (3.5} imply that

iS: s 53 ‘l
N . . Hepy — Ho /2 1 =
(3.72} lim Pr{min | 0, N A ,(;“7 - < Ho —HO <e| =1,
: 5300 a \; 3 - o
o
which is equivalent to (3.70}. &

Remark 3.3. It follows from Theorem 3.5 that when n;;’ - oc, ;}é — Jip remaing
bounded above —oc in probability if 5 > 0, ie., if n® > O(log s}, and ;},;5} is
consistent if 3 = oc, ie., if 2 > logs. This supplements the scope of the
consistency conditions obtained in Theorems 3.2 - 3.4. 0
Remark 3.4. In the more general situation that (py,... . ps) = {;L%S}w.,,/zf}}
depend on s, the argument in the proof of Theorem 3.5 shows that the MLBE

(8} (s) )

~(8) . . . . . . {5
fiy is consistent even if ny™', ..., ns" does not increase with s, e.g., if ;" = v for

all 2 > 1, provided that the [l;S; — pg increase faster than a root-logarithmic rate.

' is consistent if n{” — oc and

o —m 2

Specifically, ﬁ,g‘*

3.73) liminf ———— -,
( ) e viogs > O\/ v
where here /LE;i = min{;tﬁsk |4 =1,...,5}. (Compare to Proposition 2.3 in [CP]
(2004).) 0

4. THE COHEN-SACKROWITZ ESTIMATOR

The Cohen-Sackrowitz estimator (CSE) for the tree-order model p; > pg, i =
1,..., s originally was formulated for the case where né‘” = n§5} === nis), ie.,
the sample sizes from each population are equal ({CS] (2002}). The CSE can be
easily extended, however, to the case where the sample sizes vary. In this section
we shall first formulate the CSE ﬂé’g) for unequal sample sizes and then compare

its asymptotic properties to those of the MLBE ﬁé” under conditions similar to

. . . . . (%)
those in Section 3. In particular, it is again assumed throughout that ny’ — oc as
§ = 0C.

We define the Cohen-Sackrowitz estimator {(CSE) for variable sample sizes as

s (s} [ +(s) o))"

(4.1) ' =X P
Z;-:(j
(4.2) P =+ (f(” - f}g”) i=1.2,... s
where
. s (s) s
(4.3) F0 o 2ot A

From (4.1 and (4.3,

s Voo ol (s
Y on min i’ﬁz LAY
<

N (5)
(4.4; . e =
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B {EY L . . . . . .
which shows that fi; is stochastically increasing in each py, ¢ = ,1,.... s, and
. {5} -
that, since n,’ — oo {compare to (3.5}),

{4.5) Pr | limsup /Zésé < g = L
§-r 00 ’ j
Tt follows from (4.4) (also (4.7)) that ¥ , like }(8}; is negatively biased for ug,
(2.3 }} Hg o 2 /
and that the magnitude of this bias is again greatest when puy = 4y = -+ = s, 50
g gain g o =4 =1

this configuration of means is also the least favorable case for the CSE jig w.r.to
bias. In fact, the bias of if” can be evaluated explicitly:

Let ' = (g, 1, .. , ps) and for ~o0c < § < oc set
(4.6) Y(5) = ¢(8) — 6@(8) = ~E [min(N (4,1}, 0)] > 0.
Then from (4.4},
p nﬁs)Eum; [min ()_(f“’} - X, O)_ﬁ

S ntY

Leti=0 15

s {s) /71 i

~(s) i is)
E iy ') = E“m(XQS )+

4.7 = g —

In particular if nfs) =n' and y; = p (> po) fori=1,...,s, then

(4.8)

(s) 1 1 (5 (s) .
"y ST ; ng’ n i~ [g
E, (i) = o — ol — 0 ( )
we (i) = po BONRERIDIN \! MORR p

If in addition the data accrue in pairs (¢f. Remark 3.2) so that nés) = s and
n®) =1, then

