
- -

But 

E('i< I~. x , t, F) = E(E(CkI~, ~o' ~. F)I£, ~o.!. F)-0 ­

= E(Mkl£. ~o.!-. F) (by definItion) (5. 3. 3) 

M is a quadratic function of ~, and (5.5. 3) can in theory by found fromk 
the conditional distribution of ~, given :!. and the parameters. lC sample 

sizes are equal for all loci, the iterative method of Chapter q may be 

readily modified to give the true ML solution, Cor in this case the variance 

does not differ between dimensions and any orthogonal transformation Of 

the projected coordinates is equivalent to the original data (4. 6(1)). In 

iterating up the tree using (4. 7. 10) and (4. 7. 11), as described in 4. 4 we 

must simply change the 'covariance matrix' for any 'subtree' consIsting 

of a atngte population node from the previous single element (0) to the 

element (l/Sm
i
) (m

i
= m~h) for all h. See 4.4 and Appendix 2 of 

4. 7.) A reetrtctton t1 2. a must also be included but has no effect on 

=0the iterative method; the point t 0 is no longer a slngularity since 
1 

sampling provides a postnve lower bound to the population variances. 

Convergence properties, etc., wlll be similar to those described in 

Chapter 4, but the program of 5. I has not been modified in this way, 

since sample steee, even where stated, are not equal lor att loci, except 

perhaps where a single recent etudy of a population has covered many 

blood group systems. If sample etees are unequal the theory remains 

the same, but it would be neceaear-y to consider the basic pr-ojected co­

ordinates and not a transformation based only on dtstancea; this is not 

at present computationally Ieaalble. 

The above modification of the method corr-esponds to Felsenstein's 

observation (personal communtcanon) that sampling, with sample atze mi' 

Is equivalent to N 1m. generations (or 118m, units of l/ri generations)e , 
of evolution. He notes that the ML solution with sampling included is the 

same as the solution without sampling for the same population poeitions at 

times 1/8m in the future. His proposal, equivalent to the above, is that 
l 

the ML solution for the populations at these unequal hypothetical time 

polnts be found, and then the extra times subtracted off to reobtatn the 

contemporary populations. The required restriction that the time of the 

II2 

r

a

e

ere

e.

It ancestral split occurs no later than the present prevents the stngu­

,ty which Is in general caused by populations at unequal time poInte 

•	 4.6(ii». Although, for our iterative method, the modification to the 

:le element matrices deacribed above provides the simplest method 

.alving the problem, j'etsenstetn's representation of the situation 

dee a clearer Idea of the effect of the Inclusion of sampling on the 

ated tree and on the relative support for alternative estimates. The 

Ier the sample size the less is our knowledge of the true present 

ilatton position; equivalently the further into the Iutur e is the 'effective 

e' of the sample point. 

The situation In which all m are equal (say to m) provides the 
t 

.cularly simple case In which the 'eHecttve times' 01 the populations 

.in equal. The only effect of the tnclueron of aampltng is to reduce 

r, estimate of 0-2 t by an amount 118m (pr-ovided previously 

> 118m), for the term 0-2 t } + 118m replaces (lll in the diagonal 

of the matrix 0-2 T , and 0-
2 t} does not appear elsewhere in the 

crt function. Thus when all sample sizes are of the same order of 

ltude sampling: should have little errect on the estimated form of tree. 