(4.9) E;’{ﬁ)(«/]és)> = g — o /s+ ]\I’( /s (/1, — /1_0> )

§V 5 \/s+l o

Finally, if in addition we consider the least favorable case where p = g, then

, (s o Js+1
(4.10) o (1) :,m-g\/ —6(0)
s+ 1
(4.11) ~ g — 019950/ 252

We now present a simple sufficient condition for the consistency of iy

. . " ~{s P .
Theorem 4.1. A sufficient condition that i 5 g as s — oc is that
vs PolE;
(410 Zoi=o VT
(4.123 e 3 (),

Z?ﬁfi} ﬁ:s!

This holds, for example, if the average sample size 7i'%
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Proof. Tt tollows from (4.4) and the inequality [ min{a, b) — min(a,

< | — ¢ that

b s {8y . (5}

. Y _gn; min (AE - lio, O) PN :
{(4.13) Lo - O 1< in;'”/ = g, > 0

i T 8 &; i

| Ty g ;

i

as s — oc. Because y; > fg,

s &) (o(s) s YN
N 2imgm; min (Xi = pgs 0) . Vf!n;’ min (U;, 0)
!\“}“14} 0 2 5 Zsmch 5 = Qs:
Zs L8} Zs e
T 2= i=0 Th

where U, ..., Us are i.i.d ~ N(0,1}. Thus {recall {4.6)).
ioix

Z?:O \/n;s;

(4.15) E(Qs) =-%(0) ———
im0 T

¢ 7 !

(4.16) Var(Qs) = v - 70,

Z?:O nis!

where v = Var[min(N(0,1),1)], so Q, % 0 by Chebyshev’s Inequality. This implies
the main result, while the second statement follows from the concavity of \/(-) and
Jensen’s Inequality.

The following two theorems provide information about the asymptotic behavior
of the CSE [1,(()8" when the sufficient condition (4.12) for its consistency is not sat-

isfied. As in Section 3, in the remainder of this section we assume for simplicity
(s} {5 f g% . . .
that ny = - = ng b = n'®, and also assume that lim,_ 7' = v exists, where

necessarily 1 < v < oo. If v = oc then 7l®) - oc so ﬁés’ is consistent for pg by
()

Theorem 4.1, 50 we assume that v < oc. We also assume that lim 2%~ = « exists
’ s—soc P

= p = % also exists (0 < p < oc).

(0<a<oc),s0 im e =
)

§—3 00
Theorem 4.2. (a) Suppose that ;i) = (po., 70, ... , i) for all s > 1, where jg < p.
Then as s — oo,

gy —tie
i —po o5 VP ()
Ho' — ko o

(4.17) -t
22 47 v
(1.18) oo PR

(1+p) Vv

(b} Suppose that & = #8280 & = B22le | gpe independently and identically
(o) PP S P P

distributed on [0,00} according to a distribution with c.d.f. G* Then

~(s) — . oo
(4.19) o “Hom 7 - [ @(J&g)@(g;d{
4

el @ -+

mulation of the n
due to Kiefer and Wi

ibution G is
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Proof. (a) Since n'* is integer-valued, n'® = v for sufficiently large s. It follows

Fa—£% has the same limit in probability as

from (4.13) and some algebra that

435 min («Xf = Ho, 0) Y75 min (U, 0)

{4.21)

‘7@51”*”) V E{—-ﬁ—v
(4.22) n VY Q,(\/ (!l /10))
Q-+ VvV o

by the Law of Large Numbers and (4.6), where Uy, ..., Us areiid N (\/Z( —key, 1).

{b) The above argument continues to apply, where now U; | & ~ N (/v&, 1) b
and E[min(U;,0)] = —/v fa &(/VE)G(E)dE (use integration by pdrfs) O

Remark 4.1. By the well-known inequalities for Mill’s ratio (e.g., Feller (1968,
Chapter VII, Lemma 2)) 0 < W) < 5 @m It is readily seen that ¥(8) decreases
rapidly from ¢(0) = =0.399 to 0 as () increases from 0 to oc. .