However, in practice the variation between loci is often much 

.ter than between populations and an alternative suggestion is the 

-lng, The coordinates used are those obtained by embedding the 

'tic distances in any Euclidean space (4. 6(i)). But the observed squared 

Ice d~~)2 at locus h, between populations i and i, with sample
J 

m(hl m(h) eattsttcs 
1 • j 

E(d(h)2) = (k _1)(1/8m(h))+11/8m(h)))+d(h)2 15 3 ')iJ h i i a,ij .. 

b. = I, ••• , s, where d(Oh).~ is the (unknown) true squared distance 
• 'I 

'een populationa t and i at locus h, having k alleles. Thus weh
 
cenne
 

dij2 =0 d~. - r (~_I)(1/8m~h) + 1/8m~h)), (5.3.5) 
1] h=l	 J 

d~. is the total observed distance between populations i and i, 
'1 z 

Id embed the modlIted distances dij (1, l =0 I, ••• , n) in the Euclidean 

This may be the best method in practice where sample sizes 

er widely with both loci and populations. The tree inferred Is, at 
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least, the correct likelihood solution for some set of true population dis_ 

tances, the squared distances being unbiassed estimates of the true 

squared distances based on the observed data. 

However, unless samples are large, we may obtain distances 

which do not satisfy the Euclldean metric conditions, we may even have 

negative distances between populatlone where there is no evidence of 

d1I:lering gene frequency. Thus although the method is useful in practice 

there may be problems. In fact, although estimated distances at SOme 

loci may be negative, the total distances (5. 3. 5) are usually positive and 

can often be embedded in a zucueean space. 

5. 4 THE MISSING DATA PROBLEM 

Although some heuristic methods are based entirely on distances 

and can use any avallable data to compute these, any method based strictly 

on the probabU1ty model must either use loci lor which all data are present, 

or else take account of missing coordinates in some logically justl1iable 

way. Having inferred an evolutionary tree we may obtain the probability 

distribution of missing coordinates. We then have the following problem: 

'To what extent are the maximum probability estimates (or means) of 

unobserved random variables compatIble with the ML values of the para­

meters on which they are based?' 

Suppose we have a subset x of Ix~q); i == 1, ... , n, 
=g I 

q = 1, .•• , p } with only r of the coordinates in dimension q presentq 
(1 .s, r es n), SUppose further that we with to infer (x , t, F) using all q -0 ­

avatlable data. Population distances are no longer sufficient, and we 

must consider the projected coordinates. For each q (t esq csp Jq)1
- x " ~g 

N(X~q)!, T')	 (5.4. I)q , 

where x(q) I denotes the restriction of x(q) to ~g and Tq Is the 
- x 

~. 

r by r	 matrlxformed by eliminating from T those rows and columnS q q 
corresponding to populations for which there are no data in dimension q. 

Then 

x~q)(~g' !.' F) ~ ([x(q) 1 )'T·"I)/(I'T·"I). (5. 4. 2) 
~gq--q-

"

.'

"- ,tlmatlon of !. and F remains theoretically possible, altbough It Is 

~pllcated by the fact that some dimensions no longer contain informa­

an each t] separately. However, as may be shown by a proof simi­

to that of (5. 3. 2), we still have the fundamental result that 

\ry = E(~I~g' ~o(~g' f, Fl, 1, F), k=I, .•. , (n-L), (5.4.3) 

Having obtained estimates of (x , t , F) based upon x we may
-0 - =g 

,ider the missing coordinates ~m' Since the dimensions are Inde­

lent we consider each separately and drop the superscript (q). We 

the ML tree lor those populations for which there are data in the given 

,ension the 'framework' of the tree (Fig. 5. <1). Let w = n - r .q

x o 

Yk( 
,	 E!----t; -- t'" 

J,, , 
y' 

Y ,/._ ~ __t1'l_ f 3, ,	 m,_ ,,,, ,,	 ," ' ,, ,	 t ', N, 
x. Xi"k x.

J	 " , 

Fig. 5.4.	 The estimation of missIng data coordinates. The 
framework of the tree is shown by the send lines, while 
the broken lines denote missing parts of the tree. 

Given x and the parameters, x is w-varlate Normal. Without 
-g -m 

18 of generality x = (x , .•• , x ) and x = (x +1' •.• , x.). Let 
-m 1 w -g w n 

be the last ancestor of Xi on the lramework of the tree (i=l, ... , w); 

5.4.
 

Then the maximum probability estimate (or mean) is
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XI = E(x,1x • x , t , F)-g 0­

= E{E(x.lx, X. t , F, y~)\X. x , t, F)

l-gO- 1-g0­

=E(Y,*lx, x, t , F). (5.4.4\-g 0­

Lemma. If x,=E(Y:-lx. x. t, F) (i=I, "', w) then
1--g0­

E(y~lx ,x ' x. t, F) =x" (5.4. 5)
1 -m - g 0­

and
 

i (x. t, F)=x (x ,x. t , F). (5.4. b)o-g- o-m-g-

Proof. since all mean positions and X may be determined 
o
 

recursively by the series of equations relating each node to its immediate
 

neighbours (4. 4), it is sufficient to consider only the equations relating 

v: to its immediate neighbours. The equations relating framework, 
splitting points to their neighbours are necessarily unchanged. 

Now given z and z of Fig, 5.4 and time intervals as shown, , 2 

Xi =x =9 =E(y'!z z t F)=(t"'z+t"'l.),(t"'+t*)
1, mil' 2' -' 2 1 1 2' 1 2 

t 

But 

E(y~ Iy •z ,Z .t , F)=«l /t"')+(l/t.)+(l/t*lf 1 «z/t-)+(z /t.)+(Y /t*))
Im12- 123 21lni3 

=9 =i =x ify =9ml. mm 
1i2 

=E(yt!zl' Z2'~' F). /I 

Thus we have that 

(i) Missing coordinates should be estimated by the mean posi­

tions of their ancestors on the framework of the tree, 

(ii) Given!. and F, estimates of all node positions (including 

x ) are unchanged by the introduction of the missing coordinates at their
-0 
mean POSitions, and introducing them in this way is 'consistent' with node 

positions already inferred. 

H~:ver, the ML estimates of the parameters (i, F and x0 

(= ~o~, .!, F))), are not unchanged by this insertion of the missing data; 

the ML solution does not usually have 'verttcaj' arcs In any part of the 
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,tree. The question of change of ML tree form under the inclusion of 

additional populatlons, discussed in 5.1 with reference to the adequacy 

I: of the method of constructing an initial tree, is closely related to the 

"problem here. The true ML tree inferred (rom the data is not precisely 

,the same as the 'revised' trec inferred from the data and additional hypo­
" thetical data constructed on the basis of that ML tree: but such data do 

"not usually cause extensive changes in the tree inferred. 

The approach here may be compared with Fisher's 'predictlve 

:1keljhood' (Fisher (1956, p. 126», which would suggest that the complete 

:probability distribution 

(5.4. 7)f(~m' ~gl,~o' !.' F) 

,!hould be regarded as a likelihood for (!. ,x, t, F) and maximised_m -0 ­

,Jointly with respect to these variables. This approach leads to aingularf­

lUes if applied to the set of all internal nodes, but in this case is feasible. 

ecause of Normality, the tree inferred by maximising (5. 4. 7) ts an 

ullibrium limit of a eertce of repeatedly 'revised' trees. 

ANClLLARITY AND THE NUI8ANCE pARAMETER x-0 

As yet we have considered only the complete likelihood 

!.' F), and the MRL 

L"'(t, F) = max. [L(X , t, Fl]. (5.5.1) _ -0 ­
x
-0
 

"We have discussed the disadvantages of eliminating any parameter other
 

'than by considering the MRL (1. 3), and have also seen that x should
-0 

"sometimes be considered, (or example in the miSsing data problem or in 

any situation where the node positions are of Inter-eat. However, in some 

situations it may be that we are interested only In inferring the evolution­

ary h1Btory (t, F), and x may be truly a nuisance parameter, although _ -0 

without x the estimated tree cannot be lully epectncd. The method of 
-0 

Felsenstein (l973) suggests a possible procedure for the elimination of 

~o' [The notation and ter-minology of s'etaenstetn (1968, 1973) are here 

slightly modified to corrcspond with those 01 Chapters 3 and 4. ] 
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Fclsenstein (1968) ebowe how for each q (1 ~ q :s p) and for given 