Next, recall the definitions of ;1(]\ and /4<°C} in (3.68) and (3.69)) and define

(1}
(4.23) ;1§” = max{fl1,...,Hs),
(4.24) /ﬂi; = hm /1<9 =sup (i, p2...) (> /1%1\) > pa).
It follows from (4.4) that the distribution of [1,(()3> under (pig, pry, -« 5 fis) i 1% stochasti-
cally bounded above (below) by its distribution under (;10 /1(9), A /;Ei)))
i /zgf) ..... ;12;)})) which in turn is stochastically bounded above (below) by its
distribution under (pg, ;1%30 ..... ;LEOC;) (g, pt 1)) ..... /;2;’?))). By combining this

with Theorem 4.2a we obtain the following reqult

Theorem 4.3. For e general parameter sequence pg < 1, s, . . .,
(4.25)

Vi (Ve ) _ Vi (Vi)
Hm Pr _.___..____._______}_ — € S /'0 Ho S — ()C’} €

]
i
; =1,
SO0 o+ v a Q-+ UV

for all e > 0, where

[~y

s J
(4.26) 0<5<°‘:f~ ‘w7 e = ¢!

/}(; Moo ~6.399\f§

& &+ v
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TaBLE 5.1. Bias, MSE and variance of ﬂéf} (MLBE} and ;}é
(CSE) of pg (with 0 = 1). The simulated values are obtained

Lo

under the least favorable case p = {g, pg, ... . o) for n(‘;j = § {s0
3 {s} 3 5 .

a =1} and nis} = =pn =0 =1 {(sop = 1). Eachsimulated

value is based on 10000 repetitions. {Also see Footnote 5.)

, £ o(s)
8 15 I

Bias MSE Var Bias MSE Var
1 —0.282110.7332 | 0.6545 | —0.2821 | 0.7332  0.6545
2 1 —0.2782 | 0.4047 | 0.3267 | —0.2443 | 0.3901 | 0.3300
3 -0.2772 1 0.2939 | 0.2198 | —0.2304 | 0.2743 | 0.2235
41 -0.2762 | 0.2376 | 0.1603 | —0.2230 | 0.2132 | 0.1624
51 —0.2762 1 0.2069 | 0.1298 | —0.2185 ; 0.1800 | 0.1316
101 —-0.2761 | 0.1381 | 0.0640 | —0.2092 | 0.1070 | 0.0648
50 | —0.2760 | 0.0906 | 0.0131 | —0.2015 | 0.0549 | 0.0150
100 | —0.2760 | 0.0824 | 0.0064 | —0.2005 | 0.0465 | 0.0065

as s — oo. For example, if as in Remark 3.2 the data accrue in pairs (Xé”., Xi)yoons
S(s)

(Xés)(/XS), then nés> =5 n® =1, and a = v =1,s0 L0745 (1995 in the

least favorable case, which agrees with (4.11). For a general parameter sequence

o < piy fiz, ... the difference jiy” — po is bounded, while if ng”’ increases faster

s)

than a linear rate (i.e., if & = oc), then fiy” is a consistent estimator of yg. D

5. SIMULATION STUDIES AND Bias CORRECTIONS

In Remark 3.2 we noted that when a = p = 1, —.5550¢ is an asymptotic lower
bound for the bias of the MLBE [z,és) as s = oo, although its actual (simulated) bias
is somewhat smaller, namely —0.27640. In Remark 4.2 we noted that in the same
situation (@ = v =1, so p = 1), the bias of the CSE /1Os> converges to —0.1995¢ in
the least favorable case. Here we use simulations to determine the exact behavior
of the MLBE, and thus obtain comparisons between its performance and that of
the CSE.