<!' F) statistics u~q) = Ui(~(q); !.), (i == 1, ... , n), may be iteratively 
constructed; where 

u(q) 
is N(O, v.(t)) for q=l, ..• , p and i=l, "', (n-l) ti , ­

and
 
(5.5.2) 

u(q) (qi _
Is N(x ,v (t» for q_l, ... , p, n , n­

and all variables are independent.
 

As in Chapter 4 we write
 

!! = lu(q) q=l, •.. ,p, i=l, •.• , n J= Iu., i=l, ••. , n ] = { u(q), qeel , ... , p I- i' -1 _ • 

(5. 5. 3) 

u(q) = u(x(q); t) = (u.(x(q); t ), I = 1, ..• , n) is linear in x(q) and thc 
- -- - 1- - _ 

Jacobian of the transformatIon is 1, lor all !. and every q (Feleenatetn 

(1973); his '!' being a simple transformation of ours). Thus 

L(~O' !' F) = fx(~I~o, !.' F) = fu(~I~o' !.' F), 
= = 

where l~ and f!l denote density functions corresponding to sets of 

variables ~ and ~ rcspectlvely. and 

n 
-2S(x, t, F) = p 1: 10g(v.(t))

-0 - i=l I-


n-l p )

+ I {[ I (u.(x(q, lii'J/v.(,) I

1- _ 1­
1=1 q=l 

+ ~ (u (x(q\ t) - X(q»2 Iv (t). (5. 5. 1I)n- - 0 n-q=l 

Thus 

X (!., t, F) = (u (x(q); t}; q = 1, "" pl. (5.5.5)
- 0 - - n-

Let (Hi(~; ,!.))2 = l (uI(~(q); !))2, [not to be confused with the 
q=l 

function H (or functions 1\) of Chapter 1I]; then 

-2S-(t, F) =-2 log L-(t, F)-- e ­
n n-l 

=p I lug(v.(~)) + I «H,('" I))' /v,(',)). (5.5. b)
1=1 1 1=1 - -

Felsenstein (1973) gives a method for the rapid evaluation of H~, 
vi (i=l, ••• , (n-l» and v and hence of (5. 5. 1), forgiven

n' 
, F) and patrwtse population distances. Choice of a suitable series of 

luation points <!' F) can lead to the determination of a local maxi­

in the multidimensional space 

(n-l) { .. _ n-1 }
R+ x Fj'J-l, ... , (n1(n-1)1/2 ). 

Ire may be many such local maxima and a search procedure based only 

atuatto» cannot indicate whether this is the case, or demonstrate the 

" mal form of the support surface; the importance of FeIsenstein's 

normattone are that the form (5. 5. 1I) suggests a procedure for the 

Ination of x , in situations where it may be regarded as a nuisance-, 
.eter. For Felsenstein (1973) suggests that u contains no infor­-n 

, on about (!' F), and that inferences may be ba-sed on ~1"'" ~n-l 

e. We have then the marginal IlkeUhood (Kalbfleisch and Sprott 

L"(!., F) = f!.!~l' ... , ~n-ll!, F) (5.5.7) 
n-l n-l 

-21ogL"(t. F)=p 1 logv.(t) + 1 (H.(X; t»2;V.(t) (5.5.8) 
- i=2 1- i=ll=- 1­

-2S..(t, F) = -2S-(t, F) - P log v (t) (5.5.9) 
- - n-

this may also be rapidly evaluated. 

Since L--<!-, F) is the llkelthood used by Pelaenateln (1973) we 

rllr to tt as the Felsenste:ln Likelihood (FL) and to the values f!. --, FU) 

,miS1ng L-- a-s the FL estlmates. 

The fusnrrcanon offered for the adoption of (5. 5. 8) has been that 

'doee not have the tendency of the MRL to produce 4-way roots (li. 5(ii)). 

,at a model dcaa not produce the r-equtr-ed results should be a criticism 

,Ithe model or of the preconceived results, rather than of the method of 
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- -

inference. The acceptance of (5.5. 8) requires further justification, WhiCh 

may be based on the concept of M-ancillarity Introduced by naendorrr., 

Nielsen (1971). 

The ~t are independent (1 c-= 1, "" n), and for any given ~n 

and (t, F) there 1s a value of x (that is. x "= u ) such that 
-	 -0 -o-n 

f!l~n II ~o. !.. F) > C!l~~ I~o' !.' F) for all ~~ ~ ~n. (5. 5. 10) 

Further the domains of variation of x and (t. F) ar-e independent But 
--0 ­

these are precisely the conditions for M-anclllarity which is based On the 

concept of untversaltty, as opposed to the more classical concepts of B_ 

and S-ancillartty which are based on a factorisation of the likelihood 

function. 

The statement of M-ancillarlty is that: if, whatever happens (u )
-n 

and whatever the values of the parameters of interest ~, F), there is a 

value of the nuisance parameter (x ) that makes what has happened the 
. -0 

most probable event. then what has happened is uninformative about the 

parameters of interest in the absence of further information regardIng 

the nuisance parameter. 

There is a fur-ther problcm in that the ~1 are functions of the 

parameters !.. Following Kalbfleisch and Sprott (1970) we have 

f~{~ I~o' !.' F)~ = fM(~ I~o' !.' F)dg, 

= (fM(~1' •.• , ~n-11~0' !.. F)d~l' •. d~n_l) 

(fu{~nl~l' •.•• ~n-l' ~o·.!.' F)~n) 

= (fM(~l' •..• ~n-ll~. F)d~~y .• dEn_I) 

(f!:I(.':!n I~o' !.. F)~n)· 

The second term te not independent of t!. F), but provided the concept of 

M-anc1llarity Is accepted we see from (5.5.10) that It may be deemed to 

be uninformative abcet (t , F) in the absence of knowledge of x • and 
- -0 

inferences regarding (!.. F) may be based on the first term alone. [To 

do so must however affect our inferences regarding (!., F), since the 

second term does contain information jointly on (x , t , F). ] To further 
--0 ­

dude that Inferences may be based on thc density function (5. 5. 7) it 

not sufHctent that the determinant of the Jacoblan (I J I) of the trans­

.rmation, and hence du ..• du • be independent oI t; the subspace
-1 -n	 ­

ilume	 element ~1'" d~n_l must be so also. 

From Kalbfleisch and Sprott (1970) we have that 

o-t 1 n
 
n du ~ IK'KI'P n dx.ltJIP,
 

i=1	 -t i=l -1 

K is the column vector (ox~q) lou~q). i = 1, .•. , n). which 18 Inde-

Lemma. IK'K I Is independent of .!.. 

-~ (q) - (q) ( - )proct. u _ Jlt q _ 1, .••• p.	 (5. 5. 11) 

e J Is the Jacobian of the linear transformation. Thus x(q)=J-1u(q)
n. . 

!K'K) "= }; (JIn)2. [i n= (J-1), J. Taking expectations
 
i=l n
 

E(x~q1= i JllE(U~q»),	 (5.5.12) 
l=l 

x(q) = Jinx(q) for all (x t F)
o 0 -0' -~ • 

e E(u(q) = 0 for 1 7- n and E{u(q) = x(q) and E(x(q) = x(q) for 
1	 n 0' 1 0 

I. 

Thus	 in = 1 (i = 1, "', n), and IK'KI = n which Ie Indepen­

n-1 I n 
Thus n d.':!:i = niP" ~i and is independent of !. (IJI = 1); the 

i=l 1=1 
.lbfieisch and SproU criterion is sattened, and inferences may be based 

jon (5. 5. 8). 