In Table 5.1, simulated values® of the bias, mean squared error and variance of
[1([; and ﬁés> are presented. For s = 1, /]éS) and ;},,és" coincide, so their values are the
same. For larger values of s, ;}é’s} is more biased than %%, but its bias decreases
with s and thus remains bounded. Although this bias renders the MSE of ﬂé‘g}
larger® than that of /}é‘g}, the variance of ﬁé‘g}is seen to be smaller. This suggests
the possibility that bias-corrected versions of i may perform better than either

;

-

5 . y T f ~{s
“In Table 5.1, the bias values shown for fij

the bias values for /Sg{;’ are those obtained after adjusting their raw simulated values (not shown

are the exact values obtained from (4.11}, while
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TR IE : . :
it or f1y”. Two such versions are now proposed and studied, based on the bias
corrections introduced in [CP] (2005},
From (1.6}, the bias of fi;” at p'*) = (o, p1, ..., jts) is giv&n by
(V(G n”’a }4~Z,,N ;Aé, rz;”azz)g
; [
& [
+ zzﬁl 7? j

where A; = ju; — pg. As in [CP] (2005}, an estimate ?}(‘f’ of bo(p'*) can be obtained

niin

(5.1) bo(p'®) = B0 )
Te2s

as follows. In (5.1}, substitute estimates A;” for A;,i=1,..., 5, then approximate
the expectation by sampling repeatedly from the s + 1 independent normal distri-
butions appearing there. The minimum appearing in (5.1} is computed for each
sample, then the expectation is approximated by E, the mean of these minima.
Thus we obtain

\ N 3.

B = b (AP, AR
- .1 . [ N(0, n“’ )+ D Nn [3?3, ngs)ﬂg)
5.2 =P {;gn ( MO -

0 el
We consider the following two estimates of A;:

(5.3) Al = (&0 - %)
(5.4) L\is = [1(9’ ﬂés), i=1,2,...,s.
The corresponding bias-corrected MLBEs for pq are given by
(5.5) i = 0l = BT AL LAY, j=1,2.
The associated MLBEs for y; are (recall {1.3))
(5.6) ﬂf’,) = max (/7&‘3; }-(gs)) , i=1,2,...,8,
(5.7) /7(2) = max (/lég /](S ) ; i=1,2,...,8.

Table 5.2 presents the (simulated) bias, MSE and variance of the bias-corrected
MLBEs /7((, i and /7&9; under the same conditions as in Table 5.1. It is seen that the
bias corrections are succcessful: both ;7.({75% and /7(‘2 have substantially lower bias
and MSE than the MLBE /}ff and the CSE 1", while the variances increase only
slightlv. The bias of /10{ is always smaller than that of /1{‘;’ but the latter has
lower variance for all s > 2. The MSE of ﬁéfl is slightly larger than that of ﬂé‘g}; for

small values of s but this reverses for s > 4, where we would recommend that /1€ .

be used.
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Tapry 5.2, Biag, MSE and variance of the biagcorrected MLBEs
(5] - (8) . g -
figy and fig’y under the same conditions as in Table 5.1.

R {5} {5}
5 Hoa P2

Bias MSE Var Bias MSE Var
-0.0796 | 0.7453  0.7390 | —0.0796 | 0.7453 | 0.7390
~0.0774 | 0.3786 1 0.3726 | —0.0865  0.3777 | 0.3703
—-0.0679 1 0.2564 | 0.2518 | —0.0810 | 0.2558 | 0.2493
~0.0727 | 0.1884  (.1832 | —0.0875 | 0.1889 | 0.1812
—0.0713 | 0.1535 | 0.1484 | —0.0875 | 0.1545 | 0.1469
10 —0.0630 1 0.0772 | 0.0733 | —0.0821 | 0.0790 | 0.0723
50 | —0.0686 | 0.0197 | 0.0150 | —0.0902 | 0.0229 | 0.0148
100 | —=0.0653 | 0.0116 | 0.0073 | —0.0872 | 0.0148 | 0.0072

b Q0 N e
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