We compare now the properties of (5. 5. 1) and (5. 5. 8). From 

'. 5. 5) and (4. 3. 6) 

~n =	 ~o(~ • .!.. F) = «!(q)'T-1~)/<.!'T-l!). q "= 1, ••.• p) 
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We note finally that the sampling model (6. 2. 3) gives a MRS 

s-r»=-h2(r)/2{l/8m 2(r).= -4m	 (6.3.12)
i) ih 

the sample size m	 being etmpty a scale factor in nus case, as is 1 .'02 
i
 

tn (6. 3. 11),
 

6.4 THE DATA AND SOME FURTHER ASPECTS 

The relevant present-day descendants of the Norse and Celtic 

populations whtcn contr-Ibuted to the Icelandic colonislng population are 

the Norwegians and North-Western Irish. Data on five blood group loci, 

together giving p = 6, give 

, z	 ,
d. = 0.0048, d, = 0.0324 and d = O. 0318,

lC n	 nc 

[A table of the detailed gene frequency data, provided by Professor J. H. 

Edwards, te given by Thompson (1973b). 1 
Under the model of equal variances the roots of g(r) = 0 are 

r =e: -0. 0053 (maximum of S*) and I' = 1. 966 (minimum). 

8*(0) = -6 and 8*(1} = -40. 5, and d. > d. so that the ML
In ic 

estimate of r (within 0:$ r es 1) is r = O. We therefore estimate that 

the Icelanders are of wholly Celtic origin and the hypothesis I' = 0 

101 5(wholly Celtic) is e)~' 5 (or ) Urnes as likely as the hypothesis 

r = 1 (wholly Norse), 

For the Icelanders N. "" 30,000, t "" 40 and m, "" 3,000. 
2 . 1	 -4

Hence a. [= (l/8m.) + (t/SN.)] is approximately 2 x 10 
1	 l' 1 

I 

Taking this as the population var-Iance for all three populations the 

support function (6. 3.11) may be plotted (Fig. 6.4). The two-unit support 

limit, given by the solution of S*(f) - S*(r) :s 2, is r.:s O. 19. Thus any 

value of I' up to about 20~/o falls wlthln the two unit support limit, indica­

ting that any estimate within this range cannot be rejected on these genetic 

data. 

Estimates of the variances from population and sample sizes tndl­
2 -4 2 nd 

1'1 cate that, while o. = 2 x 10 Is reasonable, a better estimate of an a, 
a~ is, 1 x 10- 4 contributed almost entirely by sampling. If we sotve 

II1I 2 2 2the more general equation (6. 3. 7) with a = a = i a we obtain r=O.017,n ,	 l 
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r_ 

.r: 
" (i) ../'/ -10 

........ ,/
,, -20,,, 
" (11) -3D ,t, \,,t ,, 

-40 [. \ 

" '\
\ , 

-SO \ " 

Fig. 6.4.	 The support function for the admixture fraction r 
(0 .:s I' :s 1). (i) The support for r in the case of the 
general model lor the data of Thompson o973b) and 

2 
a = 2 x 10- 4, fl being estimated from data on popu­
lation and sample Sizes, independently of the genetic 
data, and assumed equal in the three populations. 
(11) The support function for tile same maximum Hke­
Uhood estimates of gene frequency with a classical 
sampling model and hypothetical Icelandic sample size 
of 250, assumed equal for all loci. [Diagram Irom 
Thompson (1973b). ] 

, 

,though the general form of' 8*(1') Is unaltered TIlUB an estimate of' 2% 

!or the Norse component In the Icelandic population Is the best that can be 

ned with these data and thIs series of models, although no value less 

20~/~ may be rejected. 

It is sometimes thought that It is only with respect to the ABO 

o,U'stem that the Icelanders resemble the Irish. We note that the ABO 

'stem does not dominate the distances above. Although 1t is a atgntncant 

ontrtbetcr , and does provtde a major part of d2 , it in fact givesnc 
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d > d. > d. , and hence i > 0 (Thompson (1973b: Table 1)). Again 
nc m ic 

there are unfortunately insulficient data to examlne the consistency of 

results given by different data sets. Although most of the possible divi­

sions of the six available dimensions into two three-dimensional groups 

do confirm the estimate of a Norse component of less than 20"/", no con­

clusions can be drawn. 

For comparison we consider briefly the sampling model (6. 2. 3) 

with quadratic MRS (6. 3. 12). (6.2.4) gives r = O. 066, a rather larger 

Norse component of approxImately 7"/0' From the form of the quadratic 

function of (6. 3. 7) we may deduce that this Is the largest estimate obtaln., 

able with these data and this series of models under the reasonable assump; 
2tions that a	 ~ O. 071a2 and 6.7a2 + 5. 6(1~ 2: a

2 
the latter condition 

c n c 1 n 
ensuring form (i) of S'" and the former g(O. 066) es O. Similarly we have 

• 2	 2 2 2 2
the smallest estimate, r = 0, if a 2: O. 77a. and 6. 7a + 5. 6a, 2: a .c 1 c n 
The sample size is a scale factor in the MRS (6.3.12), and the support 

function given by the same genetic distances and a hypothetical Icelandic 

sample size of 250 is also plotted in FIg. 6.4. It may be seen that 

m = 250, or 1/8m = 5 x 10- 4 
, gIves simIlar uncertainty to the general

i i 2 4
drift and sampling model with a2 = a = a,2 = 2 x 10- , the latter having

n c 
larger support limits than those given by a quadratic approximation at 

the maximum. The sampling model gives two-unit support limlts 

~	 ~ 

0.066 - [15. 7/mJiI ~ r:"O O. 066 + [15. 7/mi)Z 

for these genetic data. Although, lor equal m., the sampling model pro­•
vides far stricter limits for the estimate of r than does the general model, 

a sampling model is not justiiled (d. 1. 3). Even with the currently avail ­

able samples, the distance 11~(f) II is too large to be explained only by 

111	 sampling in the Icelandic population. 
1	 . We have assumed throughout that the variances have been Inde­

pendently estimated. It is however possible to estimate them jointly with 

the other parameters from the genetic data, by maximising the supportI'~I 
(6. 3.1) also w. r, t. the three variances. Since a positive lower bound to 

I the variances is provided by the sample sizes we do not have a singularity. 

In general the ML equations then obtained must be solved iteratively, butIIII 
• 

I 
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provided the relative magnitudes of the variances are known we may ob­
2,tain an explicit expression. In the case where a~ = a~ = a~ = a

(6.3.10) may be maximised w. r-, t. a2 and we obtain the joint ML esti ­

mate 

h2(r)/3pf*(r).a-2 =	 (6.4. 1) 

ThlB can provide some check on the model, although it is very far from 

'being a complete test. For had differential selection acted the mean 

stances between populations would be larger and estimates of a2 

For the present data we have &-' = 1. 3 X 10- 4
, which gives 

emarkable agreement with the estimates of 1 or 2 x 10- 4 previously 

ned on the basis of population and sample sizes. 

The data on which the above inferences are based are limited, but 

enlarged set ordata is provided by Bjarnason et at (1973). From the 

ne frequencIes for eleven loci, giving p = 13, we obtain 

222d. = 0.0376, d = O. 0517 and d = 0.0406. 
~ 1n	 oc 

'ain we obtain the estimate r = 0 and, although die is no longer sig­

I~icantly the smallest distance, these data do seem to confirm that the 

elanders were predominantly Celtic. Although the actual maximising 

lint is now r = -0. 71, S*(-O. 71)-S*(O) is small, and the two-unit support 

mtt within 0:"0 r:"O 1 [S*(O)-s*(r) -s2] is similar to before. The estt­
2ate (6. 4.1) of a given by the genetic data (and r = 0) is now 4.8xIO- 4 

is larger value may be accounted for by dominance and the smaller 

,ample sizes on which the data for some loci are based, but may also be 

indication of non-representative sampling (6.1), or of selection at 

~i"ome loci. 

Finally we consider an alternative hypothesis that has been eugges­

d in order to preserve a predominantly Scandinavian origin for the Ice­

ders. This Is the hypothesis of migration to Norway since A. D. 1000 

'esulting in the present Norwegians not being descended from the Norse­

en of that date. This hypothesis was first mentioned by Donegan! et at 

:t950), but there is little supporting historIcal evidence, and while it 

dains the dissimilarity between present day Icelanders and Norwegians 
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1t does not explain the similarity of Irish and Ieelanders. The hypothesis 

thus further requires that the Norsemen of A. D. 900 had ceinc-type 

gene frequencies and/or that a Norse eomponent also dominates the 

ancestry of Ireland and Northern Seotland. This does not seem to be 

tenable. The Norse influence In Ireland and North-Western Scotland 

was superficial and transitory, and these peoples have always been 

regarded as 01 Celt1e orig1n. Further, although the evtdenee is tar from 

conclus1ve, in those areas where the Norse influence was more lasting, 

Orkney and the Isle of Man, the gene frequencIes seem to be more eimner 

to those of present day Norwegians (MUchell (1973), Boyce et at (1973». 

Thus at the present time it seems that the best explanation 01 the data is a 

Celtic component in the Ieelandic c olonlatng population much larger than 

has previously been suspected. 

Summary
 

To summarise, we restate the aim proposed in the Preface; that 

of providing a spectnc answer to a spectrtc question. On the basis of the 

likelihood theory of inference, and of a model of bifurcating populations 

and genetic evolution due to random genetic drift, we have presented an 

analysis of the inferences of evolutionary history that can be made from 

current genette data. In particular, we have produced and studied a 

procedure ror obtaining the maximum likelihood estimate of evolutionary 

history. Chapter 6 shows that the same general approach may be used 

to analyse an independent but related pr-oblem, although the details of the 

model, as of the hypotheses to be considered, are different. 

Many crtttctams may be made of the model, but it should be borne 

in mind that in likelihood inference we are interested 1n the relative abili­

ties of hypotheses to describe the way in which current data have arisen: 

we do not assume that anyone hypothesis provides a complete explanation. 

A model Including all the factors that contribute to current genetic data 

might be preferable in theory, but a model which does not permit the 

analysis of data is not of practical use. It is clear that, with current 

genetic data, little could be gained by a more sophisticated evolutionary 

model; the effect of sampling errors and non-representative sampltng 

w1l1 be far greater than those of minor non-Isolation or selection, or even 

01 differing population size. 

The most serious critict.sm of the analysis is that, although the 

effect of aampljng and differing Population size can be estlmated, they are 

not expUeitly included in the model. The inclusion 01 sampling is feasible 

in some cases (5.3, Chapter 6), but more generally the alternative must 

be to obtain genetic data for which the sampling errors are truly negligible. 

Situations of dominance in sampling and the more fundamental problem of 

obtalnlng samples representative of the relevant un1t or population (2.2) 

are outside the scope oC the model. We see in Chapter 6 that, for evolu­
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tlon over comparatively short per-rode of tlme, sampling may contribute 

a major part oI observed population distances. 

However, the results of Chapter 5, together with our knowledge 

of evolutlonary history obtained from other sources, show that even 

current sample gene Crequencies do contain information concerning evo­

lution, and that our model is a sufClciently accurate description of reality 

to allow Borne of this information to be extracted, and useful tnrerences 

made, 
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